THE CORE OF MONOMIAL IDEALS

LOUIZA FOULIL, JONATHAN MONTANO!, CLAUDIA POLINI?, AND BERND ULRICH?

ABSTRACT. The core of an ideal is defined as the intersection of all of its reductions. In this paper we provide
an explicit description for the core of a monomial ideal / satisfying certain residual conditions, showing that
core(/) coincides with the largest monomial ideal contained in a general reduction of /. We prove that the class
of lex-segment ideals satisfies these residual conditions and study the core of lex-segment ideals generated in
one degree. For monomial ideals that do not necessarily satisfy the residual conditions and that are generated

in one degree, we conjecture an explicit formula for the core, and make progress towards this conjecture.

1. INTRODUCTION

The core of an ideal [ in a Noetherian ring is the intersection of all reductions of /, i.e., all ideals over
which [/ is integral. Since reductions, even minimal ones, are highly non-unique, one uses the core to encode
information about all of them. The core appears naturally in the context of Brian¢on-Skoda theorems that
compare the integral closure filtration with the adic filtration of an ideal [41, 25, 40, 39]. It is also related to
adjoints and multiplier ideals [40, 30], to Kawamata’s conjecture on the non-vanishing of sections of certain
line bundles [34, 35], and to the Cayley-Bacharach property of finite sets of points in projective space [18].
Knowing the core, say of a zero-dimensional ideal in a local Cohen-Macaulay ring, can be helpful in proofs
via reduction to the Artinian case; for the elements of 7\ core(I) are exactly those elements in / that remain
non-zero when reducing modulo some general system of parameters inside /, see for instance [15, 29].

Being an apriori infinite intersection of reductions, the core is difficult to compute. Explicit formulas for
the core have been found, but they require strong hypotheses [30, 10, 34, 44, 32, 45,55, 17, 18, 50, 16, 37,

, 12, 52]. Without such hypotheses, the best one could hope for is that the core is a finite intersection
of general reductions. This was proved in the local case assuming fairly weak residual conditions [9],
see Section 2 for definitions. The first main theorem, Theorem 3.9, in the current article generalizes this
result to the non-local setting, a non-trivial generalization as the core is not known to be compatible with
localization. In fact, our result shows aposteriori that the core does localize in the setting of the theorem,
see Corollary 3.10. If in addition / is generated by homogeneous polynomials of the same degree, we also
prove that the core coincides with the graded core, the intersection of all homogeneous reductions of /,
see Corollary 3.12; the question of when this equality holds was also considered by Hyry and Smith in
connection with their work on Kawamata’s conjecture [34]. Without a result as in Theorem 3.9, the core

is essentially uncomputable as one does not know how to identify the special reductions needed in the
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intersection. In this paper we propose a method for finding such reductions in the case of monomial ideals,
see Section 5.

With the same weak residual conditions as in Theorem 3.9 we come close to proving a formula for the
core in the monomial case, by expressing the core of a monomial ideal in terms of a single general reduction.
This result is based on the fact that the core of a monomial ideal / is again monomial, and hence contained
in the largest monomial ideal mono(K) contained in any reduction K. When the reduction K is general, it
is highly non-monomial and hence mono(K) is as close to the core as possible. In Theorem 4.7 we prove
that in fact core(I) = mono(K) if the aforementioned residual conditions are satisfied. This generalizes a
result from [45] for the case of zero-dimensional monomial ideals. The mono of any ideal can be computed
using an algorithm by Saito, Sturmfels, and Takayama [48], and this is implemented in Macaulay2 and can
be accessed with the command monomialSubideal [20].

Examples show that the results described above do not hold without any residual conditions, see
Example 4.8 and Example 4.9. In Section 5 we treat the graded core of monomial ideals that are generated
in a single degree but do not satisfy any further assumptions. Whereas the graded core is always contained
in mono(K) for K a general reduction, in Theorem 5.4 we come up with a monomial ideal 2( contained in
the graded core, and we conjecture that in fact gradedcore (/) = 2, see Conjecture 5.5. We also propose a
way to find the special reductions required in the intersection that gives the graded core, see Discussion 5.8.
These results use, in an essential way, the ideal J generated by d linear combinations of the monomial
generators of / C R = K[xy,...,x,] with new variables z = z;; as coefficients. Considering K(z][x1,...,x4] as
a polynomial ring in the variables x1,...,x;, we form the ideal mono(J), which is generated by monomials
m € K[xi,...,x4] times ideals C,, C K]z]. Due to the variation of the ideals C,,, the ideal mono(J) carries
considerably more information than mono(K) for a general reduction K C R, which only records the
monomials m and does not suffice to determine gradedcore(7). As an application we prove that if the ideals
C,, are constant up to radical then the graded core is the mono of a general minimal reduction without any
residual conditions, see Theorem 5.10.

In the last section of the article we focus on the special class of lex-segment ideals. We first show that
these ideals satisfy the residual conditions as in Theorem 3.9. We conjecture that the core of a lex-segment
ideal I generated in a single degree is equal to I times a certain power of the maximal homogeneous ideal,
see Conjecture 6.1. We prove one inclusion in full generality and establish the conjecture for a large number
of cases, see Theorem 6.9 and Remark 6.2. We also show that the core of / is contained in the adjoint of
I8, where g = ht(I). The connection between cores and adjoints is particularly attractive in the context
of monomial ideals, since there is an explicit combinatorial description for adjoints in terms of Newton
polyhedra [26], a description that is lacking for cores, even in the zero-dimensional case.

2. BACKGROUND

In this section we provide some background information and fix notations needed in the rest of the
article, including the residual conditions mentioned in the Introduction. For further information we refer to

[53, 8, 31].
Let R be a Cohen-Macaulay ring and / an ideal. A subideal J C [ is a reduction of I if I and J have the

same integral closure, or equivalently, if

(1) =g for n>0.
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The reduction number of I with respect to J, denoted by r;(I), is the smallest non-negative integer n for
which (1) holds true.

Suppose either R is local with maximal ideal m and residue field K, or R is positively graded over a field
k with maximal homogeneous ideal m and 7 is homogeneous generated in a single degree. We denote by
£(I) the analytic spread of I, i.e., the dimension of the special fiber ring F (I) = @y=0l"/mI". If K is an
infinite field, then ¢(7) is equal to the minimal number of generators (i (J) of any minimal reduction J of
I. Recall that a minimal reduction is a reduction that is minimal with respect to inclusion. The reduction
number of I is r(I) = min{r;(I) | J is a minimal reduction of /}.

In [4], Artin and Nagata defined the notion of s-residual intersection that generalizes the notion of
linkage when the linked ideals may not have the same height. To be precise, an R-ideal K in an arbitrary
Cohen-Macaulay ring R is an s-residual intersection of I if K = a : I for some s generated ideal a C / such
that ht(K) > s. We say K is a geometric s-residual intersection of I if in addition we have ht(/+K) > s.
The ideal I is said to be weakly s-residually S, if the ring R/K satisfies Serre’s condition S, for every
0 < i < s and for every geometric i-residual intersection K of /. We say that I satisfies G, if p(I,) < ht(p)
for every p € V(I) such that ht(p) <s—1.

In this article we deal with ideals that satisfy the residual conditions G, and weakly (d — 2)-residually
S2, where d = dim(R). Classes of ideals that satisfy these two conditions include ideals of dimension
one that are generically complete intersections. Moreover, if an ideal [ satisfies G, then [ is weakly
(d —2)-residually S if it is strongly Cohen-Macaulay or, more generally, if after localizing it has the sliding
depth property, see [28, Theorem 3.1] and [24, Theorem 3.3]. Examples of strongly Cohen-Macaulay ideals
are Cohen-Macaulay almost complete intersections, Cohen-Macaulay ideals in a Gorenstein ring generated
by ht(7) +2 elements [3, p. 259], and ideals in the linkage class of a complete intersection [27, Theorem
1.11], such as perfect ideals of height 2 [1, 19] and perfect Gorenstein ideals of height 3 [56]. In this article
we add to this list by proving that lex-segment ideals satisfy both residual conditions, see Proposition 6.5.

3. THE CORE AND GENERAL REDUCTIONS

In this section we define a notion of general reductions for homogeneous ideals that are not necessarily
generated in one degree, and we use this new notion to show a homogeneous version of [9, Theorem 4.5]
for ideals of maximal analytic spread (see Theorem 3.9). We begin by setting up some notation.

Notation 3.1. Let K be an infinite field, R a Noetherian k-algebra, and I C R an ideal. Fix a positive integer
sand f = fi,..., f, a generating sequence for /. Consider an s X u matrix of variables [z] = [z; ;] with
1 <i<sand 1< j<u Anideal J;;:=J;(f) of R[] is said to be generated by s generic elements of 1
(with respect to f), if it is generated by the entries of the column vector [z][f]".

For every A = (4;;) € A} we define 7 : R[z] — R to be the evaluation map given by z; j — A, ;. For a
positive integer n we say that the R-ideals Jy, . ..,J, are generated by s general elements (with respect to f)

of I,if J; = ™, (Js,z) and (A4,...,A,) ranges over a Zariski dense open subset of Al™.

Remark 3.2. Using Notation 3.1, let A € GL,(R) and consider the R-automorphism ¢ of R[z] that sends
the matrix [z] to [z]A. If [g]" ;= A[f]", then ¢ (J; -(f)) = Js.-(8)-

The following lemma shows that saturating the ideal J; ; with respect to I is the same as saturating it
with respect to any non-zero element f € I.
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Lemma 3.3. We use Notation 3.1. Let f € I be a non-zero element. If R is a domain, then
sz Rz 17 = Joz riz) /-
and this is a prime ideal of height s.

Proof. We clearly have J;, : I” C J;, : f~. To prove the equality it suffices to show that the ideal on the
left is a prime ideal of height s and the one on the right has height at most s. Notice that ht (Js7g : f°°) <

ht ((Jsé :f7) f) =ht ((]S&) f) < 5. The last inequality follows by Krull’s Altitude Theorem; notice that
(Js,g)f is a proper ideal as f ¢ | /J .

Since I contains a non-zerodivisor modulo J; ; : I, a general K-linear combination of fi,..., f, is a

T T
non-zerodivisor modulo Jy . : I°. Hence there exists A € GL,(K) such that [gl e gu} =A [ fi-- fu:| with
&1 anon-zerodivisor modulo J; ; : I”. By Remark 3.2 we may replace fi,..., f, by g1,...,8u to assume fi

is a non-zerodivisor modulo Jy ; : I”. Notice that

(sz:I7)p = (Usz)y, = <{Zi,1 +f Y asfil 1< <S}> Rz,
| &

which is a prime ideal of height s. Since f; is a non-zerodivisor modulo J; , : I, it follows that Jy ; : I” is

a prime ideal of height s. U

The following lemma is needed in the proof of Proposition 3.5, which in turn provides a way to construct

general reductions of ideals.

Lemma 3.4. Let K be an infinite field, R a finitely generated K-algebra, and I an ideal. If J is an ideal

generated by s general elements of I, then
dim(R/(J:g ")) < dim(R) —s

and
dim(R/ ((J:g ") +1)) < dim(R) —s— 1.

Proof. The first inequality is [17, Lemma 2.2]. The second inequality follows from the first because /

contains a non-zerodivisor modulo J : I”. O

If either the ambient ring R is local or the ideal [ is generated by forms of the same degree and R is a
positively graded k-algebra, then d general elements of / generate a reduction, where d = dim(R). The
following proposition gives a method to construct finite sets of general reductions for arbitrary ideals in any
Noetherian k-algebra (see Definition 3.6).

Proposition 3.5. Let K be an infinite field, R a finitely generated K-algebra of dimension d, and I an ideal
of positive height. If R is positively graded and 1 is generated by forms of the same degree, set f :=0 € R.
Otherwise, let f € I be an element not contained in any minimal prime ideal of R of dimension d. If J is an

ideal generated by d general elements of I, then J + (f) is a reduction of I.

Proof. Set H=J+ (f) and let ~ denote the images in R = R/(f). Applying Lemma 3.4 to the images of
H and I in R we observe that H :x I = R, and hence H and I have the same radical. Since HI"~' : " C
HI" : I'"*! for every n € N, this sequence of ideals stabilizes for n >> 0. Therefore, it suffices to prove that
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H is a reduction of I, for every p € V(I). By Lemma 3.4 we have (J : I”) +1 = R and therefore I C J,,
for n>> 0 and every p € V(I). Let gr;(R) = @©,>0l" /I""'. We can proceed as in [57, Proposition 2.3] to
show that the images in 7/I? = [gr;(R)], of the d generators of J form a filter regular sequence with respect
to gr;(R)+ = @usol"/I""!. Therefore, J is generated by a superficial sequence of I. Then, JNI"T! = JI"
for n > 0 by [31, Lemma 8.5.11]. Thus, J, is a reduction of I, for every p € V(I). Thus, H, is a reduction

of I,, which finishes the proof. g
Definition 3.6. With assumptions and notations as in Proposition 3.5, we say that K1, ..., K, are general
reductions of I, if K; = J;+ (f), where Ji,...,J, are n ideals generated by d general elements of [ as in

Notation 3.1.

Remark 3.7. Notice that for each r > 0 we have K} := J; 4 (f”) is a reduction of I by Proposition 3.5.
Furthermore, for m € V(I) a fixed maximal ideal we have (J;)y, is a reduction of I, and (K})w = (Ji)m if
r > r(Iy) [31, Theorem 8.6.6]. If in addition ¢(Iy,) = d, then (K!)y, is a minimal reduction of Iy,. In case
Ry, is regular and dim(Ry,) = d, we also have (K!)w = (Ji)m for r > d by [31, Corollary 13.3.4]. We also
call the ideals K general reductions of I for any choice of r.

Lemma 3.8. Let R be a Cohen-Macaulay ring, s a non-negative integer, and I an ideal satisfying G .

Then I is weakly s-residually Sy if and only if I, is weakly s-residually S, for every p € V(I).

Proof. The property of being weakly s-residually S, localizes (see [9, Lemma 2.1(a)]). For the converse,
let i <, let K =J : I be a geometric i-residual intersection of 7, and let p € V(K). If p € V(I), then R, /K,
is S» by our assumption. If p & V(I), then K, = J, is a complete intersection, and therefore R, /K, is
Cohen-Macaulay. g

Theorem 3.9 extends [9, Theorem 4.5] from local rings to finitely generated algebras over a field. We
recall that an ideal [ is of linear type if the natural map between its symmetric algebra and Rees algebra is
an isomorphism. If 7 is of linear type it has no proper reductions and hence core(l) = I.

Theorem 3.9. Let K be an infinite field, R a Cohen-Macaulay finitely generated K-algebra of dimension d,
and I an ideal of positive height. Assume that I satisfies G4 and is weakly (d — 2)-residually S,. Let f € I
be as in Definition 3.6. Then there exist positive integers n and r such that

core(/) =K N---NK,,

where K; = J; + (f") for 1 <i < n are general reductions of I as in Remark 3.7. If in addition R is regular,
then r can be chosen to be d.

Proof. For every p € V(I) the ideal I, is G4 and from Lemma 3.8 it follows that I, is weakly (d —2)-
residually S>. Hence [, Corollary 3.6 (b)] and [54, Theorem 2.3.2] show that J,, is of linear type for every
p € V(I) with ht(p) < d. Clearly, I, is of linear type for every prime p & V ().

Let Sym(/) and Z(I) be the symmetric algebra and the Rees algebra of I, respectively. Consider the
following exact sequence

0— o — Sym(I) - Z(I) — 0.
The ideal <7 is generated by homogeneous elements of degree at most e, for some non-negative integer e.
e

Therefore, Suppg(27) = | Suppg() is a closed subset of Spec(R). It follows that the set of prime ideals
i=0
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p such that J, is not of linear type consists only of finitely many maximal ideals, say my,...,m,. Notice that
l(Iy,) = d for each 1 < i <t;indeed, if ¢(In;) < d, then I, is generated by d — 1 elements according to [9,
Lemma 2.1(g)] and hence I,,, would be of linear type by [8, Corollary 3.6 (b)] and [54, Theorem 2.3.2].

The ideals I, have analytic spread d, satisfy G4, and are weakly (d — 2)-residually S», hence are weakly
(d —1)-residually S5 (see [8, Proposition 3.4 (a)]). Applying [9, Theorem 4.5] and Remark 3.7 to the finitely
many ideals I, we obtain that core(ly,) = (K| )m, NN (K, )m, for some integer n, where Kj, ..., K, are
general reductions of I with r = 1 + max{r(ly,) | 1 <i <t} or with r = d in case R is regular.

We claim that core(/) = K1 N---NK,. Clearly, core(I) C K;N---NK,, because K1, . .., K, are reductions
of I by Proposition 3.5. To show the reverse inclusion, let K be any reduction of /. We need to show that
KiN---NK, C K, or equivalently (K;),N---N(K,), C K, for every p € Spec(R). If p & {my,...,m},
then J;, is of linear type. Hence K, = I, and the assertion holds trivially. Otherwise, (K1), N---N(K,)y =

core(l,) C K. O
Theorem 3.9 and its proof allows us to show that under the assumptions therein the core of / localizes

(cf. [9, Theorem 4.8]).

Corollary 3.10. If the hypotheses of Theorem 3.9 hold, then core(l,) = (core(I)), for every p € Spec(R).

Proof. In the proof of Theorem 3.9 we showed that core(In,) = (Ki)m, NN (Ky)m;,» Which is (core(]))
by Theorem 3.9. If p & {my,..., m,}, then I, is of linear type, therefore core(/,) = I, and (core(I)),
(Ki)p e (K )p = Iy

m;

O

Remark 3.11. If in addition to the assumptions of Theorem 3.9 the ring R is a positively graded k-algebra
with maximal homogeneous ideal m and the ideal I is homogeneous, then we can replace the assumption
that 1 is weakly (d —2)-residually S, by the hypothesis that I, is weakly (d — 2)-residually S,. In addition,
r can be chosen to be 1+ r(Iy).

Proof. Following the proof of Theorem 3.9, it suffices to show that , is of linear type whenever p € V(1)
and p # m. Since / is homogeneous, the minimal prime ideals of Suppg(.<7) are homogeneous and hence
are all contained in m. On the other hand, if p C m, then I, is of linear type by our assumption on I, (see
[8, Corollary 3.6 (b)] and [54, Theorem 2.3.2]). O

In the case of ideals generated by forms of the same degree, we have the following simpler version of
Theorem 3.9.

Corollary 3.12. Let K be an infinite field, R a Cohen-Macaulay positively graded K-algebra of dimension d,
and m the homogeneous maximal ideal of R. Let I be an ideal of positive height generated by homogeneous
elements of the same degree 8. If I satisfies G, and Iy, is weakly (d — 2)-residually S,, then there exists a
positive integer n such that

core(I) =JyN---NJy,
where Jy,...,J, are generated by d general elements of I with respect to a generating set of I contained in

Is (see Notation 3.1). In particular,
core(/) = gradedcore([).

Proof. We choose f = 0 as in Proposition 3.5, so that J; = K;. Now the assertion follows by Theorem 3.9
and Remark 3.11. U
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Remark 3.13. The proof of Theorem 3.9 shows that under the assumptions of Corollary 3.12 either
¢(I)=d orcore(I) =1.

Question 3.14. Is it possible to replace the assumptions in Corollary 3.12 that / satisfies G4 and I, is
weakly (d — 2)-residually S, by the hypotheses that I satisfies Gy and I, is weakly (¢ — 1)-residually S, for
¢ =((I), to say that

core(l) =JiN---NJy,
where Ji, . ..,J, are generated by £ general elements of / with respect to a generating set of / contained in
I5?

4. THE CORE AND THE MONO

In this section we generalize the main result of [45] to monomial ideals of higher dimension. We show
that under suitable residual conditions, the core of a monomial ideal / coincides with the largest monomial
ideal in a general reduction of /, provided / is of maximal analytic spread.

Proposition 4.1. Let K be an infinite field, x = xi,...,X;, y = y1,-..,Ys, and 2 = 21,...,7 be three sets of

variables. Let H be an ideal of Klx,y,z]. For every A = (A;) € A} let m) : K[x,y,z] — Klx,y] denote the
evaluation map given by z; — Ai. Then for general A we have mty (H NK]x,z]) = my (H) NK][x].

Proof. It is straightforward to see that 7, (H NK(x,z]) C my (H) NKIx].

To prove the reverse inclusion, we consider the lexicographic monomial order < on the two polynomial
rings K[z][x,y] and A := K(z)[x,y] in the variables x,y with x; < y;. Let G = {g1,...,8n} C H be a Grobner
basis of HA with respect to <.

Clearly ) (G) is a generating set of 7, (H) for general A. We claim that for general A the set 7, (G)
is also a Grobner basis. By Buchberger’s criterion it suffices to show that for every i # j the S-pair
Sij :=S(my.(gi), ™y (g;)) is equal to an expression

2) My (g1)+ -+ hnT (8m),

where /. € K[x,y] and the initial monomials satisfy in (/7 (gx)) < in<(S;;) for every 1 <k < m. Since
G is a Grobner basis of HA, there is an expression

(3) S(gi,&j) —higi+- +hngm,

where / € A and in. (hg) < in- (S(gi,gj)) forevery 1 <k < m.

If ¢, € K[z] is the coefficient of in_(gi), then 7y (c,, ) is the coefficient of in () (gx)) for general A.
Hence in- (7 (gx)) = in<(gx) and S;; = m, (S(gi, g;)) since S(gi,g;) € K[x,y,z]. Therefore, after clearing
denominators in (3) and applying 7, for general A, the desired expression for S;; as in (2) follows.

Since m, (G) is a Grobner basis of 7, (H) for general A and < is an elimination order, it follows that
my (H) NK[x] is generated by 7, (G) NK|x]. Finally, for general A we have

™, (G)NK[x] = m, (GNK[x,2]) € my (H NK[x,2]),
and the conclusion follows. O

The goal in this section is to show that under suitable assumptions on a monomial ideal /, the core of /
can be obtained as the mono of a general reduction of 7, namely core(/) = mono(K), where K is a general



8 LOUIZA FOULI, JONATHAN MONTANO, CLAUDIA POLINI, AND BERND ULRICH

reduction of 7 as in Definition 3.6 and mono(K) denotes the largest monomial ideal contained in K. In order
to compute mono(K) we follow an algorithm due to Saito, Sturmfels, and Takayama [48, Algorithm 4.4.2].

For the proof of our main result we need a notion of mono of an ideal in a polynomial ring over an
arbitrary Noetherian ring. Let A be a Noetherian ring. For an ideal L in the polynomial ring A[xy,...,x4],
the multihomogenization of L, denoted by L, is the ideal of the polynomial ring AlX1, . X, V155 Vd)

~ X1 X4\ deg, (g) deg, (g)
{gzg(,---,>y1 Py, ‘gEL}-
1 Yd

We consider A[xi,...,Xg,V1,...,yq] with the N?-grading induced by deg(x;) = deg(y;) = €;. We note that g

generated by

is indeed multihomogeneous with deg(g) = (deg,, (g), ... deg, (g)) € N“.
The next example illustrates the process of multihomogenization of an element.

Example 4.2. Let g = clx%xz + clex% + C3X%X3 € Alxy,x2,x3] for some ¢y, ¢p,c3 €A. Then g = clx%xzy%yg +

2. .3 3.2
C2X1X3Y1Y5 + C3X5X3Y1Y3.

To obtain the multihomogenization of an ideal L C A[xy,...,x,] it is enough to multihomogenize a given
d
generating set g1, ..., g, of L and to saturate with respect to ¥ = [] y;, that is
j=1
4) L=1(g1,...,8u):Y".

Definition 4.3. Let A be a Noetherian ring and let L be an ideal in the polynomial ring A[xy,...,x4]. We
define mono(L) to be the ideal generated by the elements in L of the form am, where a € A and m is a

monomial.

Following [48, Algorithm 4.4.2], we obtain

) mono(L) =L N Alxi,...,xg].

Proposition 4.4. Let A =K|zy,...,z] be a polynomial ring over an infinite field K and L a proper ideal in
the polynomial ring A[x1,...,xq]. For A € A} let m) : A[x1,...,xq] — K[x1,...,x4] be the evaluation map
given by z; — A;. For general A € A, we have the following

(a) m (L) = (L)
(b) mono(m, (L)) = my (mono(L))
(¢) mono(my (L))

does not depend on A .

Proof. We begin with the proof of (a). We first notice that for any g € A[xy,..., x| and general A we have
7y (g) = my(g). Write L= (g1,...,8u), then

(ﬂ’l(gl)w”?nl(gu)) = (E&((év]),...,ﬂ&(gu)) = n&(gvla-"vg;)‘

Therefore,
(L) = (n&(gl),...,@(gﬁ) YO =M (G, 8) Y
On the other hand,
(L) = 13 (81, +-,8u) : Y™).
Notice that

(81 8u) S M ((81,---,8u) : Y7) S (815, 8u) 1 Y7
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Thus to prove that 7y (L) = 7, (L) it suffices to show that 7, ((g1,...,8,) : Y™) is saturated with respect to
Y, for this it suffices to show that Y is a non-zerodivisor on K[x, y] /7, ((g1,.--,8u) : Y*) = K|x, X]/n&(Z).

The image of Y is not a unit in K[x, y| /7, (L), hence k[g,X]/(ﬂ&(Z),Y) # 0.
Set

and notice that T'/(z — A) = K[x,y]/my, (L). By generic freeness [ 14, Theorem 14.4], for general A the map
K[z]z—2) — T/(Y) is flat and hence the elements z — A form a regular sequence on 7'/(Y). For this also
recall that
T/(Y,z—4) =Kx.y)/ (Y, m (L)) #0.

Since Y is a non-zerodivisor on T it follows that ¥,z — A is a T-regular sequence. As this sequence consists
of homogeneous elements in 7', and T is a positively graded ring over a local ring, we obtain that z— A,Y
is also a regular sequence [42, Theorem 16.2 and Theorem 16.3]. We conclude that Y is a non-zerodivisor
onT/(z—A) = K[x,y|/ 7 (L).

Part (b) is a direct consequence of (a) and Proposition 4.1.

Finally, part (c) follows from (b) because ) (mono(L)) does not depend on A for general A. Indeed, if
{a;m;} is a finite generating set of mono(L), where a; € K[z] and m; are monomials in xj, ..., x4, then for
any A € D([]; ;) the ideal 7 (mono(L)) is independent of A. O

Corollary 4.5. Let K be an infinite field, R = K|x1, ... ,x4] a polynomial ring, and I a monomial ideal. For
anyn €N let K and Ky, .. .,K, be general reductions of I as in Remark 3.7. We have

core(/) Cmono(K) CK N---NK,.

Proof. Clearly, core(I) C mono(K), since K is a reduction of I by Proposition 3.5 and core(/) is a monomial
ideal by [9, proof of Remark 5.1]. For the second inclusion, notice that mono(K) = mono(K;) for all
1 < i < n according to Proposition 4.4(c). O

Remark 4.6. If in Corollary 4.5, the ideal I is generated by monomials of degree 6 and the elements
f1,--., fu of Notation 3.1 are chosen to be homogeneous polynomials of degree 6 and f =0, then K is a
homogeneous reduction of /. Therefore

gradedcore(/) C mono(K).
We now prove the main theorem of this section.

Theorem 4.7. Let K be an infinite field, R = K[x\,...,x4] a polynomial ring, m := (x1,...,x;), and I a
monomial ideal. If I satisfies G4 and Iy, is weakly (d — 2)-residually S,, then

core(I) = mono(K)
for K a general reduction of I with r =d as in Remark 3.7.

Proof. The proof follows by Corollary 4.5, Theorem 3.9, and Remark 3.11. O

The following example shows that Theorem 3.9 and Theorem 4.7 do not hold without the assumption
that I is G.
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Example 4.8. Let R = Q[x;,x2,x3] and [ = (x?,x%xz,xlx%,xg). The ideal [ has height 2 and analytic spread
3. It is weakly 2-residually S, because every link of / is unmixed and hence Cohen-Macaulay. However, /
does not satisfy G3. Computation with Macaulay?2 [20] shows that there exist non-zero polynomials / and
g in Q[z] such that

mono(J3 ;) = (h) (x%,xlxz,x1X3,x2x3,x§) I+ (hg) (x%x%,xlx%xg,x%xg) =: (h)2A+ (hg)B.

For general A we have 2+ B = m; (mono(J3 ;)) = mono(K), where K := 7 (J3,;) (see Proposition 4.4).
Therefore core(/) C gradedcore(I) C A+ B = I'm? (see Remark 4.6). The ideal H = (x3,x7x2,x1x3 +x3) is
a minimal reduction of 1, since /> = HI?. On the other hand, mono(K) = Im? Z H. Hence, gradedcore(I)
is not equal to mono(K) for a general reduction K and thus core(/) is not a finite intersection of general
reductions of I (see Corollary 4.5). In particular, neither Theorem 3.9 nor Theorem 4.7 hold.

The ideal in the next example is G, (in fact G..), but ¢(I) < d and I, is not weakly (d — 2)-residually
S> (see Remark 3.13 and Corollary 3.12). Again, core(/) is not a finite intersection of general minimal
reductions of I and it is not the mono of a general minimal reduction of /.

Example 4.9. Let
R = Q[x1,x2,X3,X4,x5,%] and 1 = (xX1X2,X2X3,X3X4,X4X], X4X5,X5Xg).

One easily verifies that the height of 7 is 3 and that it satisfies G... However, ¢(I) = 5 and I, is not weakly
3-residually S,. In [16, Example 4.8] it is shown that core(/) # m/. Using Macaulay2 [20] one verifies
that mono(J/) = m/, for J a general minimal reduction of /, i.e., an ideal generated by 5 general elements

of I with respect to the six monomial generators of 1. Therefore core(I) is not equal to mono(J).

5. THE CORE OF MONOMIAL IDEALS GENERATED IN ONE DEGREE

There is no known method to compute the core of a given ideal if the residual conditions required in the
previous sections do not hold. Our goal in this section is to propose an approach to compute the core of
monomial ideals generated in a single degree without any further assumptions.

In the previous section we established that for a monomial ideal I, core(/) and gradedcore(l) are
contained in mono(K) for a general reduction K of 1. This containment holds in general and it is an equality
under appropriate residual conditions (see Corollary 4.5, Remark 4.6, Theorem 4.7). For a monomial ideal
I generated in a single degree we construct an ideal that is contained in gradedcore(/) and we conjecture
that equality holds in general (see Theorem 5.4 and Conjecture 5.5). We verify the conjecture for a specific
ideal in Example 5.9. Furthermore, under the same residual conditions core(/) can be obtained as the
intersection of finitely many general reductions Corollary 3.12. However, as seen in Example 4.8, special
reductions are needed in the absence of the residual conditions. In this section we provide a method to find

these special reductions.

Notation 5.1. Let K be an infinite field, R = K[xi,...,x;] a polynomial ring, and m = (xi,...,xg) its
homogeneous maximal ideal. Let I be a non-zero ideal generated by homogeneous elements of the same
degree 8. Let .7 := .% (1) be the special fiber ring of I and % the ideal generated by the elements
of .Z of positive degree. Notice that .% = K[I5] C R because I is generated in a single degree. Let
¢:=((I) = dim(.%) be the analytic spread of I.
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Fix a generating sequence f = fi,..., f, of I contained in /5. Consider (u variables z = {z;; | 1 <i <
Cand 1 < j<u}. Write b; = Y5,z jfj. Let 7 C J := Jy () be the ideals generated by by, ..., by in the
rings .% [z] C R|[z], respectively. For A € Aék“, we write ¢, = m () C % and J), = my (J) C R, where
denotes the evaluation map.

Notice that F#,R = I, #R[z| = J, and JZ R = J). Moreover, J, is a reduction of / if and only if
= JI" for some r > 0 if and only if ﬁfl = 3, for some r > 0 if and only if .7, C \/%

The following result describes the locus of the points A for which Jj, is not a reduction of /. We also
show that this locus is determined by a single irreducible polynomial of K[z]. We note that here we only
assume / is homogeneous and not necessarily generated by monomials.

Proposition 5.2. With assumptions as in Notation 5.1 let o/ = (I : 7 FT) NK[z].

(a) The K(z]-ideal <f defines the locus where J, is not a reduction of 1.
(b) The ideal < is a prime ideal of height one. Thus </ = (h), where h an irreducible polynomial in K[z].

Proof. To prove (a) we write T = .7 [z] /¢ and consider the natural map ¢ : Proj (T') — Spec(K([z]). Clearly
Im(¢) C V(o7); we claim that V (/) = Im(¢). For this, we first note that 77 : ;) Z7 is a prime ideal of
height ¢ by Lemma 3.3. Therefore, we have an inclusion of domains

U:=K[zl/o —V:=F[/(H 71y FT).
Since
(6) dim (V ®y Quot(U)) =ht(F#, V) > 1,

by semicontinuity of fiber dimension [14, Theorem 14.8 (b)] we have that dim (V ®y k(P)) > 1 for every
P € Spec (U). Therefore P € Im(¢) for every P € Spec (U ), whence the claim follows.
A point A € Al belongs to Im(¢) if and only if dim (T @iz (K[z]/(z—A))) > 0. Since

T @y (Kl2l/(z—A)) = F /7,

the last condition is equivalent to .7 Z /.3, which means that Jj is not a reduction of I.
For part (b), it remains to show that ht(.«7') = 1. We first observe that

dim(V) = dim (.F [g]) —ht (H: 71y FT) = ((+dim(k[z])) — £ = dim(k[Z]).

We think of points in Af(” as ¢ x u matrices. If A, € Af(” is a matrix whose first £ — 1 rows are general and
whose last row consists of zeros, then ht (%3, ) = £ — 1. Therefore, .7 /565, =V @y (U/(z— A)) has
dimension one, which shows that dim (V ®y Quot(U)) = 1 by [14, Theorem 14.8 (b)] and (6). Thus,

1 = trdeg; (V) = trdeg, (V) — trdegy (U) = dim(V) —dim(U) = dim(K[z]) — dim(U) = ht(«/),
completing the proof. O

Following Notation 5.1, one can see that every homogeneous reduction of / contains a reduction

generated by £ homogeneous elements of degree &, which is necessarily of the form J) for some A € Af;”.
Corollary 5.3. With assumptions as in Notation 5.1 and Proposition 5.2, we have

gradedcore(]) = ﬂ Jy-
AZV ()
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In the following result we show that for a monomial ideal /, (mono(] ) ‘Rz (h)°°) MR is contained in
every homogeneous reduction of 1. In fact, we conjecture that this ideal is equal to gradedcore(/) (see

Conjecture 5.5). Here we think of J as an ideal in the polynomial ring A[xi,...,x,] with A = K][z] (see
Definition 4.3). For a vector w = (wy,...,wy) € N“ we denote by x% the monomial xvfl .. ~x3d.
Theorem 5.4. In addition to the assumptions of Notation 5.1 we suppose that fi,..., f, are monomials. If

h € K[z] is as in Proposition 5.2 (b), then

(mono(J) :gy (7)) NR C gradedcore([).

Proof. Letx¥ € (mono(J) :gyy (h)*) NR. Then x"A" € mono(J) for N >> 0. By Proposition 5.2 for each
A such that J, is a reduction of / we have 7, (h) # 0. Hence, setting Y = []y; as in (4) and using (5), we

obtain
x" € my (mono(J)) = my, (((b~1, -..,by) Rlzy) Y°°) ﬂR[g])
C (b1, .b0) taey Y°) (R
C (mp(b1,...,b¢) gy Y™) MR =mono(Jy) C Jj.
Taking the intersection over all such A we obtain x¥ € gradedcore(/), as desired. U

We propose the following conjecture based on the previous result and computational evidence.

Conjecture 5.5. Let I and h be as in Theorem 5.4. Then

gradedcore(I) = (mono(J) g (h)”)NR.

In our next result, we show that the content ideal of mono(J) is principal and that it is generated by the
irreducible polynomial 4 from Proposition 5.2 (b). We use this result to verify Conjecture 5.5 for specific
examples at the end of the section. Before we proceed we need to fix more notation.

Notation 5.6. In addition to the assumptions of Notation 5.1 we suppose that f1,..., f, are monomials. Let
vi,...,v, € N¢ be distinct vectors such that mono(J) = Cy(x"") +...+C.(x*), where Cy, ...,C, are ideals
of K[z] (see Definition 4.3). The ideal ¥ = C| + ...+ C, is called the content ideal of mono(J). We note
that the set of monomials . := {x},...,x}} generates mono(J ) for general A by Proposition 4.4 (b).
Letx¥ =lem(f1, ..., fu) and for each f; let g; be the monomial in R[y| = R[y, . ..,y4| such that deg(g;) =
v and deg, (g;) = deg, ( /]\‘,) for every i and j. Notice that ¥.7_; %i.j8] is b;, the multihomogen/i\zation of
bi € K[g][x1,...,xa]. Let f; be the element of K[y| such that deg, (fi) = deg, (g:). thatis g; = fifi, and set

I= (fl,,fu) C K[y]. The ideal T is the Newton complementary dual of I defined in [11] (see also [2]).

Theorem 5.7. Let € be as in Notation 5.6 and let h € K[z] be as in Proposition 5.2 (b). Then € = (h).

Proof. We prove the result by constructing a K[z]-isomorphism

Kl kg
H.WH?.

For this we consider the following diagram, which we explain in the rest of the proof.



THE CORE OF MONOMIAL IDEALS 13

T (1) T

(bi,...,be) Y™  (by,...,by): G
v

¢
S

=
|

|l
h
=

z _ _FWE o
H T (bi,...,by): G (by,....by): F= "~
| dl J
T Z%[&fl] —2 (I;[X,x”]
] ]
4 A
4 (q)

Write
A=Kzl CS:=Ax,x g1, 80 CT :=Alx,x "1, ..., vl

d u ] —~ U~
andset Y = [[y;, F=1I f;, G= [l gjand F = [] f;.
j=1 j=1 j=1 j=1

The equality (1) at the top of the diagram follows from Lemma 3.3 since Y € \/(g1,- -, 8 )Kx,x 1][y1,- - -, V]
as x; are units.

We continue by constructing the map y. The inclusion S C T induces an A-algebra homomorphism

v S T
(bl,...,bg) s G (bl,...,bg) 7 G
We claim v is injective. Since G is a non-zerodivisor modulo (b~1 yern ,bNZ) :s G=, it suffices to show that

Y ®s 8¢ is injective. Write z} = Zil +g1_1 Z?ZQ zi,j8j € Sg for 1 <i < {. Notice that

(1o b0) 15 G*) = (b1, sbe)S6 = (24, 2)S0
and similarly
((bl,..-,bf) T GN)G - (1/17'-'7Z/£>TG-

Consider the two rings

B:=Klx,x'lg,G ' |[{zi; | j > 2}] € C:=klx,x" ][y, G "|[{zi; | j = 2}].

One has Sg = B[Z},...,z)l and T = C[Z},...,z;], and 2}, . .., z} are variables over B and C. Clearly,

B[le""vzﬂ ) C[z’l,...,zlg]
(Z)5---,2)) (Zs-,2p)

which proves the claim.
Next we deal with the map ¢@. Define a map of A-algebras

Q: =S
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given by @(f;) = g;. To prove that ¢ is well-defined, let p be a polynomial with coefficients in A such
that p(fi,...,f,) = 0 and fix w = (wy,...,wg) € N%. Let py be the sum of the terms p’ of p such that
deg (p'(f1,---,fu)) = w. Therefore

W
Livi V—W

Pw(gly8) =Y 5 " " pw(fi,- o fu) =0.

u ~
We conclude that p(gi,...,g,) = 0 showing that ¢ is well-defined. Notice that ¢(b;) = Y. z; ;g;j = b;,
J=1

hence @() C (by,...,by). Therefore, we have (7 7 F7) C (b1,...,by) :s G*. Now Lemma 3.3
shows that 7 : g1 FL = A : 71 F~. It follows that ¢ induces a homomorphism of A-algebras
.7 §
LT (br,....b): G

Now we construct the isomorphism ¢. Notice that ]?j =ajgjwherea; = f j’l € Kfx,x"] is a unit, in
particular F is equal to G times a unit in k[x,x']. Now

S=K[f1,.... flldxx ") = Z (T)[dxx"].
Consider the automorphism ¢ of S as an algebra over K[g1, ..., g,][x,x~!] that sends zi,j to a;z; j. Notice

~ —~ u o~
that ¢ maps A[x,x '] onto itself and sends b; to b; := Y. z; ;fj- Hence ¢ induces an isomorphism
j=1

_ S Z(1
s, Z0d
(bl,...,bg)iGm (bl,...,bg)iFW

e, x ]

that maps the image of Afx,x~!] onto itself.
We now deal with the map J. Recall that (1;1,,1;[) T YC = (1;1,,1;4) :7 G by the equality (1) at
the top of the diagram. Hence the inclusion A[x,x '] C § C T induces the natural embedding

1 Al x '] ( S
((1;],...,1;;) o Y°°) NA[x,x1] (b1,...,be) : G=
On the other hand,
(@b Y= ) A = (b1 k) ey ™) DAL ) Alxx ™)

= mono(J)A[x,x '] = CA[x,x" ],

where the penultimate equality holds by (5).
We continue by establishing the isomorphism ®. Since the isomorphism ¢ maps the image A[x,x~!]
onto itself, it follows that this map restricts to an isomorphism

A x|
((z?l,...,b});fw)m S

~

By Proposition 5.2 (b) and Lemma 3.3, the ideal ( (l;\l N R e f‘”) MA is generated by an irreducible

polynomial gq.
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Finally we construct the desired map 7. Recall that (% : .#$) NA = (h) by Proposition 5.2 (b). Since
¢ is a homomorphism of A-algebras, it induces an epimorphism of A-algebras

A4

It follows that () C €. On the other hand,
ht(%¢) = ht (%A[;,g_l]) =ht (qA[)i,)i_l]) =ht(q) =1,

where the second equality holds because of the isomorphism ®. Since (h) is a prime ideal of height 1, we
conclude that ¢ = (h), finishing the proof. O

The variation of the coefficient ideals occurring in mono(J) provides a tool to distinguish between the
monomials of .# and possibly single out the relevant ones:

Discussion 5.8. With assumptions as in Notation 5.6 and Theorem 5.7. We are now in a position to single
out the set A = {x"i € .# | /C; = (h)} of monomials with ‘maximal’ coefficient ideals and consider the
sum of ‘non-maximal’ coefficient ideals ¥ = }; C;, where x* ranges over set .Z \ .4". Notice that the
monomials in .#” generate the ideal (mono(J) :g[; (%)) NR in Conjecture 5.5.

We believe that the ideal & defines the closed subset of Aﬁ” that identifies the ‘general special’ reductions
Jj, needed to describe the graded core. Namely, we conjecture that

(a) gradedcore(l) =J; ! : I" for n>> 0if A is general in V(2).
(b) gradedcore(/) can be obtained by intersecting the mono of a general minimal reduction with finitely
many J, with A general in V(2).

We now verify Conjecture 5.5 and Conjecture (b) in Discussion 5.8 for a specific example.

Example 5.9. Let I = (x},x7x2,x1x3,x3) € R = Q[x1,x2,x3] be as in Example 4.8 and .#,.4", 2 as in
Discussion 5.8. Recall that gradedcore(/) is not a finite intersection of general reductions of / and is not
mono(K), for a general reduction K. However, as it turns out, gradedcore(/) is a finite intersection of
special reductions of 1.

There exist relatively prime non-constant polynomials 4 and g in Q[z] such that

mono(J) = (h)(x3,x1x2,x1x3,x2x3,X3)] + (hg) (X123, x133x3, x3x3) =: (h)2A+ (hg)B.

We note that
2 2.23 .22 23 2 2
M= {xl,xlxz,x1x3,xzx3,x3,xlxz,x1x2x3,x2x3}, N = {X],Xlxz,X1X3,X2X3,X3}, and 2 = (hg).

By Proposition 5.2 and Theorem 5.7 the polynomial /4 is irreducible and defines the locus where Jj is
not a reduction of I. As we have seen in Example 4.8 core(I) C gradedcore(I) C 21+ = I'm?. Since
h and g are relative prime, we obtain (mono(J) : (h)*) NR = 2, with J is as in Notation 5.1. Hence
2 C gradedcore(/) according to Theorem 5.4.

Next we search for special reductions that are needed to compute the graded core.

Computation with Macaulay?2 [20] shows that

8 = 214223732 — 21,322,423,2 — 21,422,223,3 +21,222,423,3 + 21,322,223 .4 — 21,222,323 4-
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Consider
1 000 1 000
Ag=10 1 0 0 and A, 0110
0011 0 001
Then 7y (g) = 1, (g) = 0, my, (h) # 0, and 7, (k) # 0. Therefore A, and A, belong to V(Z), and the
ideals

D, = (0,410,015 4+x3)  and  Jy, = (x],x7x0 +x103,13)
are special reductions of /. Thus
A C gradedcore(I) C Im? ﬁmono(]i0 ﬂJ&l) =2,

where mono(—) is computed using the command monomialSubideal in Macaulay2. We conclude that
gradedcore(I) = 2, which verifies Conjecture 5.5.

The following theorem gives an instance where the graded core equals the mono of a general minimal

reduction without any residual conditions.
Theorem 5.10. Using Notation 5.6, if \/C; = € for every i, then gradedcore(I) = mono(J, ) for general A.

Proof. The assumption implies that .# = .4 for .# and .4  as in Discussion 5.8. Now we use the
inclusions
(.4") = (mono(J) :gy (1)) NR C gradedcore(!) C mono(Jy) = (.#)

that follow from Discussion 5.8, Theorem 5.4, and Notation 5.6. O

6. THE CORE OF LEX-SEGMENT IDEALS

In this section we investigate the core of a special class of monomial ideals, lex-segment ideals. Through-
out R denotes a polynomial ring K[xy,...,x,] over a field k and 7 denotes a homogeneous ideal.

We begin by recalling some basic facts about /ex-segment ideals; for a thorough treatment see [43] or
[21]. Let Hy denote the Hilbert function of a finitely generated graded R-module M. Write R = D~ R;
and consider the lexicographic monomial order with x; > x, > --- > x4. Let L; be the subspace of R;
generated by the largest H; (i) monomials and set L = @, L;. The vector space L is an ideal, and any ideal
constructed this way is called a lex-segmem‘ ideal. Lex-segment ideals are strongly stable, i.e.,ifu € Lis a
monomial and x;|u for some j, then x, - ¢ L for every i < j. However, there are strongly stable ideals that
are not lex-segment.

The purpose of this section is to tackle the following conjecture.

Conjecture 6.1. Let R = K[xy,...,x4] be a polynomial ring over a field K of characteristic zero and
m = (x1,...,xg) the homogeneous maximal ideal of R. If L is a lex-segment ideal of height g > 2 generated
in degree 6 > 2, then

core(L) = Lm?(0~2)F8=0+1,

Remark 6.2. We have strong evidence supporting this conjecture. The case 6 = 2 was shown in [50,
Theorem 5.1], and the case g =d, i.e., [ is a power of m, was shown in [10, Proposition 4.2]. The case
d < 3 is Corollary 6.14. Moreover, a large number of cases were verified with Macaulay2 [20]. In fact, we
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developed an algorithm based on Theorem 4.7, Proposition 6.5, and Remark 6.10 that tested the conjecture
for every lex-segment ideal in the following cases: d =4 and § < 12;d=5and 8 < 5;d =6and 0 < 3.
Furthermore, in Theorem 6.9, Theorem 6.11, and Theorem 6.13 we obtain other partial results towards the

conjecture.

For a monomial ideal / C R = K[xy,...,x4], we denote by I'(/) the set of monomials in / and by G(/)
the minimal set of monomial generators {x*!,...,x"} of I. For a set of monomials W in R, we denote by
log(W) € N the set of exponents of the monomials in W. For w = (wy,...,ws) € N¢, we define min(w)
and max(w) to be the smallest and largest i such that w; # 0, respectively; we also set |w| =Y, w;.

The following technical results are needed in the proofs of the main results of this section. The first one

gives a characterization of the analytic spread and height of strongly stable ideals.

Proposition 6.3. Let R = K|[xy,...,xy] be a polynomial ring over a field K and I a strongly stable ideal.
(a) ht(I) = max{min(v) |v € log(G(I))}.
(b) If in addition I is generated in a single degree then

¢(I) = max{max(v) |v € log(G(I))}.

Proof. To prove part (a) let » = max{min(v) |v € log(G(I))}. Itis clear that I C (xy,...,x,) and so ht(/) < r.
On the other hand, let p € V(I) and let v € log(G([)). If i < min(v), then le € I since I is strongly stable.
Therefore x; € p for every 1 < i < r, and the conclusion follows.

We now prove part (b). Let s = max{max(v)|v € log(G(I))}. Notice that G(I) consists of mono-

mials in the variables xi,...,x;. Hence ¢(I) < s. On the other hand, since I is strongly stable and
generated in one degree, say &, it follows that x‘f‘l (x1,...,%5) C I. Therefore ¢(I) = trdeg, (k[I5]) >
trdegy (k[xf_lxl, e ,x‘ls_lxs]) =s. O

Remark 6.4. If L is a lex-segment ideal of height g > 2 generated in degree § > 2, then /(L) = d and the
minimal number of generators of L is at least d 4 1. Indeed, in this case xg € L and then x‘f‘l (x1,...,x4) CL.

The conclusion about ¢(L) now follows from Proposition 6.3 (b).

The following proposition allows us to use the results of [9] and [44] for the computation of cores of
lex-segment ideals. Some of the techniques in the proof originate from [50, Theorem 3.3]. Recall that an
ideal I of height g is said to satisfy AN, ", where s is an integer, if for every g < i < s and every geometric
i-residual intersection K of I the ring R/K is Cohen-Macaulay. Notice that if I, satisfies AN, for every
p € V(I), then [ satisfies AN, .

Letay,...,a, be homogeneous elements of R and I the ideal they generate. Write H; for the i Koszul
homology of ay,...,a,. The ideal I satisfies sliding depth if depth(H;) > d — n+i for every i, where we

use the convention depth (0) = oo (see [24]).

Proposition 6.5. Let R = K|xy,...,x;] be a polynomial ring over a field K, m = (xy,...,x,) the maximal
homogeneous ideal of R, and L a lex-segment ideal. Then L = L : m™ satisfies G, sliding depth, and
AN,_,. Moreover, L satisfies G4 and AN,_,.

Proof. We may assume that L # 0 and L # R. Write g = ht(L). We claim that L**" satisfies G.. and sliding
depth. Let & be the largest degree of a monomial generator of L. We use induction on 6. If 6 = 1, then
L= (x1,...,Xg), and the claim holds trivially. Assume 0 > 2 and the claim holds for every lex-segment ideal
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generated in degrees smaller than 6. We may assume g < d, as otherwise L' = R. Set § := K(xg, ..., x4].
By Proposition 6.3 (a) we can write L = H—ng’ for some ideals I and L' such that I C (xp,... ,Xg—1), the
generators of L' involve only the variables x,,...,x4, and L' NS is a lex-segment ideal in S generated in
degrees smaller than 8. Clearly, xg € Land then (x1,...,x,1)m®~! C I. We conclude that

(15 X)W o L CLC (xy,. .., 1) 42, L

Therefore
L = (x1,...,x-1) 4 (L' NS) i (xg, ..., x4))R
= (X1, ,%g1) + X ((L'NS) 5 (xg,...,x4)7)R since g < d.
It follows from the induction hypothesis that L satisfies G... Now, since xi,...,x,_| is a regular

sequence and the image of L in S = R/(x1,...,xg—1) is X ((L'NS) :5 (xg, ..., X4)7), by [24, Lemma 3.5]
the ideal L satisfies sliding depth if and only if x, ((L'NS) :s (x,, .. .,x4)) satisfies sliding depth. Since
x, is a regular element, the latter is equivalent to ((L'NS) :s (xg, ..., xq4)*) satisfying sliding depth. The
conclusion now follows from the induction hypothesis.

Now for every p € V (L), the ideal L satisfies G.. and sliding depth. It follows from [24, Theorem 3.3]
that this ideal is AN, ,. Hence L5 satisfies AN, .

Notice that the ideals L and L% are equal locally at every prime ideal p # m. Hence the property G,
passes from L™ to L. According to [53, Remark 1.12] the property AN, | passes from ij“ to L, because
the two ideals coincide locally in codimension d — 1. Hence L satisfies AN,_ ;. U

Let R be a Cohen-Macaulay *local ring with a graded canonical module @ (cf. [7, Section 3.6]). For a
graded R-module M, we denote by M"Y = Homg (M, @) the w-dual of M. The following proposition and
its proof are essentially contained in [53, Lemma 2.1] (see also [8, Lemma 4.9]), we include it here in its

graded version.

Proposition 6.6. Let R be a Cohen-Macaulay *local ring with a graded canonical module wg. Let I be a

homogeneous ideal. Let x € I be a homogeneous regular element and J = (x) : I. Then

wr/ = ((Tar)" /xar) (deg(x)).
Proof. We may assume that J # R. There are homogeneous isomorphisms
J=x(R :Quot(R) I)
= xHomg (I , R)
= xHomg (1, Homg (g, @g))
= xHomgp (I Qg R, a)R)
=~ xHompg (Ia)R, a)R), as Ker (I ®g wg — [wg) is torsion.
We conclude that J = x(I@g)", and therefore
(7 JV = (x(Tag)")" =x~ (Tog)"".
Dualizing the exact sequence

0 J R R/J 0,
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into @g, one obtains an exact sequence

®) Homg(R/J, @) RY JY Exth(R/J, og) — 0.

Since ht(J) = 1 we have Homg(R/J, wg) = 0 and Extk(R/J, wg) = @g/;- Thus (7) and (8) yield

0 WR xil(ICOR)vv wR/J 0.

Hence
wryy = (x  (Twg)"Y) Jor = ((Tog)"" /xwr) (deg(x)) ,
as desired. O

For a graded module M = ®;czM; we denote by indeg(M) the initial degree of M, i.e., indeg(M) =
inf{i|M; # 0}.

Lemma 6.7. Let R be a standard graded Cohen-Macaulay ring over a field K with dim(R) = d, wg the
graded canonical module of R, and I a homogeneous ideal. Assume that I satisfies G, and is weakly

(d —2)-residually S,. Let n and 8 > 0 be integers, and consider the following statements :
(i) indeg (wR/((al7---,lld—l)31)) > —n for some (d — 1)-residual intersection
(a1, ag-1):1
of I such that each a; is homogeneous of degree 0,
(ii) indeg (wR/((al7---aad—l)31)) > —n for every (d — 1)-residual intersection
(ar,....aq—1) :1
of I such that each a; is homogeneous of degree 6,
(iii) indeg (wR/((a..,..,,a,,):I)> > —n for every d-residual intersection
(al,...,ad) o1
of I such that each a; is homogeneous of degree 6.

Then (i) is equivalent to (ii). Moreover, if indeg(I) > 0, then (ii) implies (iii).

Proof. For a Noetherian graded k-algebra T, we denote by HS7(¢) the Hilbert series of 7. We may assume
that the field K is infinite.

(i) = (ii): Seta = {ay,...,a4s_1} and let R= R/ ((a) : I). Since R is Cohen-Macaulay of dimension one
(see [8, Proposition 3.4 (a)]), we may write HSp(¢) = =) for some Ox(t) € Z[t]. By [7, Corollary 4.4.6 (a)]

1—t

and the assumption in (i), we have
©) deg (Qg(r)) = 1 —indeg(wg) < 1+4n.

By [8, Proposition 3.1 and Theorem 2.1 (b)], HSg/((4).1)(¢) is the same for every (d — 1)-residual intersection
((a) : I) of I such that each a; is homogeneous of degree §. The conclusion now follows by applying (9)
again.

(ii) = (iii): We assume that indeg(I) > 8. Let (a,ay) : I = (ay,...,aq4—1,a4) : I be a d-residual intersec-
tion of 1. By [53, Corollary 1.6 (a)] we may assume that (a) : I is a geometric (d — 1)-residual intersection
of I. Write  for images in R = R/ ((a) : ). From [8, Proposition 3.1, Proposition 3.3, and Lemma 2.4
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(b)] it follows that R is Cohen-Macaulay of dimension one, @; € I is a homogeneous R-regular element

of degree 8, and (g, ay) :r I = (aq) :x I. Hence by Proposition 6.6 and the fact that /g is a maximal
Cohen-Macaulay R-module, we have

OR/((@,a0):1) = PR/ ((az) 1) = ((Tag)"" Jagtx) (8) = (Iwg/aqa ) (5),

where (—)" = Homg (—, @) . Therefore, indeg (@g/((a,4,):1)) = —n as desired. O

Remark 6.8. Let R = K[xy,...,x4] be a polynomial ring over a field k and L a lex-segment ideal of height
g generated in degree 8. Let R = K[xy,...,xs_1]. Then LNR’ is a lex-segment ideal of R’ generated in
degree 6 and ht (L') = min{g,d — 1}.

Proof. If g =d, then L = (xl,...,xd)5 and the result is clear. Hence we may assume g < d. Let
{x"1,...,x"} be the minimal monomial generating set of L. Thus LN R’ is generated by the mono-
mials x" such that x, 1 x"i, and then it is a lex-segment ideal of R’. Finally, by Proposition 6.3 (a) we have
ht(L') = g. O

In the following we prove one inclusion of Conjecture 6.1 in full generality.

Theorem 6.9. Let R =K|x|,...,x ] be a polynomial ring over an infinite field K and m = (xy,...,x,) the
maximal homogeneous ideal of R. If L is a lex-segment ideal of height g > 2 generated in degree 0 > 2,
then

Lm?0=2)+8=0+1 C core(L).

Proof. Recall that by Proposition 6.5 the ideal L satisfies G; and AN,_,. According to Corollary 3.12, we
have that core(L) is the intersection of finitely many reductions generated by d general elements of L with
respect to a generating set of L contained in Lgs. Let a = ay, ..., a, be such general elements. To prove the
statement of the theorem, it suffices to show that m?(=2+8=9+1 C () : L. The latter is equivalent to

(10) HR/((Q):”(I’I) =0 forevery n>d(6—2)+g—05+1.

Since L is Gy, by [46, Lemma 3.1 (a)] and Remark 6.4, (@) : L is a d-residual intersection of L. Therefore
the ring R/ (@) : L) is Artinian. Hence (10) is equivalent to indeg(®g/((4):1)) = — (d(6 —2) +g— ).

We claim that there exists a (d — 1)-residual intersection of L, (b1,...,bs—1) : L, such that each b; is
homogeneous of degree 6 and indeg (wR/((b],....,bd,l):L)) > —(d(5 —2)+g— 3). The result will follow
from this claim and the implication (i) = (iii) in Lemma 6.7.

We now prove the claim by induction on 6(L) =d — g > 0. If 6(L) = 0, then L = m® and the claim is
satisfied by taking b; = x? for every i (see [7, Corollary 3.6.14]).

For the induction step assume ¢(L) > 0 and set R = K[xi,...,x4_1] and L' = LNR'. By Remark 6.8 the
ideal L' is a lex-segment ideal of height g generated in degree &. In particular, 6(L') =d —1—g < o(L).
By induction hypothesis there exists a (d — 2)-residual intersection (b) :g L' = (by,...,bg_2) g L' such
that each b; is homogeneous of degree § and

(11) indeg (wR//((é):R/L’)) > — ((d— 1)(5 - 2) +g— 5) .

Therefore the implication (i) = (ii) in Lemma 6.7 shows that every (d — 2)-residual intersection (b) :p L'
such that each b; is homogeneous of degree 0 has this property. Hence we may choose this residual
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intersection to be a geometric residual intersection, which exists by Proposition 6.5 and [53, proof of
Lemma 1.4].
To pass back to L we consider the saturation L and write (L") = L***NR’. From [14, Proposition

15.24] we have L¥' = L : (x4), hence the minimal monomial generators of L% are not divisible by x4, i.e.,
(12) Lsat (Lsat) R

By Proposition 6.5, L satisfies G., and AN, |, hence so does (L**')'. The homogeneous inclusion
(L)' /L) — L' /L implies that the Hilbert function of (L*")' /L’ is eventually zero, hence

(13) ht (L :p (L)) >d—1

Notice that (b) :p (L) C (b) :p L'. Since (b) :g L' is a geometric (d — 2)-residual intersection, (13)
implies that (b) :p (L)' is a geometric (d — 2)-residual intersection. The ideal (b) :g (L) is unmixed
of height d — 2 by [53, Proposition 1.7 (a)]. Therefore by (13)

(14) (b) r (L = (b) e L.

Let  denote images in the ring R’ = R'/ ((b) :g (L)) = R'/((b) :r L'). Notice that R’ is Cohen-
Macaulay of dimension one. Since (b) :p L’ is a geometric (d — 2)-residual intersection of L' we have that
ht (E) = 1. Hence there exists an R'-regular element b,_; € L. Thus by (14) the ideal (b, bg—1) & (L=
is a (d — 1)-residual intersection. From [53, Proposition 1.7 (f)] it follows that (b, by_1) ;g (L)' =
(ba_1) " (L)', Moreover, (L)’ g is a maximal Cohen-Macaulay R’-module. Hence Proposition 6.6

implies
O (b, by o )y = (L) 0/ ba—1 0g7) (8).
Using (12) we see that
OR/(b.by-1)l) = OR((b,by-1 )i (1)) R R (1),
Hence
indeg (wR/(@_’bdfl):RLsm ) 1ndeg ((L)R// b,by_1) - (Lsavy )) + 1

= indeg (((L*") wgr/ba—109) (8)) + 1
indeg (wg) — 6 +2

(d=1)(6-2)+g—6)-5+2 by (11)
—(d(6—-2)+g—9).

Finally, since (b, by—1) :g (L) is a (d — 1)-residual intersection, (12) shows that (b,by_1) :g L is
a (d — 1)-residual intersection. This ideal is unmixed of height d — 1 by [53, Proposition 1.7 (a)], and

moreover ht(L :g L") > d. Therefore (b,by_1) :g L = (b,by_1) :g L is a (d — 1)-residual intersection of
L, completing the proof. 0

Z
= -

Remark 6.10. We remark that in order to show the reverse containment in Theorem 6.9, if K is a field of
characteristic zero, it is enough to show that xl(
that LNm4(0-2)+e+1 — [ ;nd(6-2)+¢=3+1 pecause L is generated in degree 8. Therefore it suffices to show

d(9-2)+g ¢ J for some reduction J of L. To see this, notice

that core(L) C m4(3-2)+8+1_Since core(L) is a strongly stable monomial ideal [50, Proposition 2.3], this
containment is equivalent to x; d(0-2)+s ¢ core(L).
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The next two theorems settle Conjecture 6.1 in some particular cases. In the first theorem, we show that
Conjecture 6.1 holds for the smallest and largest lex-segment ideals for fixed d, g, and J.

Theorem 6.11. Let R = K[xy,...,x4] be a polynomial ring over a field K of characteristic zero and
m = (xi,...,Xg) the maximal homogeneous ideal of R. Let g and 8 be integers such that 2 < g < d and
0 > 2. Let L be one of the following lex-segment ideals

(1) (x],...,xg_l)rn‘s*1 +(xg)5, or

(2) (X1, x)mO L,

Then core(L) = Lmd(6-2)+g—6+1
We need the following lemma for the proof of Theorem 6.11.

Lemma 6.12. Let R = K[xy,...,x4] be a polynomial ring over a field K of characteristic zero and L a
lex-segment ideal generated in degree & > 2. If J is any reduction of L, then for every n > 0 we have

core(L) C J"*! . "

Proof. Since L satisfies G, and AN,;_ | according to Proposition 6.5, by Corollary 3.10 it suffices to show
that core(L,) C K" : R, Ly, for every p € Spec(R) and every reduction K of L,. We may further assume
that K is a minimal reduction of L, and in particular y(K) < dim(Ry). By [53, Lemma 1.10 (b)] the ideal
Ly, satisfies G; and AN, and by [36, Remark 2.7] we have ht (K ‘R Lp) > dim(Ry,). Therefore K satisfies
G... Hence by [53, Remark 1.12 and Corollary 1.8 (c)], K satisfies sliding depth. Now the proof of [44,
Theorem 4.4] shows that for all n > 0

core(L,) C K" Ry Z (K,y)" = K" ‘Ry Ly s

YELy
where the last equality holds since K has characteristic zero and then Ly = ¥, (). U
YELy

Proof of Theorem 6.11. We write L = (x1,...,x,_1)m%~! + (xg) and Ly = (x1,...,x,)m®~! Let

Ji = (xf,...,xg)+(x1,...,xg,1)(x§;11,...,xg_l), and
) 1) 5—1 5—1
Jo = (a7, xg) + (e Xg) (g X )
We claim that J; is a reduction of L and J; is a reduction of L,. To see this, notice that by [31, Propo-
sition 8.1.7] the ideal (xl,...,xg_l)(x?_l,...,xg_l) + (xg) is a reduction of L, and this ideal is equal
to
5—1 6—1 1) 5-1 5—1
(1, s X ) (X7 Xy ) () + (1,1 (X s Xy )

Clearly the ideal (x?,. ..,xg) is a reduction of (xl,...,xg,l)(x‘f_l,...,xg_l) + (xg) C (x1,...,%g)%. There-

fore again by [31, Proposition 8.1.7] and transitivity of reductions we conclude J; is a reduction of L;.

Likewise, J; is a reduction of L,.
Now by Remark 6.10 and Lemma 6.12, it suffices to show that x(° 78 ¢ jd . [4-1 gnq y/0~2¢ ¢
2d=g=1,6-1 y6-1,0-2 9-2 and notice that o € L‘f_l - Lg_l. ‘We now show that

d . rd—1 _
J5 Ly . Let o = xj X5 Xy Xgii Xy
d(5-2

x| ey ¢ J¢, and hence xtll(a_z”g o ¢ J¢, which finishes the proof. Indeed, suppose by contradiction

that

B d(6-2)+g ds—1_68—1
X2 *

- _ 5-1.6-2, . ,8-2 - jd
=X o = x| Xy XgyitXg TE€J;.
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Since none of the minimal monomial generators of J,, other than xf, divides 3, we must have xf‘s divides
B, a contradiction. O

The next theorem shows that Conjecture 6.1 holds forany 6 if g=d — 1 > 2.

Theorem 6.13. Let R = K[xy,...,x4] be a polynomial ring over a field K of characteristic zero, m =
(x1,...,%q) the maximal homogeneous ideal of R, and L a lex-segment ideal generated in degree 6 > 2
Assume d > 3 and that L has height g =d — 1. Then

core(L) = Lm0~ 2)+s=0+1
Proof. By Remark 6. 10 it suffices to show that x1(5 -
d(8-1)= ¢ J%: L% for some reduction J of L. Since g =d — 1, it follows that L =

(X1, ey Xg—0)m 5 '+ x; 1L, where L is a lex-segment ideal in the variables x;_; and x; generated in

L¢ core(L). Thus by Lemma 6.12, it is enough

to prove that x;

degree § — 1. By Theorem 6.11 we may assume that

5—1 ) 5—1 5—
L= (x1,...,xXq-2)m° " + <xd_1,xd71xd, Xy ixd>
with 1 <i< 6 —2. Therefore K = (xl . xg l,xg ixd) + (xqy-- ,xd_z)xg’l is a reduction of L according
to [47, Proposmon 2.1].
We claim that
S 5— S 1) 5—1
J= (xl — x5~ ixii,xz, xd_1> + (X150, Xg—2)X
is a reduction of L and that x,; d(6-1)- € Jé. 4
First we show that J is a reduction of L. Let
/ ) 5—1 6 5— / S 5— 5—1 .6
K = (2, xx5 L xg_ 297, and J = (xl —x97hxd x1x§ xd71> :

Let .7 (K’) denote the special fiber ring of K. Then .% (K’) = K|[Tj, T27 T3, Ty]/ @ for some homogeneous
ideal &, where the isomorphism is induced by the map sending 7} to xl , T to x1x5 i U Ty to xS 9_1»and Ty to

S—i 1)(6-1)

X, lx ", Notice that T1 4 8(8-1) _ TZ‘S’T3( € 9. Therefore the ring

F(K) T F(K') = F(K)[(T) = Ta, T, T3) 7 (K')

is Artinian; here we denote by J'.# (K’) the . (K’)-ideal generated by the image of J' in [.%# (K’)];. Thus
J' is a reduction of K, and hence J is a reduction of K. We conclude that J is a reduction of L, proving the

claim.
Next we show x1(6 - §é J9 [ Leto = x1 x3-1 ~-xg:11xg’2 and notice that o € L4~!. We claim
that oux| d(o-1)- ¢ J?, which will complete the proof.

Let
) S— 1) o—1
H= <x1 —x97xl, x9_ 1>+(x1,...,xd_2)xd cJ.

Clearly chl(5 b-1 d(0-1)-

that oux, d(6-1)=

€ J4 if and only if ox,; ' € H?. Thus we focus the rest of the proof on showing

€ H¢. For this we consider the sequence S =N, f2, f3, where

2 d(6—1
fl—x1d6 57 f2:x§§17 f3—xd( )7
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and note that it suffices to show

C:=(f):axi® V2 (p): HL

It is easy to see that

C— (xgd—1)5+l’x§zzi—ll)5+l7xgld—l)(é—l)-&-l) '
Consider the element

B = (x‘lS +dx3:ix2> M, where M :xidﬁz)axfid:ll)ax;dfl)(éfl).

Since
M= xgdf1)5%(;1:11)5)620171)(571) e
we have that B ¢ C. Thus it is enough to show B € (f) : H?. Since x3_|M € (f) and xd‘s_lM € (f), it
d
remains to see that 3 <x1 xg ixd) € (f).
Notice that

—i i d (AN s(d—j) (5-1)j ij
Bxd i)t = ﬁZ(—l)’< .>x1< (300

d
d—1)§ (d—1)8 (d—1)(5-1 (AN 8(d—j) (5-i)j ij
N ] )Z(—l)’<j>x1( UGN
j=0

d
NS 1) /d s
B SULRLLD YR <j>xf<d UNCINS
J=0

To simplify the notation, set

B ::xgd*1)5x§ld:ll)5x£ld*1)(5*1) and By = dxd6 2696361[%(1 )(5*1)+i’
and for 0 < j < d set

(AN s(d—j) (5-i)j ij
hj:=(-1)/ (j)xl( J)xl(l_ll)jxd].
It is easy to see that B/ € (f) and B/ + Baho = 0. We prove below that 14 € (f) for every j > 2 and
that Byhr; € (f) for every j > 1.
Consider the terms 14 with j > 2. In 1A} the degree of x;_1 is (d —1)0 + (6 —i)j and the degree of

xgis (d —1)(6 — 1) +ij. Hence to show that B/; € (f) we need to prove that for every 2 < j < d one of
the following inequalities holds

(15) d—1)8+(8—i)j=ds or (d—1)(85—1)+ij=d(d—1).

The first inequality is equivalent to i < @ and the second one is equivalent to i > 57 Since 6(]']71) >
5 -1 for j > 2, we have that one of the inequalities in (15) must hold for any such ;.

Flnally, consider the terms Byh;, with j > 1. In Byh; the degree of x4 is d6 — i+ (0 —i)j and the
degree of x4 is (d —1)(6 — 1) +i+ij. Hence, to show that By/; € (f) we need to prove that for every
1 < j < d one of the following inequalities holds

(16) ds—i+(8—i)j=ds or  (d—1)(8—1)+i+ij>d(5—1).
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The first inequality is equivalent to i < j% and the second one is equivalent to i > %. Since j% > %
for j > 1, we have that one of the inequalities in (16) must hold for any such j. U
Corollary 6.14. Conjecture 6.1 holds if d < 3.

Proof. The result follows from Theorem 6.13 and [ 10, Proposition 4.2]. ]

The next fact follows directly by combining several results in the literature. We state it here for
completeness and to provide a reference. For more information about integral closures and reductions see

[311.

Proposition 6.15. Let R = K[xy,...,x4] be a polynomial ring over a field K and L a lex-segment ideal

generated in degree & > 1. The ideal L is normal, i.e., L" is integrally closed for every n € N.

Proof. The proof follows from [22, Theorem 5.1], [13, Proposition 2.14 and its proof], and [5 1, Proposition
13.15]. ]

The following two results provide upper bounds for the core of lex-segment ideals generated in a single
degree.

Theorem 6.16. Let R = K|[xy,...,x4] be a polynomial ring over a field K of characteristic zero. If L is a
lex-segment ideal of height g > 2 generated in degree 0 > 2, then

core(L) C adj(L?),
where adj(L#) denotes the adjoint of L# as in [40, Definition 1.1].

Proof. Let J be any minimal reduction of L. Let A = R[J¢,t '] and B = R[Lt,t '] be the extended Rees
algebras of J and L, and w4 and @p be their graded canonical modules. Notice that

Wy C (C()A)fl = 6')AF1 = a)R[,,,fl] .

Thus making the identification gy, ,-1) = R|[t, t~!] we obtain an embedding ws C R[t,#!] so that (w4), 1 =
R[t,t~!]. Therefore [w4],t ™" = R for n sufficiently small.

By Proposition 6.15 L is a normal monomial ideal, thus B is a normal Cohen-Macaulay algebra and a
direct summand of a polynomial ring according to [0, Theorem 6.10 and Theorem 4.43]. Therefore, B has
rational singularities [5, Théoreme]. We conclude that

(17) [wp)it ™ = adj(L’).

for every i > 0 by [33, proof of Corollary 3.5]. Let K := Quot(R) be the field of fractions of R and let
r:=ry(L) be the reduction number of L with respect to J. We have the following isomorphisms of graded
A-modules

wp = HomA(B, (DA) = Wy IK(,) B

— wA :R[t,tfl] B
=0 gy (ROLLD ... OLT)

= h (a)A Rl Li> !
i=0
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= h ((@[COA]]> “Rlre] Li> 7t
i=0 \ \jez

~ NP (@i s L)

i=0jeZ
= @ (ﬂ ([(DA]S_H'tisii ‘R Ll)> .
seZ \i=0
In particular,
;
(18) [wggt 8 =) ([@a]gsit * " L) .
i=0

By Proposition 6.5 and [53, Proposition 1.11, Remark 1.12, and Corollary 1.8 (¢)], J satisfies G
and sliding depth. Thus by [23, Theorem 6.1] we have that gr;(R) = @,>0J"/J""! is Cohen-Macaulay.
Moreover {J"*!: L"},cn forms a decreasing sequence of ideals. Indeed, since gr,(R) is Cohen-Macaulay,

we have J"* : J" = J' for every non-negative integers i and n. Therefore
Computing a-invariants we have a(A) = a(gr;(R))+ 1, as gr;(R) 2 A/(+"). Furthermore a(gr,;(R)) =

—g by [49, Theorem 3.5]. Therefore [, ] g,ltl_g = R, which implies Ar8 1 C w,. Hence by Lemma 6.12
for all 0 < i < r we have

core(L) C JH Lyt gL = [Atgil]g_'_itigii RL' C [a)A]ngit*g*" ‘R L.

Thus core(L) C () ([@a]grit 4 :r L) = [wp]gt ¢ = adj(L#) by (18) and (17), as desired. O
i=0

Corollary 6.17. Let R = K|xy,...,x4] be a polynomial ring over a field K of characteristic zero and

m = (x1,...,xg) the maximal homogeneous ideal of R. If L is a lex-segment ideal of height g > 2 generated

in degree 6 > 2, then
core(L) C Lm(¢~Dd—d+1,

Proof. The ideal L?# is integrally closed by Proposition 6.15 and it is generated in a single degree. Hence
[26, Main Theorem] implies that if x¥ € adj(L$) then x¥xx; - - - x4 € L8m. Therefore adj(L$) C msd—d+1,
Finally, by Theorem 6.16 we conclude that core(L) C LNadj(L8) C LNm8%—4+!1 = pm(e-1d—d+1 ]
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