INTEGRATION. V2.0

1. ONE-LINERS

Problem 1. True of false: If f is a non-negative function defined on
R and [, fdx < oo, then limj,_ f(z) = 0.

Problem 2. Let f, f, € L(R), n € N and suppose that

/ () — f(2)|dz <02, for all n.
R

Prove that f, — f a.e.

Problem 3. Let (X, F,u) be a measure space and f € L(p). Show
that the set {f # 0} is o-finite.

Problem 4. Prove the following Chebychev-like inequality: If [ =
[0,1] and f € L(I) is non-negative and has integral 1, then

/ f(x)dr>1—-n, all0<n<1.
{f>n}

Problem 5. Prove the following variant of Fatou’s Lemma: If {f,}
is a sequence of non-negative measurable functions which converges
to f a.e. and fX fndp < M < oo for all n, then f is integrable and

Jx fdn <M.

Problem 6. Let (X,F,u) be a measure space and {f,} be a non-
increasing sequence of non-negative measurable functions which con-
verges to f. Show that lim, [, f.du = [ f,du provided that f; €
L(p) and that the conclusion may fail if f; & L(u).

Problem 7. Let (X,F,u) be a finite measure space and {f,} a se-
quence of integrable functions that converges to a function f uniformly
on X. Show that f is also integrable and that lim,, [ f, dp = [, fdp.
Is a similar result true if u(X) = oo?

Problem 8. Let (X, F, 1) be a measure space and { f,,} a sequence of
measurable functions that converges to f a.e. If f € L(u), show that
lim,, [ |fnldp = [ |f| dp implies lim, [y |fn — f|dp = 0 and that the
conclusion may fail if f is not integrable.
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2. ADVANCED PROBLEMS

Problem 9. Let f be a non-negative measurable function defined on
R. Prove that if Y2 f(z + n) is integrable, then f =0 a.e.

Problem 10. Suppose f is integrable on R™ and for a fixed h € R"
let g(x) = f(x + h) be a translate of f. Show that g is also integrable
and that [, gdz = [, fdz.

Problem 11. Let (X,F, ) be a finite measure space, and f a non-
negative real-valued function defined on X. Prove that a necessary and
sufficient condition that lim,, [, f"du should exist as a finite number
is that u{f > 1} = 0.

Problem 12. Let r{,7ry,...,7,,... be an enumeration of the ratio-
nal numbers in I = [0,1], and let f(z) = >, ., ,27". Compute

f[ f(z)dz.

Problem 13. Prove that the sum » >, Oﬂ/z (1 — V/sin m)ncosxdx

converges to a finite limit, and find its value.

Problem 14. Let (X, F, u) be a measure space and {f,} a sequence
of measurable functions such that Y, [ |f.|dp < oo. Show that

> o2 | fn converges absolutely a.e. and [ (Y00, fo) du =Y o0, [ fudp.
In particular, also lim,, f,, =0 a.e.

Problem 15. Let (X, F, ) be a measure space and assume {f,} is a
sequence of non-negative measurable functions that converges to f a.e.

If lim, [ fodp = [ fdp < oo, is it true that lim, [, f,dp = [, fdu
for every £ C F7?

Problem 16. Let {f,} be a sequence of non-negative integrable func-
tions such that lim, [, f,du = 0. If g € L(p) has the property that
9fn € L() for all n, does it follow that lim, [, gf, du = 07

Problem 17. Let f, g, f,., g, be integrable functions, n € N. If lim,, f,
[ ae., |ful < g for all n, and lim, [, g,dp = [, gdp, is it also true

that lim, [, fndp = [ fdu?
Problem 18. Let f be a real-valued measurable function defined on

[a, b] such that f; frdx = c for n = 2,3,4. Show that f = y4 a.e. for
some measurable set A C [a, b].

Problem 19. If f € L0, 1], then for all ¢ > 0 there exists ¢ > 0 such
that m(A) < 0 implies that [,|f(z)|dz < e.

Problem 20. Show that if f € L(u), then limy f{lf\>/\}‘f‘ dp = 0.
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Problem 21. Let (X, F, i) be a finite measure space, and f a measur-
able extended real-valued function defined on X. Show that f € L(u)
if and only if > 77, u{|f| > k} < c0.

Problem 22 (see Problem 40). Discuss the following statements (prove
or give a counter-example):

(i) Convergence a.e. implies convergence in L;.

(ii) Convergence in L; implies convergence a.e.
(iii) Convergence in L; implies convergence in measure.
(iv) Convergence in measure implies convergence a.e.
(v) Convergence a.e. implies convergence in measure.

3. QUAL PROBLEMS

Problem 23. [Jan’00] Suppose E C R has finite Lebesgue measure
and ¢ € L(R). Show that

lim [ o(x+t)dx=0.

t—o00 E

Problem 24. [Aug’00] Let (X, F.u) be a finite measure space. Let f,,
be a sequence of measurable functions with f; € L;(u) and with the
property that

plr € X [ fulz)| > A} < pfr € X o |fi(x)| > A}
for all n and all A > 0. Prove that

liml ( max | fy]) du = 0.

n N Jx 1<k<n

Problem 25. [Aug’00] Let f be a continuous function on [—1, 1]. Find

liznn/_lf(x)(l — nlz]) dz.

Problem 26. [Aug’01] Let (€2, A, 1) be a o-finite measure space, f:  —
R measurable. Suppose there is a ¢ € R such that for all X C € of
finite measure, | [, fdu| < ¢ holds. Prove that f € Li(Q, A, p).

Problem 27. [Aug’01] Let g: [a,b] — R be Lebesgue measurable, and

suppose fab g dzr = 0 for all continuous ¢ : [a,b] — R. Prove that
g =0 a.e.

Problem 28. [Jan'02] Let f,: X — [0,00) be a sequence of mea-
surable functions on the measure space (X, F,u). Suppose there is
a positive constant M such that the functions g,(x) = fu(2)x{s.<m}
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satisfy ||gn|l1 < An~*/? and for wich u{r € X : f,(v) > M} < Bn=%/,
where A and B are positive constants independent of n. Prove that

an < 00 a.e.

Problem 29. [Jan’02] Let {f,} be a sequence of non- negative func-
tions in L1[0, 1] with the property that fo fn(t)dt =1and fl/ fu(t)dt <
1/n for all n. Define h(z) = sup,, fn(x). Prove that h # L]0, 1].

Problem 30. [Aug'02] Let f € L;[0,1] and let F(z) = [ f(t)dt. If
E is a measurable subset of [0, 1], show that

(i) F(E) ={F(z): x € E} is measurable.
(i) m{F(E)} < [ IF(0)]de.

Problem 31 (see problem 14, Jan’03). Assume that f, is Lebesgue
measurable for n € N, f, > 0, and > >° | [ f.(z)dz < co. Show that
fn— 0 a.e.

Problem 32. In each case find lim,, fo fn(z) dx and justify your an-
swer.

(i) ful@)
(ii) fo(z) = 27 Y2sin (—)X[n 2n)-
(i) fo(z) = 27 2sin (14 Z)x(1)-

x) = 1/2 cos(QC

Problem 33. [Jan'04] Let f € Ly(R) satisfy
fx) = 0if x| > 1, (1)

/f(x)xkdxzo,k:GN. (2)

(i) Prove that f =0 a.e.
(ii) Does your argument apply if (1) is replaced with the milder
condition

|2¥f(z)| — 0 as || — oo for every k € N. (3)
Justify your answer.

Problem 34. [Aug’04] Show that the following limit exists

hm / COSI—}—l/n)—COSﬂch
1/n

7372
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Problem 35. [Aug’04] A Lebesgue integrable function f: R — R has

the property that
/ f(z)dx =0
E

for all Lebesgue measurable sets £ C R with m(E) = 7. Prove or
disprove that f =0 a.e.

Problem 36. [Aug'05] Let f: R — R be Lebesgue measurable and in
Ly (R). Suppose that

b
/ f(z)dm(z) >0 for all a,b € R,a <b.

Prove that f > 0 a.e.

Problem 37. [Aug’05] Prove that the following limit exists

) e Tcosx
hm T d.ﬁC,
noJo nTt+

and find it, justifying all your steps.

Problem 38. [Aug’05] Let f: [0, 1] — R be Lebesgue measurable with
f > 0a.e. Let {E,} be a sequence of measurable sets in [0, 1] with the
property that lim,, [, f(z)dz = 0. Prove that lim, m(E,) = 0.

Problem 39. [Jan’06] Let A C R™ be a Lebesgue measurable set with
positive and finite measure.

(i) Let xa be the characteristic function of A, and set ¢(z) =
Jzn xa(y)xa(z + y) dy. Prove that ¢ is continuous.

(ii) Use (i) to show that the set A — A contains a neighborhood of
the origin.

Problem 40. [Jan’06] Prove or give a counter-example to the follow-
ing: Let f, € L1[0,1], n € N and suppose that f,, — 0in L;]0, 1]. Then
fn— 0 ae.

Problem 41. [Aug’06] Suppose that f,, n € N is a sequence of inte-
grable functions on [0, 1] such that (a) lim, f,(z) =0 for all x € [0, 1],
and (b) fol fn(z) dz = 0 for all n. Does it follow that lim,, f01|fn(x)| dr =
07 Either give a proof or a counter-example.

Problem 42. [Aug’'06] Find the following limits and prove your an-

SWErS:
. . 1 eftln:L‘ -1
(i) lim ——dx.
t—0+ 0 t
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* ncos :r;/n
(ii) hm

1+nlnn

Problem 43 (Sprlng 07). Let (X,F, ) be a measure space and let
{gn} be a sequence of nonnegative measurable functions with the prop-
erty that g, € Ly(u) for every n, and g, — g € Li(p). Let {f,} be
another sequence of nonnegative measurable functions on (X, F, u).

(i) If F,, < g, a.e. for every n, prove that

limsup/ frndp < / limsup f,, du.
n X X n

(ii) If f,, — f a.e. and if f, < g, a.e. for all n, then ||f, — f|1 — 0
as n — 00.

Problem 44. [Jan’07] Let (X, F, 1) be a measure space and let {g,}
be a sequence of non-negative measurable functions with the property
that g, € Li(p) for every n, and g, — g in Ly (). Let {f,} be another
sequence of non-negative measurable functions on (X, F, u).

(i) If f, < g, a.e. for every n, prove that
lim sup/ frndu < / limsup f,, du.
n X X n

that lim, [, f,, du = limsup, [, f,du, and let
gn,, be a subsequence of g, such that g, — ga.e.

(ii) If f,, — f a.e. and if f,, < g, a.e. for all n, then ||f, — f|1 — 0

as n — Q.



