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ABSTRACT. We study the behavior of multidegrees in families and the existence of numerical criteria
to detect integral dependence. We show that mixed multiplicities of modules are upper semicontinuous
functions when taking fibers and that projective degrees of rational maps are lower semicontinuous under
specialization. We investigate various aspects of the polar multiplicities and Segre numbers of an ideal and
introduce a new invariant that we call polar-Segre multiplicities. In terms of polar multiplicities and our
new invariants, we provide a new integral dependence criterion for certain families of ideals. By giving
specific examples, we show that the Segre numbers are the only invariants among the ones we consider
that can detect integral dependence. Finally, we generalize the result of Gaffney and Gassler regarding the
lexicographic upper semicontinuity of Segre numbers.

1. INTRODUCTION

This paper is concerned with the behavior of multidegrees in families and with the search for criteria to
detect integral dependence. Although these two themes are not typically studied together, the backbone
of our work is the delicate interplay between them. Multidegrees provide the natural generalization of
the degree of a projective variety to a multiprojective setting, and their study goes back to classical work
of van der Waerden [62]. The notion of multidegrees (or mixed multiplicities) has become of importance
in several areas of mathematics (e.g., algebraic geometry, commutative algebra and combinatorics; see
[3,5,7,8,14,15,31,33,36,40,41,46,47,54,58,59]). On the other hand, the idea of detecting integral
dependence with numerical invariants was initiated with seminal work of Rees [50]. Considerable effort
has been made to extend Rees’ theorem to the case of arbitrary ideals, modules, and, more generally,
algebras (see [4,11,22,24,25,38,39,48,51,60,61]).

Teissier’s Principle of Specialization of Integral Dependence (PSID) can be seen as the first indication
of a fruitful connection between the behavior of multiplicities in families and the detection of integral
dependence (see [50], [55, Appendice I]). Indeed, in an analytic setting, the original PSID states that
for a family of zero-dimensional ideals with constant Hilbert-Samuel multiplicity, a section is integrally
dependent on the total family if and only if it is integrally dependent on the fibers corresponding to a
Zariski-open dense subset of the base. For families of not necessarily zero-dimensional ideals (also in an
analytic setting), the PSID was extended by Gaffney and Gassler [25] using Segre numbers. This paper

continues the line of research traced by the aforementioned works of Teissier, Gaffney and Gassler.
We now describe the results of this paper more precisely.

1.1. The behavior of multidegrees and projective degrees of rational maps in families.
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Let k be a field and T be a finitely generated standard Z;O—graded k-algebra. Let X = MultiProj(T) be
the corresponding multiprojective scheme embedded in a product of projective spaces P = PE” Xk Xk
PL“". Foreachn = (ny,...,np) € Z;O with [n| =n; +--- +n, =dim(X), one denotes by degp (X) the
multidegree of X of type n with respect to P. In classical geometric terms, if K is algebraically closed,
then degp (X) is equal to the number of points (counted with multiplicities) in the intersection of X with
the product L Xy -+ xx Ly C P, where L; C Pf(ni is a general linear subspace of dimension mj —n;
for each 1 <1 < p. More generally, given a finitely generated ZP-graded T-module M, one denotes
by e(n; M) the mixed multiplicity of M of type n, for each n € Z;O with [n| = dim(Supp, , (M)). Let
W: Py --» Pg be arational map and I' C Py x P; be the closure of the graph of F. Foreach 0 <i <,
the i-th projective degree of ¥ : P} --+ P is given by the following multidegree

di(¥) = deghy tor ().
For more details on these notions, see Section 2.

In Section 3, we study the behavior of mixed multiplicities under the process of taking fibers with
respect to a base ring. The idea of studying the multiplicities of families is now classical (see, e.g., [43],
[16, Chapter 5]), but the case of mixed multiplicities does not seem to have been considered before.
Let A be a Noetherian ring and 7 be a finitely generated standard Z;O-graded A-algebra. Denote by
2" =MultiProj(.7) the corresponding multiprojective scheme. Let .# be a finitely generated ZP -graded
7 -module. For each p € Spec(A), let k(p) = A, /pA, be the residue field of p, and consider the finitely
generated ZP-graded module .#Z ® A k(p) over the finitely generated standard Z];o' graded k(p)-algebra
T (p) =7 @ k(p). Then, for alln € ng we introduce a function

e'{” : Spec(A) — ZU{oo}

that naturally measures the mixed multiplicities of the fibers .Z ® A k(p) (see Definition 3.3). Our first

main result is the following.

Theorem A (Theorem 3.4). For alln € Z;O, the function e, : Spec(A) — ZU{oo} is upper semicon-

tinuous.
A direct consequence of the above theorem is the upper semicontinuity of the respective functions
deg’ p, : Spec(A) — ZU{oo}

measuring the multidegrees of the fibers 2™ X gpecA) Spec(k(p)) (see Definition 3.5 and Corollary 3.6).
On the other hand, under certain conditions, in Corollary 3.7 we show that mixed multiplicities are lower

semicontinuous under the process of taking specializations.

We study rational maps and their specializations in Section 4. In particular, we are interested in the
behavior of projective degrees with respect to specializations. Since projective degrees are the mixed
multiplicities of the corresponding Rees algebra (i.e., the multidegrees of the graph), this type of ques-
tion can be traced back to the problem of specializing Rees algebras (see [20, 37]). More recently,
specializations of rational maps were studied in [9, 13]. Let A be a Noetherian domain, S = A[xg, ..., X;]
be a standard graded polynomial ring and P}, = Proj(S). Let J: P}, --» P% be a rational map with
representative f = (fo : --- : fs) such that {f,...,fs} C S are homogeneous elements of the same de-
gree. Denote by I = (fo,...,fs) C S the base ideal of F. For any p € Spec(A), we get the rational map
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F(p): Pl(p) --3 PSK(p) with representative 7, (f) = (71, (fo) : - - - : 7, (fs)) where 71, (f3) is the image of
fi under the natural map 71, : S — S(p) = S®a Kk(p). Then, we introduce the functions
deglm” : Spec(A) — Z (measures the degree of the image of F(p))
dY : Spec(A) - Z (measures the projective degrees of F(p))
it Spec(A) = Z (measures the j-multiplicity of I(p) C S(p));

see Definition 4.2. Our second main result deals with the behavior of the last three functions.

Theorem B (Theorem 4.3). The following statements hold:

(i) degIm” : Spec(A) — Z is a lower semicontinuous function.
(i) dY : Spec(A) — Z is a lower semicontinuous function for all 0 <i <.

(iii) i : Spec(A) — Z is a lower semicontinuous function.

In Corollary 4.5, we use Theorem B to give sharp upper bounds for the projective degrees of several
families of rational maps (the list includes perfect ideals of height two and Gorenstein ideals of height
three). The basic idea is that for several families of rational maps under generic conditions we can

compute projective degrees, and then Theorem B yields an upper bound for any specialization.

1.2. Polar multiplicities, Segre numbers and integral dependence.

Our next objective is to study various aspects of the polar multiplicities and Segre numbers of an
ideal and introduce a new invariant that plays an important role in our work. One technical goal of our
work is to extend several of the results of Gaffney and Gassler [25] from their analytic setting to an
algebraic one over a Noetherian local ring. Let (R,m, k) be a Noetherian local ring with maximal ideal
m and residue field k. Let d = dim(R), X = Spec(R) and I C R be a proper ideal. Consider the blow-up
7: P =Proj(#(1)) — X and the exceptional divisor E = Proj(gr;(R)) of X along I. Following the general
notion of polar multiplicities due to Kleiman and Thorup [38, 39], one defines

(polar multiplicity) mi(I,R) = mg_i(%’(l)) and (Segre number) ci(I,R) = mg:}(ng(R))

as polar multiplicities of Z(1) and gr;(R), respectively. It should be mentioned that the polar multiplic-
ities of a standard graded R-algebra can be seen as the multidegrees of a biprojective scheme over the
residue field k. We introduce the new invariant

vi(LR) = mi(LR)+ci(LR)
that we call polar-Segre multiplicity.

Section 5 is dedicated to establish several properties of the invariants m;(I,R), ¢;(I,R) and v;(I,R).
Let 6 = o(I) be the order of I (see Notation 5.7). In Proposition 5.8, we show the inequality

d-mi_(LR) < mi(LR)+ci(LR) = vi{(I,R),

and that equality holds for all 1 < i < d if and only if I satisfies the &-parameter condition generically
(see Notation 5.7). Next, we express all these numbers as the multiplicities of the push-forward via 7t
of certain cycles obtained by making general cuttings; thus following general tradition when studying
local invariants (see, e.g., [25], [38, §8]). Assume that k is an infinite field, H = H,,...,Hq is a sequence



4 YAIRON CID-RUIZ, CLAUDIA POLINI, AND BERND ULRICH

of general hyperplanes, and denote by g = g1,...,gq the associated sequence of elements in I (see
Notation 5.5). We introduce the following objects:

(polar scheme) Pi(LLX) = Piﬂ(I,X) = m(H;N---NHy)
(Segre cycle) AN(LX) = /\iﬂ(LX) = 71, ([EﬂHlﬁmﬁHi_]]dii) € Zqa_i(X)
(polar-Segre cycle) — Vi(LX) = V(LX) = m, ([H1 - AHy_y N7 Dy] d_i) € Za 1(X);
for more details, see Setup 5.11. We have the following unifying result.

Theorem C (Theorem 5.13). (k infinite). The following statements hold:
() mi(L,R) =eq—i (Pi(LX)) and Pi(1,X) = Spec(R/(g1,...,gi) :r [°).
(i) ci(LR) =eq—i (Ai(L,X)) and

A(LX) = > e(LRy/(g1.-..gi—1)Rp iR, I°Ry) - [R/p] € Zg_i(X).

peV(gi,ngi—1)iRI®)
peV(1).dim(R/p)=d—i

(iii) Vi(I,R) = ed_i(Vi(I,X)) and
Vi(LX) = [Pi(LX)]g_{ +A(LX) = [Spec(R/(g1,....gi—1) R I®+giR) | 4, . € Za_i(X).

A particular consequence of the above theorem is that it recovers known formulas for the polar multi-
plicities and Segre numbers of an ideal (see Remark 5.14).

In Section 6, we introduce new numerical criteria for integral dependence. From the main result of
[48], we know that Segre numbers detect integral dependence (also, in an analytic setting, see [25]). In
Theorem 6.6, we prove a PSID that is similar to the ones in [25, Theorem 4.7] and [48, Theorem 4.4].
Then a driving question for our work is: can we detect integral dependence with the invariants mi(1,R)
and vi(I,R)? In the particular case of the polar multiplicities m; (I, R) this has been a folklore question

for many years. Here we give a definitive and perhaps unfortunate answer:
o “only Segre numbers detect integral dependence”.

Indeed, in Example 6.9 and Example 6.10, we provide examples where the invariants m;(I,R) and
vi(I,R) do not detect integral dependence. On the other hand, we have the following criterion where
these two invariants can be used.

Theorem D (Theorem 6.7). Assume that R is equidimensional and universally catenary, and let 1 C | be
two R-ideals. Suppose the following two conditions:

(@) o(I) = o(]).

(b) 1 satisfies the &4-parameter condition generically (see Notation 5.7).
Then the following are equivalent:

(1) ] is integral over 1.
(ii) mi(LLR) =my(J,R) forall 0 <
i

<d-—1.
(iii) vi(L,R) =vi(],R) forall 0 < d

i
<d

An interesting family of ideals where the above theorem applies is that of equigenerated ideals (see
Corollary 6.15).
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Finally, we study the behavior of Segre numbers in families. More precisely, we generalize the result
of Gaffney and Gassler [25] regarding the lexicographic upper semicontinuity of Segre numbers. We now
introduce a suitable algebraic notation to extend their original result expressed in an analytic setting.
Let t: A — R be a flat injective homomorphism of finite type of Noetherian rings and assume that
m:R — A is a section of .. Let Q = Ker(7). For each p € Spec(A), consider the Noetherian local
ring S(p) = R(p) Qr(p) that we call the distinguished fiber of p (see §6.1). Our last main result is the
following.

Theorem E (Theorem 6.12). Assume that for all p € Spec(A), the fibers R(p) are equidimensional of
the same dimension d and ht(1(p)) > 0. Then the function

p € Spec(A) — (c1 (LS(p)).ca(LS(p)),....ca(LS(p))) € 2L,

is upper semicontinuous with respect to the lexicographic order.

We give related lexicographic upper semicontinuity results for Segre numbers in Corollary 6.4 and
Corollary 6.5.

2. PRELIMINARIES AND NOTATION

Here we recall the concepts of mixed multiplicities, multidegrees and projective degrees. We also set
up the notation that is used throughout the paper. Let p > 1 be a positive integer and, for each 1 <1i < p,
lete; € Z;O be the i-th elementary vector e; = (0,...,1,...,0). f n=(ny,...,np), m= (my,...,my) €
ZP are two vectors, we write n >> m whenever ny > m, for all 1 <1 < p, and n > m whenever n; >my
forall 1 <j <p. We write 0 € ZE, for the zero vector 0 = (0, ...,0).

Let k be a field and T be a finitely generated standard Z;O—graded algebra over K, that is, [T], =k
and T is finitely generated over K by elements of degree e; with 1 < i < p. The multiprojective scheme
X = MultiProj(T) corresponding to T is given by the set of all multihomogeneous prime ideals in T not
containing the irrelevant ideal 9% := ([Tl¢,) N ---N ( [T]ep), that is,

X = MultiProj(T) := {‘13 € Spec(T) | B is multihomogeneous and P 2 ‘ﬁ}

and its scheme structure is obtained by using multihomogeneous localizations (see, e.g., [35, §1]). We
embed X as a closed subscheme of a multiprojective space P := PE” Xk Xk P;(np.

Let M be a finitely generated ZP-graded T-module. A homogeneous element is said to be filter-
regular on M (with respect to 91; see [53, Appendix]) if z ¢ B for all associated primes 3 € Asst(M)
of M such that °B 2 91. In terms of the multiprojective scheme X, this means that zTys is a nonzerodivisor
on My for all B € X. A sequence of homogeneous elements zi,...,zy, in T is said to be filter-regular
on M (with respect to N) if z; is a filter-regular element on M/ (zl,...,zj_ 1) Mforall 1 <j<m.
The relevant support of M is given by Supp_ , (M) := Supp(M) N X. There is a polynomial Pp(t) =
Pm(ti,....tp) € Qlt] = Qlty,...,tp], called the Hilbert polynomial of M (see, e.g., [31, Theorem 4.1],
[38, §41), such that the degree of Ppy is equal to T = dim (Supp, | (M)) and

Pm (v) = dimy ([M])
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for all v € ZP such that v > 0. Furthermore, if we write

Pty = ) e(nl,...,np)<t1;:nl>...<tpi_np>’
P

ni,...,np =0

then e(ny,. ..,np) € Zy for all ny +---+mny, = 1. From this, we obtain the following invariants:

Definition 2.1. (i) Forn=(ny,...,n;,) € Z% with[n| =dim (Supp,, (M)), e(m;M):=e(ny,...,np)
is the mixed multiplicity of M of type n.
(ii) Forn € Z;O with [n| = dim(X), degp (X) := e(n; T) is the multidegree of X = MultiProj(T) C P of
type n with respect to P.

We recall the following basic concepts related to rational maps.

Definition 2.2. Let ¥ : Py --» P} be a rational map, Y C P§ be the closure of the image of ¥, and
I" C Py xk Pg be the closure of the graph of W. The rational map ¥ is generically finite if one of the
following equivalent conditions is satisfied:

(i) The field extension K(Y) < K(Py) is finite, where K(P[) and K(Y) denote the fields of rational
functions of P} and Y, respectively.
(ii) dim(Y) =dim(Pg) =r.
The degree of ¥ is defined as deg(V) := [K( Pr): K(Y)] when V is generically finite. Otherwise, by
convention, we set deg(¥) := 0. For each 0 < i < 1, the i-th projective degree of V¥ : Py --» Pg is given
by
d; (V) = deg,ﬁ,’i;;Pﬁ ().

For more details on projective degrees, the reader is referred to [29, Example 19.4] and [17, §7.1.3].
Of particular interest is the 0-th projective degree do(¥) as it is equal to the product of the degree of the
map times the degree of the image

(M do(¥) = deg(¥) - degpy ()

(e.g., this follows from [10, Theorem 5.4] and [6, Theorem 2.4]).
When we work with families of ideals, we shall use the following notation.

Notation 2.3. Let A be a ring and R be an A-algebra. For any prime p € Spec(A), let k(p) :== A, /pA,
be the residue field of p, and set R, := R®a Ap, R(p) := R®Aa k(p) and I(p) := IR(p) C R(p) for any
ideal I C R.

The notion general element will be quite useful in our treatment, thus we recall the following defini-

tion.

Definition 2.4. Let R be a Noetherian local ring infinite residue field k. Let I C R be a proper ideal
generated by elements fq,...,f;, € R.

— We say that a property & holds for a general element g € 1 if there exists a dense Zariski-open subset
U C k€ such that whenever g = a;f; + -+ amfm and the image of (ajy,...,am ) belongs to U, then
the property & holds for g.
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— We say that g = g1,...,gk is a sequence of general elements in I if the image of g; in the ideal
I/(g1,...,9i-1) C R/(g1,...,gi—1) is a general element for all 1 <1i < k. We also say that g =

gi,..., gk are sequentially general elements in 1.

Given a multihomogeneous ideal J C T, we say that an element z € T is general in { if its image is
general in the localization JToy where I := ([Tle, ) +---+ ([T]ep).

3. THE BEHAVIOR OF MIXED MULTIPLICITIES

In this section, we study the behavior of mixed multiplicities under the processes of taking fibers and
performing specializations, both with respect to a base ring. This section revisits and generalizes some
results from [16, Chapter 5] and [9, 13]. We fix the following setup throughout this section.

Setup 3.1. Let A be a Noetherian ring and .7 be a finitely generated standard Z‘;O— graded algebra over
A. Let 2" = MultiProj(.7 ) be the corresponding multiprojective scheme.

Given a topological space Z and a totally ordered set (S, <), we say that a function f: Z — & is upper
semicontinuous if {z € Z | f(z) > s} is a closed subset of Z for each s € &; on the other hand, a function
f:Z — & is said to be lower semicontinuous if {z € Z | f(z) < s} is a closed subset of Z for each s € &.

An important basic tool in this paper is the topological Nagata criterion (see, e.g., [44, Theorem 24.2]).

Remark 3.2 (topological Nagata criterion for openness). A subset U C Spec(A) is open if and only if
the following two conditions are satisfied:

(i) If g € U, then U contains a nonempty open subset of V/(q) C Spec(A).

(ii) If p,q € Spec(A),p € Uand p D g, then q € UL

Given a finitely generated ZP-graded .7 -module .#, we seek to study the behavior of mixed mul-
tiplicities e(n;e) when considering the family of modules .#Z @A «(p) with p € Spec(A). Notice that
A R K(p) is a finitely generated ZP-graded .7 (p)-module and that .7 (p) is a finitely generated stan-
dard Z;O—graded algebra over the field k(p).

Definition 3.3. We consider the functions
a7, :Spec(A) —Z, prsdim (Supp,, (A @A k(p)))

and
e(mZ ®ax(p)) ifnl=a¥ (p)

e;” :Spec(A) - ZU{ox},  p—<0 if n| > dZ, (p)
00 if In| < d-Z, (p)

for every n € Zgo. We use the natural ordering on the set Z U{oo}.
The following result extends [ 16, Theorem 5.13] to a multigraded setting.

Theorem 3.4. Assume Setup 3.1. Let ./ be a finitely generated ZP-graded 7 -module. Then the follow-

ing statements hold:
(1) d‘f/ . :Spec(A) — Z is an upper semicontinuous function.
(i1) e‘n/// : Spec(A) — ZU{oo} is an upper semicontinuous function for every n € Z];O.
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Proof. We prove both statements by utilizing the topological Nagata criterion (see Remark 3.2) and
Grothendieck’s Generic Freeness Lemma (see, e.g., [44, Theorem 24.1], [19, Theorem 14.4]).
Fix elements d € Z,n = (ny,...,np) € Zgo and e € ZU{oco}. We need to show that

Ug:= {p € Spec(A) | d‘fﬂ(p) < d} and  Vye:= {p € Spec(A) | e‘,f//(p) < e}

are open subsets of Spec(A).

First, we verify condition (i) of Remark 3.2 for both subsets U4 and Vye. Let g € Spec(A) and
A := A/q. The Generic Freeness Lemma applied to the module ./# := .# /q.# gives a nonzero element
0# a € A such that each graded component of .7 ,, is a finitely generated free A -module. It follows that
P roax(p) =P.aoax(q) forevery p € D(a) C V(q) C Spec(A), which verifies the validity of condition
(1) of Remark 3.2 for both Ug4 and Vj e.

Next, we show that condition (ii) of Remark 3.2 also holds. Due to Nakayama’s lemma, for any two
primes p, q € Spec(A) with p O g, we have that

dimy () ([ @A k(P)],) = pa, (4 @A ARL) = ba, (L4 @A Aql,) =dimy q) (L4 @A k(q)],)

for all v € ZP. The dimension of the relevant support equals the degree of the Hilbert polynomial, and
the latter can be read-off from the Hilbert function. For any p,q € Spec(A) with p D g, it follows that
P roacip) (V) Z P yeax(q) (V) forall v> 0, and so d‘jﬂ(p) > dfﬁ(q). This shows that condition (ii)
of Remark 3.2 is satisfied for the subset Ug,.

Given two primes p, q € Spec(A) with p D q and d-%, (p) > d:7, (q), we easily check from the defini-
tion of the function e;” that e;” (p) > e;7 (q).

Next, consider the case p,q € Spec(A) with p D q and d*fﬂ(p) = d‘jfﬁ(q). (That Py, (p) (V) —
P s@ak(q)(¥) = 0 for all v>> 0 does not necessarily imply that the coefficients of the monomials of
highest degree of P ;g , «(p) are bigger or equal than the ones of P g, «(q); for instance, f(x,y) =
(x—y)? =x*—2xy +y% € Qlx,yl.)

Let r:= [n|. We only need to consider the case where r = dffﬂ(p) = d'fﬁr(q). Notice that we can
reduce modulo q and localize at p. Hence we assume A is a local domain with maximal ideal p and
q = 0. By utilizing the faithfully flat extension A — A[yl,a (], we may assume that the residue field of
A is not an algebraic extension of a finite field. From [48, Lemma 2.6], for any multihomogeneous ideal
J C 7, we can choose an element z € J whose image is general in both J.7 (p) and J.7 (q). Therefore,
by prime avoidance, there exists a sequence of homogeneous elements zj,...,z, in .7 such that the
following three conditions are satisfied:

(1) each z; € .7 has degree deg(z;) = ey € Z;’O where 1 <1 <p;

(2) n; equals the number [{j |1 <j <rand | =1i};

3) {z1,...,z+}T (p) and {zy,...,2,}7 (q) are filter-regular sequences on the modules .Z QA K(p)
and .Z @ Kk(q), respectively.

To simplify notation, let .#; p, := .# /(z1,...,zj).# @ k(p). By successively applying [0, Lemma
3.9], we obtain

e(m.Zak(p)) =e(0;.4:,) and e(n;.Z @ak(q))=e(0;.4: ).
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We choose 0 < v € Z;O with the property that e (0;.7; ) = dim,, ([//lr,p]v) and e (0;.#; 4) =
dimy ) ([.# 4], ). Finally, Nakayama’s lemma yields that
e(m.# @pk(p)) =e(0;4rp) =dimy () (L4ryl,) = 1a, (L4/(21,....20:) M DA A
> ua, (A4)(21,....20) M @A Agl,) = dimy q) (4 q),) =€ (0.4 q) =e(n:ll @A K(q)).

Therefore, the subset V,, ¢ satisfies condition (ii) of Remark 3.2. This completes the proof of the theorem.
O

We restate the above theorem for the case of multidegrees. As before, we embed 2~ as a closed
subscheme of a multiprojective space Pa := PR x A -+- X A P?:p. We seek to study the multidegrees of
the fibers 2}, := 2" Xgpec(a) Spec(k(p)) = MultiProj(.7 (p)) C Pp :=PA Xgpec(a) Spec(k(p)).

Definition 3.5. We define the functions
ar :Spec(A) = Z, prdim(Z,)
and
deg‘,%p(ﬁ&”p) if In| = dim (Z},)
deg’ p, :Spec(A) = ZU{oo},  prr 0 if [n| > dim (2},)
00 if In| < dim (Z})
for every n € Zgo.
We have the following direct consequence of Theorem 3.4.

Corollary 3.6. Assume Setup 3.1. Then the following statements hold:
(i) d? :Spec(A) — Z is an upper semicontinuous function.
(i) degy p, : Spec(A) — ZU{oo} is an upper semicontinuous function for every n € Z;O.
We quickly revisit the notion of specialization of a module. Here we follow the same setting and
notations as in [9]. Let .# be a finitely generated torsionless ZP-graded .7 -module, with a fixed injection

L: M — % into a free ZP-graded .7 -module of finite rank. For any p € Spec(A), the specialization of
M with respect to p is defined as

Spl(-a) i= Im(L@A K(p) .l ©p K(p) = F DA K(p) ).
We now consider the following function
Se;” : Spec(A) — Z, p s e(m;Sy ()
for every n € Zgo with [n| > dim (Supp__, (Sy(#))).
The following result deals with the behavior of mixed multiplicities with respect to specializations.

Corollary 3.7. Assume Setup 3.1 and that each graded component of 7 is a free A-module. Let M
be a finitely generated torsionless ZP-graded 7 -module, with a fixed injection \: 4 — % into a free
ZP-graded T -module of finite rank. Let v be the common dimension dim(Supp__, (.F ®a k(p))) for all
p € Spec(A). Then the function

Se,f// :Spec(A) — Z

is lower semicontinuous for every n € Z& , with [n| > .
=
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Proof. For any p € Spec(A), we have the short exact sequence

0—=Sy(A) = FRaxKp) = F/MAK(p)—0.
From the additivity of mixed multiplicities, we get e (p) = e;fz / ‘//l(p) +Se;” (p). Since e; is a constant
function by assumption and efz [ s upper semicontinuous by Theorem 3.4, the result of the corollary

follows. O

4. RATIONAL MAPS AND THEIR SPECIALIZATIONS

Here we concentrate on a specialization process of rational maps. The next setup is now in place.

Setup 4.1. Let r < s be two positive integers. Let A be a Noetherian domain, S = A[xo,...,Xx;] be a
standard graded polynomial ring, P, =Proj(S), and m = (xo,...,x;) C S be the graded irrelevant ideal.
Let J: P}, --» P% be a rational map with representative f = (fo : ---: f5) such that {fo,...,fs} C S are
homogeneous elements of degree & > 0.

We specialize this rational map as follows. For any p € Spec(A ), we get the rational map

Fl) Pl — Prp

with representative 71, (f) = (71, (fo) : -+ : 71 (f)) where 71, () is the image of f; under the natural map
My 1S — S(p).

Let I = (fo,...,fs) C S be the base ideal of the rational map J : P}, --» P%. The closure of the
graph of F is given as I' = BiProj(Z(1)) C P}, x o P5 where Z(1) := @q_oI"T™ C S[T] is the Rees
algebra of I. As customary, #(I) is presented as a quotient of a standard bigraded polynomial ring
T =S ®a AlYo,-.-,Ys] by using the A-algebra homomorphism

T - RZ(1), xi—xi, yj — fjt.

We have the equalities I(p) = (7, (o), ...,y (fs)) C S(p) and (I)(p) =1(p)* C S(p) forall p € Spec(A)
and k > 0. For any p € Spec(A), let I'(p) C PTK(p) X (p) PsK(p) and Y(p) C PSK(p) be the closures of the
graph and the image of the rational map F(p). We have that dim(T'(p)) < r and dim(Y(p)) < r for
all p € Spec(A). We also consider the j-multiplicity of ideal I(p) C S(p) for all p € Spec(A) (see [1],
[21, §6.1]).

Definition 4.2. We have the following three functions: j : Spec(A) — Z, p —j (I(p)),
degps (Y(p)) if dim(Y(p)) =7
0 if dim(Y(p)) <7

degIm” : Spec(A) — Z, P>

and d{f :Spec(A) = Z, di (F(p)) forall 0 i,
Our main result regarding these functions is the following theorem.

Theorem 4.3. Assume Setup 4.1. Then the following statements hold:
@) degImSr :Spec(A) — Z is a lower semicontinuous function.
(ii) d? :Spec(A) — Z is a lower semicontinuous function for all 0 <1< 7.

(iii) j': Spec(A) — Z is a lower semicontinuous function.
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Proof. By [42, Theorem 5.3], we have that j!(p) =& - dJ (p) for all p € Spec(A). Thus, we only need to
prove parts (i) and (ii) of the theorem.
Fix0<i<r,e€”Zand h e Z. It remains to show that

De := {p € Spec(A) | deglm” (p) > e} and Ejn:={p € Spec(A)| ad (p >h}

are open subsets of Spec(A). Again, to prove this we utilize a combination of the topological Nagata
criterion and the Generic Freeness Lemma.

First, we verify condition (i) of Remark 3.2 for both D and E; 1,. Let q € Spec(A), and set A = A/q,
S=S/qS and I =1IS C S. We use the version of the Generic Freeness Lemma given in [32, Lemma
8.1] applied to the inclusion of algebras Z (I (7) < S[t], and we find a nonzero element 0 # a € A
such that each graded component of S[t [t]/Zs ( ) ®x A is a finitely generated free A o-module (also,
see [9, Theorem 3.5]). For every p € D(a) C V(q) C Spec(A), we obtain that dim ) ([I(p)"],) =
dim 4 ((I(q)™],) for alln > 0 and v € Z. Accordingly, condition (i) of Remark 3.2 holds for both D
and Ei,h-

Next, we show that condition (ii) of Remark 3.2 also holds for D, and E; j,.

For any p € Spec(A), we have that degm? (p) = e | (Lp) and d-?(p) =e ( T—1%s(p (I(p))),
where Ly = k(p) [rt, (fo),...,mp(fs)] = P [I(p)™], 5. For each n > 0, we have a short exact se-
quence

0—1I(p)™ —=S(p) = S/I"®a k(p) — 0.

Since we know that dim ) ([S/I™ ®a k(p)],) = dimy(4) ([S/IT" @A k(g)],) forall n >0, v € Z and
p,q € Spec(A) with p D q, it follows that D, satisfies condition (ii) of Remark 3.2.

Fix two primes p, q € Spec(A) with p DO q. As in the proof of Theorem 3.4, we may assume that q =0
and that A is a local domain with maximal ideal p. Moreover, by making a purely transcendental field
extension, we may assume that for any multihomogeneous ideal J C .7, we can choose an element z € J
whose image is general in both J.7 (p) and 3.7 (q) (see [48, Lemma 2.6]).

By applying [10, Proposition 5.6], we find a sequence {z,...,zi} C m C S C 7 of homogeneous
elements of degree one such that

df (p)=e(0.r—1; Zg,(Jp)) and di (q) =e(0,r—1i; Zr,(Jq))

where Ry := S(p)/(z1,...,21)S(p), Rq :=S(q)/(z1,...,21)S(q), Jp :== IR, C Ry and J4 := IRy C Ry.
Since 1 < r, we may further assume that {z1,...,z;}S(p) and {z1,...,z;}S(q) are regular sequences on the
polynomial rings S(p) and S(q), respectively.

There exists a positive integer m > 0 such that

dimy(p) ( [ZR, Up)] (1 _dime) (7]
e(0,r—1; %, (Jp)) = lim pngi/(.r_i)!( )> = lim nfg/(:_i; 6)
and
dimK [% q(] )] mn dimK Un]m n
et ) = i ST D) St ()

So, to show that d (p) < dY (q), it suffices to verify that dim, ;) ([]Q]\) < dimg(q) ([];‘]V> for all
> 0 and v € Z. Notice that the Hilbert functions of R, and R are equal. Then, from Nakayama’s
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lemma we get

. n S
amain (I851,) =00 ([ 2oy o] )

S . N
2 HA, ([W ®AAq] ) =dim,q) <[Rq/IQ]v)

for alln > 0 and v € Z. Finally, this implies that d? (p) < d? (q), and so it follows that condition (ii) of
Remark 3.2 holds for E; . So, we are done with the proof of the theorem. ]

v

We single out an important corollary of Theorem 4.3. When r = s, and we consider a rational map
of the form JF: P}, --» P}, we have some control over the degree of the specialized rational maps
. pT L T
ff(p).PK(p) ’)PK(p)‘

Corollary 4.4. Assume Setup 4.1. Let F : P}, --» P}, be a rational map. Then the function
deg” : Spec(A) — Z, p—deg(F(p))

is lower semicontinuous.

Proof. We have that deg” (p) = dg(p) for all p € Spec(A). Indeed, if dim(Y(p)) < 7, both deg” (p)

and dg(p) are equal to zero; and if dim(Y(p)) =, degpr( )(Y(p)) =1 and so do(F(p)) = deg(F(p))
K(p

according to (1). Thus, the result follows from Theorem 4.3. OJ

We now apply the above results to different families of rational maps. We obtain generalizations
of [13, Theorems 6.3, 6.8], and we eliminate the conditions assumed there. The following corollary
yields significant upper bounds for the projective degrees of certain families of rational maps. It should
be mentioned that these inequalities are sharp for the general members of the considered families (see
[10, Theorems 5.7, 5.8]).

Corollary 4.5. Let Kk be a field, R = KIxo,...,x+] be a standard graded polynomial ring, Py = Proj(R),
Y: Py --» P{ be a rational map with representative g = (go : - - - : g5 ) and base ideal ] = (go,...,gs) CR,
and suppose that & = deg(gj) > 0. Then the following statements hold:

() di(¥) <8t forall0<i<.

(i1) Suppose that ] is a perfect ideal of height two with Hilbert-Burch resolution of the form

S
0 EPR(—5— ;) » R(=8)*" =T 0.
i=1
Then, for all 0 <1< 1, we have

di(W) <er—il(py,.... 1)

where e._i(l1,...,Us) denotes the elementary symmetric polynomial

er_i(f,. .. 1s) = > TIRERTI N

1< <jr—i<s

In particular, if r = s, then deg(W) < g« Wy
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(iii) Suppose that | is a Gorenstein ideal of height three. Let D > 1 be the degree of every nonzero entry
of an alternating minimal presentation matrix of ]. Then, for all 0 <1 < 1, we have
DTty ! (2 fog<ig<r—3

di (V) < . =0 Tl
ot ifr—2<i<

s—r+i

In particular, if v = s, then deg(¥) < D".

Proof. (i) For 0 < j < s, consider a set of variables z; ={zj 1,...,z; m} over K with m = (Sfr), and set
z=1z9U---Uzs. Let A =Klz], S = Alxo,...,xy] and consider the generic polynomials

Gj = Z]',1X8 +Zj,2XS_1X1 +--- +Z)’,mX§ eSs.

Let J: P, --» P$ be arational map with base ideal I = (Go,...,Gs) C S. Let & = (0) C Spec(A ) be the
generic point and my = ({zj,k — ocj,k}j,k) € Spec(A) be a rational maximal ideal such that ] = I(m) C
R. Tt is known that the projective degrees of the morphism F(§&) : Pr )~ PS (it is base point free
as I®a k(z) C S(&) =k(z)[xp,...,x+] is a zero-dimensional ideal) are equal to d- (F(E)) =8""1 (see,
e.g., [42, Observation 3.2]). By using Theorem 4.3, we obtain d; (¥) = df (my) < d (§) = 8" for all
o<igr.

(i) For 1 <j <s+1and I <k <s,letzjx ={zj 1 1,2jk2,---»Zjkm, denote a set of variables over
k of cardinality my = (“‘fr), and set z = Uj’k zjx. Let A =K[z], S = Alxo,...,x;] and consider the
generic (s+ 1) x s Hilbert-Burch matrix

P11 P12 Pl,s
P21 P22 o P2s
M= . . .
Ps+1,1 Ps+12 - Ps+ls

where each polynomial pj . € S is given by
_ Mk px—1
Pik =Zjk1Xp“ tZjk2Xp X1+ FZjkm X E

Let J: P}, --» P$ be a rational map with base ideal I = I5(M) C S. Let € R{s+1)Xs pbe the Hilbert-
Burch presentation of J. Let & = (0) C Spec(A) be the generic point and my = ({z] 1= 05k, k 1) €
Spec(A) be a rational maximal ideal such that ¢ € R(S+1)Xs is obtained by specializing M € S(s+1)
viathe map S — S/my = R. From [13, Lemma 6.2] the generic ideal I® A K(z) C S(&) =k(z)[xo,...,Xr]
is perfect of height two and satisfies the condition G4, and so [ 10, Theorem 5.7] implies that the pro-
jective degrees of F(&) : PE(Z) -—» Pﬁ(z) are equal to d;(F(&)) = er_i(/1,..., s ). Finally, Theorem 4.3
yields that di (V) = dJ (mg) < dY (&) = er—i(p,...,pts) forall 0 <i<r

(iii) This part follows verbatim as part (ii), except that we need to use [12, Lemma 2.12] and [10,
Theorem 5.8]. O

From Theorem 4.3, we have that the projective degrees and the degree of the image of a rational
map J : P}, --» P5 behave as lower semicontinuous functions under specialization; accordingly, these
invariants cannot increase under specialization. However, it turns out that the degree of a rational map
is a much more erratic invariant, and it seems that Corollary 4.4 is the most general result one can hope
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for. Indeed, the following two examples show that the degree of a rational map can either increase or
decrease under specialization.

Example 4.6 (The degree of a rational map can increase). Let Q be the field of rational numbers, and

A =Q[a] and S = A[xp,x1,X2] be polynomial rings. Consider the following matrix

X0 X1 X
X1 X0 X%

M=
Xo+axy Xp X5

0 X0 0
and let F: P% --» Pi\ be a rational map with base ideal I = (fy,f1,f2,f3) C S given by

2.2 2 2
XgX] T AXpX7X2 —XpX1X3,

4 3 2,2
—Xo — aXpX2 + XgX3,
3 2,2
XpX1 —XgX7,

4,242 3 3 202 4 4252
Xg — XoXT T aXpXa — aX{Xy —XgX5 +X{X5

[=1(M)=

Let 7 =S®a AlYo,Y1,Y2,Y3] be a standard bigraded polynomial ring over A and write the Rees algebra
Z(1)as Z(1) = 7 /7. The ideal J C 7 is equal to

X1Yo +XoY1 +X1Y2 + XoY¥3,
Xo¥o +X1¥1 + (X0 +2ax2) ya,
(x0x1 —x%) Y1+ (X(z) + axpxp —X%) Y2,
Xo¥5 + (—axo +ax; — %) yi + (a® +2) xo¥0y2 —ax1y1¥2 +Xo¥3 + (—axo +ax; —X;) y1¥s,
Yo —2vdyl +yt + (a? +4) yduo —4yoytys + a®yiya + (2a? +6) ydyi —2yiys+
(2 +4) you3 + Y3 — 23y 193 +2y7y3 —4you1y2ys +2 yTyays —2u1y3ys +yiud + a?yiyav}

This can be computed in a computer algebra system like Macaulay2 [27]. The ideal J C .7 is generated
by 5 bihomogeneous polynomials in 7. The first, second and fourth generators of J are linear in the
variables x;. Let L =Q(a) = Quot(A) and G : P2|_ - P3|_ be the generic rational map with base ideal
I®a L C LIxg,x1,x2]. From [18, Theorem 2.18], we can check that G is birational, i.e., deg(G) = 1.
Alternatively, we give a short direct argument. We may assume that L is algebraically closed. By
considering the generator ) = xgxl —X%X% = x(z)xl (xo—x1) of I, we obtain the morphism h: D(f;) — P3|_.
Notice that D(f,) lies inside the affine patch A? C P? with xo = 1. For any point p = (po:p1:p2:p3) €
P} in the image of h, if (1, a1, 02) € h™!(p), then we get the following linear system

pro + paacxa =—(po+p2)
(Po+Pp2)o =—(p1+p3)
that is derived from the two linear syzygies in M; this system has a unique solution (1, &1, &) if the
determinant —ap;(po + p2) is non-zero. It follows that for any o« = (1,x;,x2) € D(f2) N D(af,(fo+
5)) = D(f5(fg+f5)), the fiber h—!(h()) has one element. Thus G is birational.
On the other hand, we make the specialization a = 0, which gives the matrix

X0 X1 X}
2
X1 Xo X
M= )
X0 X1 X5

OX()O
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Letg: Pﬁ -—» Pi be a rational map with base ideal

4,22, .22 22 3 2.2 4 .22 22 2
J =13(M) = (—xg+XgXT +X0X3 — XTX3, XgX1 — X(X], Xg — X5X3, XgXT — X0X1X3) -

In this case g is not birational, indeed deg(g) = 2.

Therefore, under the above specialization, we obtain deg(g) =2 > 1 = deg(G).

Example 4.7 (The degree of a rational map usually decreases). We recall an example [ 13, Example 6.5]
where the degree of a rational map can decrease arbitrarily under specialization. Let m > 1 be an integer.
Let Kk be a field, and A = K[a] and S = A[xg, X1, x;] be polynomial rings. Consider the matrix

X Zymfl
M=|—y zx™ 4ym
az zxm—1

with entries in S. Let F: Pi\ -—> Pi\ be a rational map with base ideal I =1,(M) C S. Let L=K(a) =
Quot(A) and G : Pf - PZL be the generic rational map with base ideal I®a L C L[xg,x1,x,]. For any
B ek, letng =(a—p)€Aandgp:Pi --» Pg be arational map with base ideal I(ng) C Klxo,x1,%2].
Then, we have that deg(G) = m and

1 ifp=0

deg(0p) = m ifp#0

So, the specialization a = 0 gives an arbitrary decrease in degree deg(go) = 1 < m = deg(G).

5. POLAR MULTIPLICITIES, SEGRE NUMBERS AND NEW SET OF INVARIANTS

In this section, we prove several results regarding polar multiplicities and Segre numbers of an ideal,
and we introduce a new related invariant. These invariants are defined as a special case of the general
notion of polar multiplicities due to Kleiman and Thorup [38,39]. Here, an important goal for us is to
extend several of the results of Gaffney and Gassler [25] from their analytic setting to an algebraic one
over a Noetherian local ring. The following setup is used throughout this section.

Setup 5.1. Let (R,m, k) be a Noetherian local ring with maximal ideal m and residue field k. Let d :=
dim(R) and X := Spec(R). Let I C R be a proper ideal generated by elements fy,...,f, € R. We consider
the Rees algebra B := Z(1) :=R[IT] = @v>0 VTV C R[T] of the ideal I. We have a natural homogeneous
presentation W :=R[yy,...,yml = Z(1), yi — fiT, where W is a standard graded polynomial ring over
R. Let P := Bl (X) = Proj(B) C Proj(W) = PEI_I be the blowup of X along I and consider the natural
projection
m:PCPR ! =X

Let E:=7n!(V(I)) = Proj(G) C P be the exceptional divisor and G := gr{(R) := @v>o IV/TV*! be the
corresponding associated graded ring. The blowup P has a natural affine open cover P = Ji™, U; where
U; = Spec ([BUJ 0)‘ More precisely, we can write

U; = Spec (R[I/f3]),

where R[I/f;] denotes the R-subalgebra of R¢, generated by all f/f; with f € I. Notice that the local
equation of E on Uj is given by f; € R[I/f;].
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We now briefly recall the general notion of polar multiplicities due to Kleiman and Thorup [38, 39].
Here we shall freely use the results from the references [11, 38, 39] regarding polar multiplicities. Let
M be a finitely generated graded B-module and F = M the corresponding coherent Op-module. The
function (v,n) — lengthy (MV /mntl M\,) eventually coincides with a bivariate polynomial Py (v,n)
of degree equal to dim(Supp(F)). Then, for all > dim(Supp(F)), we can write

- LM o
Pm(v,n) = ;) ;E;(—l))' v 'n' + (lower degree terms).
We say that the invariants mt (M) are the polar multiplicities of M. Recall that diim(P) < d and dim(E) <

d— 1. Our main interest is on the following invariants:

Definition 5.2. (i) Forall 0 <1i < d, we say that m;(I,R) := mg_i (B) is the i-th polar multiplicity of
the ideal I C R.
(i) Forall I < i< d, we say that c¢{(I,R) := m3_}(G) is the i-th Segre number of the ideal I C R.
(iii) For all 1 <1i < d, we say that vi(I,R) := my(I,R) +ci(I,R) is the i-th polar-Segre multiplicity of
the ideal I C R. By convention, we also set vo(I,R) = my(I,R).

By [11, Proposition 2.10], we get mq(I,R) = m%(B) =ja+1(B), and since dim(B/mB) < d, it fol-
lows that mq(I,R) =jaq1(B) =0 (see [21, §6.1]). For all 0 < i < d — 1, the polar multiplicity my(I,R)
is also referred to as the mixed multiplicity e;(m | I) (see, e.g., [58]).

We shall need some very basic rudiments from intersection theory. Since we are working over our
Noetherian local ring R (and not over a field), the usual developments from Fulton’s book [23] do not
suffice. In terms of a suitable dimension function, we could use available extensions of intersection
theory (see, e.g., [23, Chapter 20], [52, Chapter 02P3], [57]). However, as we shall not require a notion
of rational equivalence, we present our results in terms of cycles and quickly develop the necessary

concepts.

Notation 5.3. (i) Let Y be a Noetherian scheme. We denote by Zy (Y) the free group of k-dimensional
cycles. For a coherent sheaf F on Y and an integer k > dim(Supp(F)), we denote by [?7] « € Zk(Y)
the associated k-cycle. For a closed subscheme Z C Y and an integer k > dim(Z), we denote by
[Z] K= [O z] « € Zk(Y) the associated k-cycle.

(i) Given k-cycle & =) ;1;[R/pi] € Zy(X), its multiplicity is given by ey (&) := ) ; Liex (R/pi).

Below we give a short self-contained result regarding the push-forward of cycles along a projection
(cf., [52, Lemma 02R6], [57, Proposition 4.3]).

Definition-Proposition 5.4. Let S be a standard graded R-algebra and consider the projective morphism
1n:Y =Proj(S) — X = Spec(R). Given an integral closed subscheme Z C Y, the push-forward is defined
as

(2 = | (KE@KE]-2] if dim(2) = dim(2)
0 otherwise,

where Z' =n(Z), and K(Z) and K(Z’) denote the function fields of Z and Z’, respectively. The push-
forward map 1, : Zx (Y) — Zi(X) is then determined by linearity. Let F be a coherent Oy-module and
k > dim(Supp(F)). Then n, ([F],) = [n+(F)], € Zk(X).
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Proof. Let Z = Proj(S/B) where 3 C S is a relevant prime ideal, and set Z' = 1(Z) = Spec(R/p)
where p =B NR. From [63, Lemma 1.2.2], we get dim(S/P) = dim(R/p) + trdegg ,,(S/PB). Since
we have trdegg /,(S/*B) > 1, it follows that dim(Z) > dim(Z’). Let M be a finitely generated graded
S-module with F = M and Hg+ (M) = 0. Notice that we may substitute S by S/Anng(M) and R by
R/(RMNAnng(M)). Therefore we assume that k > dim(Y) and k > dim(R), and that any minimal prime
of S is relevant.

Let p C R be a minimal prime of N = H°(X,1,.(F)) of dimension k. Notice that any relevant prime of
S contracting to p should be minimal. Thus the fiber 1! (p) is finite, and so we can find an affine open
neighborhood V C X of p such that~! (V) — V is finite (see [52, Lemma 02NW], [30, Exercise I1.3.7]).
We set 1! (V) = Spec(A) and choose a finitely generated A-module L such that L7 |T1“ (v)- Since
Ry is an Artinian local ring and A, = A ®g Ry, is module-finite over Ry, it follows that A, is Artinian.
We have the equality

D Ik(a) s (p)]-length, (Ly) = lengthy, (N,)
q

where the sum runs through the minimal primes of A contracting to p. Finally, notice that the right-hand

side of the above equality is the coefficient in [, (F)]x corresponding to p and that the left-hand side is
the coefficient in 1, ([F]i ) corresponding to p. O

Notation 5.5. Given elements a,...,d, in R, say that g = a;f| +---+ a;n Ty is the associated element
in [, that { = ajy; + -+ amym € By is the associated linear form, that D = V(g) C X is the associated
hypersurface in X, and that H =V (£) C P is the associated hyperplane in P. We denote by 7w*D :=
V. (gB) =Proj(B/gB) the pullback of the hypersurface D. When the residue field « is infinite, we use

the following conventions:

— We say that D C X is general (equivalently H C P is general) if g is a general element in I (equivalently
{ is a general element in B, ).

— We say that a sequence of hyperplanes H = Hy,...,Hy is a sequence of general hyperplanes in P if
the associated sequence g = g1, ..., gk is a sequence of general elements in [.

When « is infinite and g € I is a general element, the following remark shows that 7t*D is an effective

Cartier divisor on P even if D = V/(g) is not a divisor on X.

Remark 5.6. (x infinite). Let R = R/(0:g I*°) and X = Spec(R). Since Bl;(X) = Bl;(X), we may
assume that (0 :g 1°°) =0, and so by prime avoidance we get that g is a nonzerodivisor when g € I is

general. This shows that t*D is an effective Cartier divisor when g € I is general.

The next notation includes an inequality that will be useful in our approach. This inequality is related
to when a general element of I is a ¢-parameter on the Rees algebra B = Z(I) (in the sense of [11,
Definition 2.7]).

Notation 5.7. We say that the order of the ideal T is given by o(I) :=sup{B € Z>( | I C mP}. Let § =o(1I).
Consider the standard bigraded algebra ¢ := gr,,, (B) with bigraded parts [¢](,, ) = m"B, /mn 1B,
Take the k-vector subspace b = I/m®*! c m®/m®+! = [¢] (0.5)- Let

in(l) :=6-¢9 = (in(f)|feland o(f) =8) C ¥
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be the ideal generated by the initial forms of elements in I of order d. If the following strict inequality
dim (BiProj (¢ /in®(1))) < d—1

holds, we say that I satisfies the & -parameter condition generically.

The following proposition is inspired by one of the technical steps in Fulton’s proof of the commuta-
tivity of intersecting with Cartier divisors: indeed, similarly to [23, Lemma 2.4], we express the pullback
7*D as the sum of the exceptional divisor E and a hyperplane H in the blowup P = Bl;(X). As a

consequence, we get inequalities relating the polar multiplicities and the Segre numbers of 1.

Proposition 5.8. (k infinite). Let H C P be a general hyperplane, D = V(g) be the associated hypersur-
face and L € B be the associated linear form. Then the following statements hold:

(1) *D and H are effective Cartier divisors.
(i) ™D =E+H.
(iii) Let 6 = o(I). Then we have the inequality

d-mi—1(L,R) < mi(LR)+ci(LR) = vi(I,R),

and equality holds for all 1 <1< d if and only if | satisfies the & -parameter condition generically
(see Notation 5.7).

Proof. (i) From Remark 5.6, we get that 7t*D is an effective Cartier divisor. We have that H is also an
effective Cartier divisor by prime avoidance.

(i) We write g = a1 +-- -+ amfm and { = a;y; +- - -+ amym. Consider the affine open subscheme
U; = Spec(R[I/fi]). As we mentioned before, the local equation of E on Uj is given by f; € R[I/f;]. On
the other hand, the local equations of 71D and H on U; are given by
aifi+--+amfm

fi
respectively. This shows the equality 7*D = E 4 H on each Uj, and so the equality holds globally on the
whole blowup P = Bl (X).

(iii) First, we check that in the vacuous case dim(P) < d, we have that m;(I,R) =0, v;{(I,R) =0,
dim(B) < d and dim (BiProj(¥¢)) < d — 2 (hence the equivalence statement holds trivially). Therefore,
we assume dim(P) = d.

afi+---+amfm € RI/fi] and € R[I/fil,

As g € I is general, we may assume that g € m® \ m®*!. Notice that [7‘[*D] a1 = [B//ET%] 4 and

H], = []%] 41+ and thus part (ii) yields the equality of cycles

[B//\Q/B} a1 — [B//\ag]d—l"'[é]d—l € Za1(P);

see, e.g., [23, Lemma A.2.5]. Hence the additivity of polar multiplicities (see [| |, Corollary 2.6]) implies
that

mq-1(B/gB) = my_(B/tB)+my_,(G).
Due to [11, Theorem 2.8], we have m’;‘ifl (B/gB) > 6- mh“ (B) and an equality holds for all 0 < i <
d—1 if and only if g is a ¥-parameter on B (in the sense of [I1, Definition 2.7]). Since £ € B is
a general element, by utilizing [ |, Proposition 2.10], we obtain m}, ,(B/¢B) = m}(B). Finally, by
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combining everything we get the inequality
5-mi 1(LR) = §-mg~"!(B) < my~"(B)+m§ 1(G) = mi(LR)+ci(LR),

and an equality holds for all 1 <1< d if and only if g is a &-parameter on B. Since g is a general
element of [, it follows that g is a ¢-parameter on B if and only if I satisfies the ¢-parameter condition
generically. U

Remark 5.9. The equality of Proposition 5.8(ii) can also be derived as follows. Consider the extended
Rees algebra Z* (1) := R[IT,T~!]. Notice that the equality g = £- T~! holds in %" (I) and recall the
isomorphism gr(R) =%+ (1)/T'2+(1).

Remark 5.10. By [2, Theorem 4.1], the degree of Stiickrad—Vogel cycles can computed as Segre num-
bers. Hence Proposition 5.8(iii) yields a generalization of the formula for the degree of Stiickrad—Vogel

cycles given in [58, Theorem 4.6].

Next, we introduce the notion of polar schemes and Segre cycles. We also introduce a new type of
cycle that will be fundamental in our treatment. The following additional data is fixed for the rest of the
section.

Setup 5.11. Assume Setup 5.1 and that the residue field k is infinite. Let H = Hy,...,Hq4 be a sequence
of general hyperplanes, and denote by g = gi,...,gq the associated sequence of elements in I and by
£=1{y,...,0q the associated sequence of linear forms in B;.. We also set D; = V(gi) C X and recall
that the pullback 71Dy is an effective Cartier divisor on P (see Remark 5.6). We introduce the following

objects:

(i) For 1 <1< d, we say that the i-th polar scheme (with respect to H) is given by the following
schematic-image
Pi(LX) = PIY(LX) := m(H;N---NHy).

(i) For 1 <1< d, we say that the i-th Segre cycle (with respect to H) is given by
AULX) = APLX) = ([ENHIN-NH], ) € Zai(X).
(iii) For 1 <1i < d, we say that the i-th polar-Segre cycle (with respect to H) is given by
Vi(LX) = VA(IX) = m, ([H1 M- AHi_ N7 Dy] dfi) € Za1(X).

By convention, we set Po(I, X) := 7t(P) and Vj (L, X) := [Po(I,X)] 4 € Za(X).
Remark 5.12. By prime avoidance, we can assume that g1,..., g; is a regular sequence on Ry, for each
p € V(g1,...,9i) \ V(I) (we say that gy,...,g; are a filter-regular sequence with respect to I; see [53,

Appendix]). Therefore, we have that (gi,...,gi) :r I either equals R or it has height i, and so we obtain
dim(R/(gy,...,9i) :r [*°) < d—1. Similarly, we get dim(R/(g,...,gi—1) ;R [+ giR) < d—1i.

The theorem below gives an important description of the invariants mi(I,R), ¢i(I,R) and v{(I,R). It
shows that these invariants are naturally the multiplicities of the cycles introduced in Setup 5.11.

Theorem 5.13. Assume Setup 5.11. Then the following statements hold:
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(1) For all 0 <1< d, we have the equalities mi(I,R) = eq_i (Pi(I,X)) and

Pl(LX) = Spec (R/(gla’gl) ‘R IOO)

(ii) For all 1 <1i< d, we have the equalities ¢ (I,R) =eq_i (A{(L, X)) and

A (LX) = Z e(LRy/(g1s----gi-1)Rp ik, I®Ry) - [R/p] € Zq—1(X).

peV((gi,ngi—1)RI®)
peV(I),dim(R/p)=d—i

(iii) For all 1 <1< d, we have the equalities vi(I,R) = eq_i(Vi(I,X)) and

Vi(LX) = [Pi(LX)]g_;i +A(LX) = [Spec(R/(g1.-.ngi-1) R I®+giR) | 4 . € Za_i(X).

Proof. Leta; :==(gy,...,9i) C R, R := R/ay, Xi := Spec(R;) and X; := Spec(R/a; :g I*).

(i) First, set i = 0. By [11, Proposition 2.10], we have mg(I,R) = mg(B) =eq (HO(P,OP)). We
have that Py(I,X) = 7t(P) = Spec(R/a) where a C R is the kernel of the natural map R LN HO(P,0p)
(see, e.g., [26, Proposition 10.30], [30, Exercise 11.3.11]). On the other hand, we have a four-term exact
sequence

0 — [HY, (B)], — R=By =5 H(P,0p) — [H}, (B)],
Since B = R[IT] is the Rees algebra of I, it follows that [H%+ (B)] 0 =0 I*°. Hence we have a = 0:g I
and Py(I,X) = 7t(P) = Spec(R/0 :g I*°). Moreover, we get the short exact sequence

— 0.

0—R/0:g I® — H(P,0p) — [Hg, (B)], — 0,
and so to prove mg(I,R) = eq(Po(I, X)), it suffices to show that dim([H{L(B)]O) < d. Let B:=
B/H%+(B). As H]]3+(B) = H%JE) and [ﬁ]o = R/0 :g I*°, we have that H]13+(B) ®@Rr Rp = 0 for any
minimal prime p € Min(R) that contains I. However, if a prime p € Spec(R) does not contain I, we
obtain
[Hp, (B)],@rRp = [Hg, (B®rRy)], = [Hy (Ry[T])],=0.
This settles the claim that dim ( [H]l3+ (B)] 0) < d, and so the proof is complete for the case i = 0.

Since £y,...,{; is a sequence of general elements in B, [1 1, Proposition 2.10] yields the equalities
mi(LLR) = mg*i(B) = mg:}(B/(fl,...,Ei)B) =e4q_i (HO(P,OHIQ...mHi)). Consider the natural spe-
cialization map

5B/t B = PI/al ! » %R (IR) = PTV/(IVNay).
v=0 v=0
Since gi,...,gi is a sequence of general elements in I, we may assume that they form a superficial
sequence for I (see [34, Proposition 8.5.7]), and so [34, Lemma 8.5.11] yields the equality a;IV~! =
IV Na; for v > 0. Therefore, we get the following equality (as schemes)

2) HiN---NH; = Proj(B/({y,...,4)B) = Proj(%ki(IRi)) = BI;(X;) =: P;.
Since we already dealt with the initial case, by substituting X by X; and setting i = 0, we obtain
Pi(LX) = m(HiN---NH;i) = 7(Pi) = Po(L,Xi) = Spec(R/(g1,...,gi) v I)

and
mi(LR) = eq—i (H(P,Op,n-nmy)) = ea—i (HY (Pi,0p,)) = eqa—i (Po(L,Xi)).
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This completes the proof of part (i).
(ii) First, seti=1. By [1 |, Proposition 2.10], we get c; (I,R) = mg:}(G) =eq_1 (HO(E,(‘)E)). From
Definition-Proposition 5.4, we have the equality of cycles

AMLX) = [m(0e)] ., = (X7 ()], , = [H(E,0¢)] € Za1(X),

d—1
and so it follows that ¢ (I,R) = eq_1 (A1 (L, X)). Since we proved 7t(P) = Spec(R/0 :g I*) in part (i), it
follows that Supp (H°(E,Og)) C V(L,0:g I®®). Then we get the following equality

[H(E,08)],_, = D> lengthg (H(E,0p) ®rRy)-[R/p] € Za 1(X).

pEV(1,0:r1%)
dim(R/p)=d—1

Fix a prime p in the above summation. Let Ej, := Proj (ngRp (Rp )) be the exceptional divisor of Spec(Ry,)
along IR,. Notice that dim(R,) = 1 and H*(E, O ) ®g Ry = H°(E,, Og, ). As a consequence, for v > 0,
we obtain

lengthg_ (HO(EP,OEP)) = lengthg (HO(EP,OEP(V))) = lengthg_ (I"Rp/I"HRp);
the first equality holds for any v € Z because dim(E,) < 0. On the other hand, we have
e(LRy/0:g, I®R,) = lengthg (IVRp/I"*'Ry) for v>>0.

This completes the proof for the case i = 1.

Since {,... (’,l 1 1s a sequence of general elements in B, [11, Proposition 2.10] gives c¢;(I,R) =
mg }(G) md 1(G/(El, Ll 1)G) =eq_i (HO(P,OEQHIQ...QHH)). From (2), we obtain the fol-
lowing equality (as schemes)

3) ENH;N---NHi_; = (HiN---NHi_1) XxspeC(R/U = Pi_ XxspeC(R/U = Ei

where E;_| = Proj(grpg, | (Ri_1)) is the exceptional divisor of X;_; along IR;_;. Then the result of
part (ii) follows.
(iii)) We have the following equalities

Vi(LX) = 7. (HiNn---NHi_ N Dilg_;) by definition of V;(I,X)
= 7, ([Pioi N Dil4_4) by (2)
= Vi(LXi—1)] 4 4 by definition of Vi (I,X;_)
= [PiLXo0)] g+ MLXo)] gy by applying Proposition 5.8 to X;_;
= [Pi(LX)] i FAU(LX) by the formulas of part (i) and (ii).

Therefore, to complete the proof of part (iii), we substitute X by X;_; and assume that i = 1. In particular,
we may assume that (0 :g I°°) = 0 and that g; is a nonzerodivisor. Set g := g; and D := D;. By
Definition-Proposition 5.4, we obtain

VI(LX) = [ (OreD) 4, = Z lengthg (H°(P,0p/g0p) @R Rp) - [R/p] € Za_1(X).
peV(g)
dim(R/p)=d—1
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Let p be a prime in the above summation, and let P, := Proj(B ®g Ry) the blowup of Spec(R) along
IRy,. Then the coefficient corresponding to p is given by

lengtth (HO(Pp,Opp/gOpp)) = lengtth (HO(PP,Opp/g(‘)pp (v))) = lengtth (IVRp/gIVRy)
for v > 0. Expressing length as a multiplicity (see [21, Corollary 1.2.14]) and utilizing the additivity of
multiplicities give the following
lengtth (IVRp/gIVRp) = e((9),IVRy) = e((g9).Ry) = lengtth (Rp/gRyp).
Hence the required equality V;(I,X) = [Spec(R/gR)]4_, follows. This completes the proof of the last
part of the theorem. U

Remark 5.14. Due to Theorem 5.13, we obtain the following consequences:

(i) We have the equations
(a) [PI(LX)] d—i — [Pl (I, Pi1 (LX)) ] d—1i
(b) AY(LX) = [A(LPi1(LX)] 4
© Vi(LX) = Vi(LPi(LX)] 4 ;-
(i) We recover the formula of [58, Theorem 3.4] for the mixed multiplicities of an ideal
mi(LR) = eq—i(R/(g1,...,91) r 7).
(iii) The new invariants (i.e., polar-Segre multiplicities) have the following formula
vi(LLR) = eq—i(R/(g1,.--,9i—1) R ¥+ giR).
(iv) We obtain the following formula for Segre numbers
ci(LR) = > e(LRp/(g1.....gi—1)Rp 1R, I®R;) - e(R/p).
peV((gi,gi—1)RI®)
peV(1),dim(R/p)=d—i
On the other hand, the formulas of part (i) and (iii) yield
ci(LR) = ea—i(R/(g1,---»9gi—1) R ¥+ giR) — ea—i (R/(g1,-..,91) :® %)
= eq—i (HY(R/(g1,---,gi—1) iR I® +giR))

R

_ ) lengthg ( : >'e(R/p)-

4 ..., 0i—1)Rp g, I°R ‘R
pPeV((gi,.gi1)RI®) (91» 9 1) PRy PO

peV(I),dim(R/p)=d—i

This recovers the length formula of [48, Proposition 2.1] for the Segre numbers of an ideal. There-

fore, for any prime p in the summation above, it follows that

e(L, Ry/(g1,....9i-1)Rp g, IRp) = lengthg (Rp/ ((91.----9i—1)Rp R, I°Rp +giRyp)).

In any case, this is expected: if the residue field k is not an algebraic extension of a finite field, we

may assume that g; € I is general in IR, for each prime p above (see [48, Lemma 2.6]).

6. INTEGRAL DEPENDENCE AND SPECIALIZATION

In this section, we discuss how integral dependence can be detected by utilizing the invariants that we
study in Section 5. We also discuss when integral closure and polar schemes specialize. Moreover, we
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generalize the result of Gaffney and Gassler [25] regarding the lexicographic upper semicontinuity of
Segre numbers (see Theorem 6.12). Throughout this section, we continue using Setup 5.1.

To deal with the case where ht(I) = 0, we also need to consider an additional number that is denoted
as co(I,R). Let 27 = gr (G) = gr, (gr;(R)) with standard bigrading [7](,, ) = m"G,/m"t1G,.
The first sum transform of the Hilbert function of .7# with respect to n is equal to

H., (v,n) ZdlmK vn)) = lengthg (Gv/m“HGV),

and it encodes the polar multiplicities of the standard graded algebra G = gr;(R) (i.e., the Segre numbers
¢1(LR),...,cq(L,R); see Section 5). If we further consider the second sum transform H?yf(v,n) =
> v—oHL (k,n), for v>> 0 and n > 0, we get a polynomial

d
(LR) . o4 .
H?;f(v,n) = iZO 1'C(1((1—1)') vind=t 4 (lower degree terms),
that encodes the Segre numbers ¢ (I,R),...,cq(I,R) defined in Section 5, but also the new number
co(L,R). This leads to the following definition.

Definition 6.1 (Achilles—Manaresi [2]). The multiplicity sequence of the ideal I C R is given by
(co(LR).ci(LR).....ca(LR)) € Z4".

In Section 5, we restricted ourselves to considering only the first sum transform Hljf (i.e., the polar
multiplicities of G) because then we could use many desirable properties of polar multiplicities (see [11],
[38, §8]).

We now discuss when the polar schemes specialize module an element t € m that is part of a system of
parameters of R (i.e., dim(R/tR) = d —1). We say that the i-th polar scheme P; (I, X) specializes modulo
the element t € m if dim (P;(I,X) NV(t)) < d—1—1 and we have the equality of cycles

[Pi(I,X)ﬂV(t)] = [Pi(I,XﬂV(t))] € La_i—1(X).

d—i—1 d—i—1
We shall see that the question of whether polar schemes specialize is governed by the Segre numbers

ci(I,R) and ci(I,R/tR). First, we have the following basic but useful observation.

Lemma 6.2. Assume Setup 5.11. Let t € m be such that dim(R/tR) =d—1. If ht (L, (g1,...,gi) ;g [¥,t) >
1+ 2, then Pi(1,X) specializes modulo t.

Proof. LetR:=R/((g1,...,gi) :r I*°,t) and notice that I*R-((t,gy,...,gi) :r [°°) R =0 for some k > 0.
Thus the result follows as a direct consequence of Theorem 5.13(i). OJ

A very important technical result is the following theorem. Our arguments below follow closely the
ones in the proof of [48, Theorem 3.3].

Theorem 6.3. Assume Setup 5.11 and that R is equidimensional and catenary. Let 1 <i< d—1. Let
t € m be such that ht((g1,...,9i—1) :r [®,t) > 1 and ht(L,(g1,...,gi—1) :r I°°,t) = 1+ 1. Then the
following statements hold:

@) ht((g1,...,91) R I®,t) 2 i+ 1L

(i) ci(I,R/tR) = ¢i(I,R).
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(iii) If ci(I,R/tR) =ci(L,R), then ht(L,(gy,...,gi) ;R [, 1) > 1+2.

Proof. We may assume that dim(R/(gy,...,gi—1) :r I*°) = d—1i+ 1 because R is equidimensional and
catenary (see Remark 5.12). By utilizing Theorem 5.13(ii), we may assume i = 1 and substitute R by
R/(g1s-.-,gi—1) :r [*°. So, we are free to assume the conditions i = 1, dim(R/tR) =d—1,0:x [* =0
and ht(I,t) > 2. Hence g; is a nonzerodivisor since it is a general element of 1. Set g := g;. Since g is
a general element of I, it follows that ht((g) :r [°°,t) > ht(g,t) > 2; thus settling part (i). We need to
verify ¢ (I,R/tR) > c;(I,R) to prove part (ii). Part (iii) follows by showing that if ¢; (I,R/tR) =¢;(I,R)
then ht(I, (g) :r I, t) > 3.

The rest of the proof follows verbatim the arguments in [48, page 962, proof of Theorem 3.3]. Con-
sider the finite sets of primes A :={p € V(I,t) | ht(p) =2} and I :={q € V(I) | ht(q) = 1}. Thus, to prove
the inequality ht(I, (g) :r I*°,t) > 3, it suffices to show that for each p € A we have p 2 (g) :r [*° or
equivalently, IR, C \/m . For each p € A, we define the finite sets

To:={geMin(g)lqCp} and T,:={qeV(I)|qCypandht(q)=1}

Notice that [, € X, and that an equality holds if and only if IR, C |/gR;. By utilizing the faithfully flat
extension R — R[yl,r[y), We may assume that the residue field of R is not an algebraic extension of a
finite field, and thus we may assume that g is a general element of IRy, for each p € A (see [48, Lemma
2.6)).

We have the following
¢1(I,R/tR) = Z e(L,Ry/tRy) - e(R/p) by [48, Proposition 2.4(a)] or Theorem 5.13(ii)

peEN

= Z e((g),Rp/tRp)-e(R/p) since g is general in IR,
peEN

> Z e((t),Rp/gRp)-e(R/p) by [48, Lemma 3.1] since g is a nonzerodivisor
peEA

= Z Z lengthy (Rq/gRq)-e((t),Rp/qRp) -e(R/p) by the associativity formula
pEAEL,

>y > lengthg (Rq/gRq)-e((t),Rp/qRy) - e(R/p) since Iy C £,
peNqel;

= Z lengthRq (Rq/gRq) Z e((t),Rp/qRp)-e(R/p) by switching the summation
qer pPEAPDY

> Z lengthRrl (Rq/gRq)-e(R/q) by [48, Lemma 3.2]
qerlr
>3 el e(R/q) by [21, Corollary 1.2.12]
qer

> Ze(IRq,Rq)~e(R/q) since g € [
qer

=c;(LR) by [48, Proposition 2.4(a)] or Theorem 5.13(ii).

Therefore, we obtain the inequality c;(I,R/tR) > ¢{(I,R) and that I}, = L, if an equality holds. This
concludes the proof of the theorem. (I

Important consequences of Theorem 5.13 and Theorem 6.3 are the following lexicographical upper-
semicontinuity results.
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Corollary 6.4. Assume that R is equidimensional and catenary, and let t € m be such that dim(R/tR) =
d— 1. Suppose that ht(1,0 :g 1°,t) > 2. Then we get the inequality

(c1(LR/tR),ca(L,R/tR),...,ca—1(LR/tR)) Ziex (c1(LR),c2(LR),...,ca—1(LR))
under the lexicographical order.

Corollary 6.5. Assume that R is equidimensional and universally catenary. Let 1 C ] be two R-ideals.
Then we get the inequality

(co(LR),c1(LR),....ca(LR)) Ziex (co(J,R),e1(J,R),- . cal],R))

under the lexicographical order.

Proof. By replacing R by R[yl (s ) (Where y is a new variable) and the ideals I and ] by (I,y) and (],y),
we may assume that ht(I) > 1 and ht(]J) > 1 and that co(I,R) =0 and co(]J,R) = 0; see [48, Corollary
2.2(d)].

Consider the local ring S = R[t] ;,, +) (where t is a new variable). Let H =1S +t]JS C S. Notice that
ht(H,0:s H*,t) > ht(IS,t) > 2, H-S/tS =1 and HS;;s = JR[t],r[t]- Then we obtain the following

inequalities

(C] (I,R),CQ(I,R),...,Cd(I,R)) = (C] (H,S/tS),Cz(H,S/tS),...,Cd(H,S/tS))

>iex (€1(H,S),c2(H,S/tS),....ca(H,S)) by Corollary 6.4
> (c1(H,Sms),c2(H,Sms).....ca(H,Sms)) by [48, Proposition 2.7]
= (c1(J.R).c2(J.R).....ca(].R))

that settle the claim of the corollary. O

We now present a principle of specialization of integral dependence that we enunciate similarly to the
ones in [25, Theorem 4.7] and [48, Theorem 4.4].

Theorem 6.6 (Principle of Specialization of Integral Dependence — PSID). Assume Setup 5.1 and that
R is equidimensional and universally catenary. Let t € m be such that dim(R/tR) = d— 1. Suppose
that ht(1,t) > 2 and that ci(I,R/tR) = ¢i(I,R) for all 1 <i< d— 1. Then, for any element h € R, the
following two conditions are equivalent:

(i) hel

(ii) hRy, € IR, for all primes p € Spec(R) such that t ¢ p.

Proof. Assume momentarily that dim(G/tG) < d. As G is equidimensional of dimension d (see [49,
Theorem 3.8], [51, Lemma 2.2]), it follows that the contraction of a minimal prime of G to R does not
contain t. This implies that no prime in the set L(I) :={p € V(I) | dim(R) = £(IR, )} contains t. Since
every associated prime of I belongs to L(I) (see [45, 3.9 and 4.1]), the result of the theorem follows.
Hence it remains to show dim(G/tG) < d.

Since ht(I) > 1, it follows that dim(G/G,) = dim(R/I) < d—1 and so no minimal prime of G
contains G. Set E/ := Proj(G/tG). Thus dim(E’) < d —1 if and only if dim(G/tG) < d. From [I1,
Proposition 2.10], we obtain mg:} (G/tG) =eq_1(H°(E’,O¢/)) and so it follows that mgj (G/tG) =
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0 because Supp(H°(E’,O¢/)) C V(L) and by assumption we have the inequality ht(I,t) > 2. We now
assume the notation and assumptions of Setup 5.11. From [11, Proposition 2.10] and (3), we get

m4 1 HG/tG) = m§T | TH(G/(4,..., 0, 1)G) = mG T H(Gi/tGy),

1

where Gi = gryg, (Ri) and Ry = R/(gy,...,gi)R. Therefore, by utilizing Theorem 5.13(ii) and Theo-
rem 6.3, we can prove inductively that

m4~ | HG/tG)=0 forall 0<i<d—L.

Due to [1 1, Lemma 2.3], we obtain dim(E’) < d — 1, and so it follows that dim(G/tG) < d. O

The following theorem contains our new criteria for integral dependence in terms of the invariants
mi(I,R) and v;(I,R).

Theorem 6.7. Assume Setup 5.1 and that R is equidimensional and universally catenary. Let 1 C | be
two R-ideals. Suppose the following two conditions:

(@) o(I) =o(]).

(b) 1 satisfies the &-parameter condition generically (see Notation 5.7).
Then the following are equivalent:

(1) ] is integral over 1.
(ii) mi(LR) =my(J,R) forall 0 <
i

<d-—1.
(iii) vi(L,R) =vi(],R) forall 0 < d

i
<d.
Proof. Let & :=o(I) =o(]) be the order of I and J.

(1) = (i) & (iii): If ] is integral over I, then it is known that m;(I,R) =m;(J,R) and ¢;(I,R) =ci(],R)
(see [58, Corollary 3.8] and [48, Theorem 4.2]). This settles both implications (without assuming the
conditions (a) and (b)).

(ii) = (i): Suppose that m;(I,R) =m;(J,R) for all 0 < i < d— 1. Then Proposition 5.8 yields

Vi(LR) = &-my_(LR) = 8-mi_(].R) < v¢(].R)

for all 1 <1< d. This implies that ¢;(I,R) = v{(I,R) —my(L,R) < vi(J,R) —my(],R) = c4(],R) for
all 1 <i< d. On the other hand, we have co(I,R) = e(R) —mgy(L,R) = e(R) —my(],R) = co(],R).
Therefore, ] is integral over I due to [48, Theorem 4.2].

(iii) = (i): Suppose that vi(I,R) = v;(]J,R) for all 0 < i < d. From Proposition 5.8, we obtain

6-mi_(LR) = vi(LLR) = v{(J,R) > &-m;_(]J.R)

for all 1 <1< d. It follows that ci(I,R) = vi{(I,LR) —m;(L,R) < vi(]J,R) —my(J,R) = ¢;(J,R) for all
0<i<d—1. Wealso have cq(I,R) =v4(I,R) =v4(],R) =cq(J,R). Finally, ] is integral over I by
invoking [48, Theorem 4.2] once again. O

The next remark complements [58, Corollary 4.3].

Remark 6.8. Let R be a regular local ring of dimension at least two and let I be an ideal of height one.
Write I = aH where H is an ideal with ht(H) > 2. Then m;(I,R) = o(H).



MULTIDEGREES, FAMILIES, AND INTEGRAL DEPENDENCE 27

Proof. We may assume that the residue field of R is infinite. Let g be a general element of H. According
to Theorem 5.13(i), we have m; (I,R) = e(R/agR :g I*°). On the other hand,
agR:I* = (agR:g aH):r (aH)* = (gR:H):r (aH)® = (gR:g H*) g (aR)* = gR.
Finally, e(R/gR) =o(g) =o(H). O
The remark above shows that the polar multiplicities of an ideal of height one in a two-dimensional

regular local ring only depend on the order of the saturation of the ideal with respect to its unmixed part,
and hence cannot detect integral dependence.

Example 6.9 (Polar multiplicities do not detect integral dependence). Let R = Kk[x(, x1] be a polynomial

ring over a field. Consider the ideals [ = (x(z), xox%) CJ= (x(z), xoX1). We have the following table of

values:
co(LR)=0 mp(LR)=1 vo(L,R)=1 co(J,R)=0 my(J,R)=1 v(J,R) =1
Cl(I,R): m1(LR):1 V](I,R):Z Cl(J,R):l m](],R):l V](I,R):Z
c(LR)=4 my(LR)=0 +v,(I,R)=4 c(,R)=2 mp(J,R)=0 v,(I,R)=2.

Here the invariants m; fail to detect the fact that I - T However, both invariants c; and v; do detect this.

From the previous example, we see that the invariants vi seem to carry more information related to
the integral closure of an ideal. Nevertheless, we have the following more delicate example where the

invariants v; fail to detect integral dependence.

Example 6.10 (Polar-Segre multiplicities do not detect integral dependence). Let P}, = Proj(K([s,t]) —
Pi = Proj(K[xo,...,x3]), (s:t) — (s*:s3t:st?:t*) be the parametrization of the rational quartic
CcC Pi. Let R = K[xq,...,x3]/3 be the homogeneous coordinate ring of C. Consider the ideals I =
(x%, X0X2X3, x%x%)R CJ= (x%, X0X2, X0X3, xlxg)R. We get the following table of values:

co(LR)=0  my(LLR)=4 vo(LR)=4 co(J,R)=0  my(J,R) =4  vo(J,R) =
C](I,R):5 ml(I,R):3 V](I,R):g C](],R):?) ml(],R):5 V](I,R):S
(LR)=14 my(LLR)=0 ~v,(I,LR)=14 c(J,R)=14 my(J,R)=0 v,(LLR)=14.

Therefore the invariants v; fail to detect the fact that I C J.

6.1. Lexicographic upper semicontinuity of Segre numbers.

In this subsection, we show that Segre numbers have a lexicographic upper semicontinuous behavior

in families. This generalizes a result due to Gaffney and Gassler [25]. We now use the following setup.

Setup 6.11. Let t: A — R be a flat injective homomorphism of finite type of Noetherian rings. Suppose
that the inclusion t has a section; i.e., there is a homomorphism 7t: R — A such that tot1 =id 5 . Consider
the ideal Q := Ker(7t) C R.

Notice that given prime p € Spec(A), we always have that QR(p) is a prime ideal in the fiber R(p).
Indeed, we get the inclusion t, : A/p — R/pR with section 7, : R/pR — A/p, and since Ker(m,) =
Q- R/pR, it follows that Q - R/pR is a prime ideal satisfying (R/pR)Q,R/pR = R(p)Qr(p)- Moreover
QR(p) is a maximal ideal in R(p). Thus, although the fiber R(p) might not be a local ring, we do
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get a distinguished local ring R(p)qr(p). To simplify notation, we say that S(p) := R(p)qr(p) is the
distinguished fiber of p.
Our main result regarding the behavior of Segre numbers in families is the following.

Theorem 6.12. Assume Setup 6.11 and let 1 C R be an ideal. Assume that for all p € Spec(A), the fibers
R(p) are equidimensional of the same dimension d and ht(1(p)) > 0. Then the function

p € Spec(A) — (c1 (LS(p)).ca(LS(p)),....ca(LS(p))) € 2L,

is upper semicontinuous with respect to the lexicographic order.

Proof. By the topological Nagata criterion (see Remark 3.2), it suffices to show the following two con-
ditions:

(i) Under the assumption that A is a domain, there is a dense open subset Ll C Spec(A) where the

above function is constant.
(i) If p O g, then (c1(L,S(p)),....S(p)) Ziex (c1(LS(q)),...,cal(L,S(q)))-

First, we prove the claim (i). We assume A is a domain, thus by Grothendieck’s Generic Freeness
Lemma (see, e.g., [44, Theorem 24.1], [19, Theorem 14.4]) there is an element 0 # a € A such that
the bigraded components of grq (gr(R)) ®a Aq and the graded components of gri(R) ®a Aq are free
A q-modules. Set U := D(a) C Spec(A). Then, for any p € U, we have the isomorphisms

grol(er(R)) ®a k(p) = groleri(R)®a k(p)) = grgl(er(R(p))).

This shows that the above function is constant on U.

Next, we prove the claim (ii). Notice that we can reduce modulo q and localize at p. Thus we assume
A is a local domain with maximal ideal p and q = 0. Let K := Quot(A). By [30, Exercise 11.4.11] or
[28, Proposition 7.1.7], there is a discrete valuation ring V of K that dominates A; that is, A C V and
p =nNA where n = (t) C Vis the closed point of Spec(V). Let Ry := R®a V. Notice that t": V < Ry,
is flat and has a section 7’ : Ry — V with Ker(7t’) = QRy. We get a field extension k(p) < k(n) and

the following isomorphisms
Rv(n) = (R@AV)®vk(n) = R@ak(N) = (ROAK(P)) Ry (p) k(1) = R(p) @ (p) k(n).

This gives the isomorphisms [VRy (n) = [VR(p) ® ;) k(n) and so it follows
“4) gro (gri (Rv(n))) = grq (grp (R(p))) @ (p) k(n).

Let T:= (Ry) (t.Q)Ry- From (4), we have
&) ci(LS(p)) = ci(LT/tT).
Since ToT =R(q)Qr(q) = S(q), we also obtain
(6) ci(LS(q)) = ci(LTor).

To use Corollary 6.4, we now verify that the ideal IT C T satisfies the required assumptions. By
applying Lemma 6.14(i) to the ring R(p), we conclude that the fibers of Ry over V are equidimensional
of dimension d. Hence due to Lemma 6.14(ii), T is equidimensional of dimension d + 1 and universally
catenary and dim(T/tT) = dim(T) — 1. Since R(p) < T/tT is a flat homomorphism, ht((I,t)T/tT) >
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ht(I(p)) > 1, hence ht(t,IT) > 2 because t is regular on T. Now (5) and Corollary 6.4 yield

(CI(I,S(]J)),...,Cd(I,S(}J))) = (Cl(I,T/tT),...,Cd(I,T/tT)) Zlex (Cl(I,T),...,Cd(I,T)).

Finally, from [48, Proposition 2.7] and (6), we get

(cl(I,T),...,cd(I,T)) > (c1(LTQT),...,cd(LTQT)) = (01(I,S(q)),...,cd(I,S(q))).

This concludes the proof of the theorem. (I

Remark 6.13. A basic situation where the assumptions of Setup 6.11 hold is the following. Assume
R =Alx,...,xql is a positively graded polynomial ring over A, and let m = (xy,...,xq) be the graded
irrelevant ideal. In this case, the natural projection 7t: R — A = R/m is a section of the inclusion
t: A — R. Therefore, given a prime p € Spec(A), the distinguished fiber of p is the localization R(p)mg (p)
of the fiber R(p) = k(p)[x1,...,xq] at the graded irrelevant ideal mR(p).

The following technical lemma was used in the proof of Theorem 6.12.

Lemma 6.14. The following statements hold:

(i) Let B be a finitely generated algebra over a field K. If B is equidimensional, then B Qy L is equidi-
mensional of the same dimension for any field extension L of k.

(i1) Let V be a discrete valuation ring with uniformizing parameter t. Let j : V — B be a flat injective
homomorphism of finite type that has a section T:B — V, and let Q = Ker(1). Let T =By q).
Suppose that the fibers of j are equidimensional of dimension e. Then T is equidimensional of

dimension e + 1 and universally catenary, and dim(T/tT) = e.

Proof. (i) By [44, Theorem 23.2], we have Ass (B®ykL) = UFGASS(B) Ass (B/p ®k L). The result follows
because each minimal prime of B/p ® L has the same dimension as B/p (see [30, Exercise I1.3.20(f)]).

(ii) Let K = Quot(V). Since B is V-flat, it follows that t is a nonzerodivisor on B. Let 3 € Spec(B) be
a minimal prime contained in (t,£). Such 3 does not contain t, hence it corresponds to a minimal in the
fiber B ®y K. By applying the dimension formula [44, Theorems 15.5, 15.6] to the inclusion V — B /}3,
we obtain

dim ((B/B) (1)) = dim(V)+trdegy (B/PB) =1+e.

This implies that T is equidimensional of dimension e+ 1. As T is finitely generated over a discrete
valuation ring, it is universally catenary. Observe that dim(T/tT) = e since t is regular on T. ]

6.2. The case of equigenerated ideals.

This brief subsection is dedicated to the family of equigenerated ideals, where our results are particu-
larly satisfying.

Corollary 6.15. Let K be a field, R be a finitely generated standard graded K-algebra of dimension d
and m = R be the graded irrelevant ideal. Let 1 C R be a homogeneous ideal generated by elements of
the same degree & > 1. Then the following statements hold:

(1) d-mi_1(LR)=vi(L,LR) forall 1 <i< d.

(2) For any homogeneous ideal | C R containing 1 such that o(]) = 0, the following are equivalent:
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(1) ] is integral over 1.
(ii) mi(I,R) =my(J,R) forall 0 <
i

<d-—1.
(iii) vi(I,R) =vi(],R) forall 0 < d

i

<d.
First proof. We may assume that K is infinite. Notice that part (1) implies part (2) (indeed, by Proposi-
tion 5.8(iii), the statement (1) is equivalent to the condition (b) of Theorem 6.7). Since I is equigenerated
in degree 0, we see the Rees algebra (1) as a standard bigraded algebra with [%’(I)] () = [I"] v

Thus Nakayama’s lemma yields the isomorphisms
mntrY
[grm ('@(I))] (vn) mn+1 = [Iv] n+ve [%(U] (vn)”

Let g be a general element of I. Since [(O (1) g)] )= 0 for v > 0 (see Remark 5.6), it follows that

(v,
[(O ‘or, (2(1)) in(g))] (v) = 0 for v >> 0. The result follows from Proposition 5.8(iii). O
Second proof. Again, we see Z (1) as a standard bigraded algebra with [%(I)] () = [IV] nivs: There-

fore gr (I) = Z(1) /12 (1) is also naturally a standard bigraded algebra. Notice that we have a short exact
sequence

0—2(1)(1,-06) = Z(1) — gry(R) — 0.
Then a basic computation with the polynomial functions Py 1y (v,n) = 3|7 dimy ([%(I)](\,’k)) and
Png (R) (v,n) = ZIT::O dimy ([ng (R)] (V,k)) gives the equality

6-mi_1(I,R) = mi(LR)-l—ci(LR) = Vi(LR)

forall 1 <i<d(see[ll, Remark 2.9]). O

As a consequence, in the equigenerated case, we get an alternative proof of the lexicographic upper

semicontinuity of Segre numbers (see Theorem 6.12).

Remark 6.16. Let A be a Noetherian domain and R = A[xy,...,X;] be a standard graded polynomial
ring. Let J: P} --» P§ be a rational map with representative f = (fo : --- : f5) such that fo,...,f
are homogeneous elements of degree 6 > 0. Let I = (fy,...,fs) C R and assume that I(p) # O for all
p € Spec(A). Notice that di (F(p)) = m,_i(I,R(p)) forall 0 < i< randp € Spec(A). By Theorem 4.3,
each function p — my(I,R(p)) is lower semicontinuous. Notice that we always have my(I,R(p)) = 1.
Therefore, the equality ci(I,R(p)) =06 -mi_1(L,R(p)) —my(I,R(p)) implies that the function

p € Spec(A) = (c1 (LR(p)),c2 (LR(p)),....crp1 (LR(p))) € ZLp!

is upper semicontinuous with respect to the lexicographic order.
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