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ABSTRACT. We study the behavior of multidegrees in families and the existence of numerical criteria
to detect integral dependence. We show that mixed multiplicities of modules are upper semicontinuous
functions when taking fibers and that projective degrees of rational maps are lower semicontinuous under
specialization. We investigate various aspects of the polar multiplicities and Segre numbers of an ideal and
introduce a new invariant that we call polar-Segre multiplicities. In terms of polar multiplicities and our
new invariants, we provide a new integral dependence criterion for certain families of ideals. By giving
specific examples, we show that the Segre numbers are the only invariants among the ones we consider
that can detect integral dependence. Finally, we generalize the result of Gaffney and Gassler regarding the
lexicographic upper semicontinuity of Segre numbers.

1. INTRODUCTION

This paper is concerned with the behavior of multidegrees in families and with the search for criteria to
detect integral dependence. Although these two themes are not typically studied together, the backbone
of our work is the delicate interplay between them. Multidegrees provide the natural generalization of
the degree of a projective variety to a multiprojective setting, and their study goes back to classical work
of van der Waerden [62]. The notion of multidegrees (or mixed multiplicities) has become of importance
in several areas of mathematics (e.g., algebraic geometry, commutative algebra and combinatorics; see
[3, 5, 7, 8, 14, 15, 31, 33, 36, 40, 41, 46, 47, 54, 58, 59]). On the other hand, the idea of detecting integral
dependence with numerical invariants was initiated with seminal work of Rees [50]. Considerable effort
has been made to extend Rees’ theorem to the case of arbitrary ideals, modules, and, more generally,
algebras (see [4, 11, 22, 24, 25, 38, 39, 48, 51, 60, 61]).

Teissier’s Principle of Specialization of Integral Dependence (PSID) can be seen as the first indication
of a fruitful connection between the behavior of multiplicities in families and the detection of integral
dependence (see [56], [55, Appendice I]). Indeed, in an analytic setting, the original PSID states that
for a family of zero-dimensional ideals with constant Hilbert-Samuel multiplicity, a section is integrally
dependent on the total family if and only if it is integrally dependent on the fibers corresponding to a
Zariski-open dense subset of the base. For families of not necessarily zero-dimensional ideals (also in an
analytic setting), the PSID was extended by Gaffney and Gassler [25] using Segre numbers. This paper
continues the line of research traced by the aforementioned works of Teissier, Gaffney and Gassler.

We now describe the results of this paper more precisely.

1.1. The behavior of multidegrees and projective degrees of rational maps in families.
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Let k be a field and T be a finitely generated standard Zp
⩾0-graded k-algebra. Let X= MultiProj(T) be

the corresponding multiprojective scheme embedded in a product of projective spaces P=Pm1
k ×k · · ·×k

P
mp

k . For each n = (n1, . . . ,np) ∈ Zp
⩾0 with |n|= n1 + · · ·+np = dim(X), one denotes by degn

P(X) the
multidegree of X of type n with respect to P. In classical geometric terms, if k is algebraically closed,
then degn

P(X) is equal to the number of points (counted with multiplicities) in the intersection of X with
the product L1 ×k · · · ×k Lp ⊂ P, where Li ⊆ Pmi

k is a general linear subspace of dimension mi−ni

for each 1 ⩽ i ⩽ p. More generally, given a finitely generated Zp-graded T -module M, one denotes
by e(n;M) the mixed multiplicity of M of type n, for each n ∈ Zp

⩾0 with |n| = dim(Supp++(M)). Let
Ψ : Pr

k 99K Ps
k be a rational map and Γ ⊂ Pr

k ×k Ps
k be the closure of the graph of F. For each 0 ⩽ i⩽ r,

the i-th projective degree of Ψ : Pr
k 99K Ps

k is given by the following multidegree

di(Ψ) = degi,r−i
Pr

k×kPs
k
(Γ) .

For more details on these notions, see Section 2.

In Section 3, we study the behavior of mixed multiplicities under the process of taking fibers with
respect to a base ring. The idea of studying the multiplicities of families is now classical (see, e.g., [43],
[16, Chapter 5]), but the case of mixed multiplicities does not seem to have been considered before.
Let A be a Noetherian ring and T be a finitely generated standard Zp

⩾0-graded A-algebra. Denote by
X =MultiProj(T ) the corresponding multiprojective scheme. Let M be a finitely generated Zp-graded
T -module. For each p ∈ Spec(A), let κ(p) =Ap/pAp be the residue field of p, and consider the finitely
generated Zp-graded module M ⊗A κ(p) over the finitely generated standard Zp

⩾0-graded κ(p)-algebra
T (p) = T ⊗A κ(p). Then, for all n ∈ Zp

⩾0, we introduce a function

eM
n : Spec(A)→ Z∪ {∞}

that naturally measures the mixed multiplicities of the fibers M ⊗A κ(p) (see Definition 3.3). Our first
main result is the following.

Theorem A (Theorem 3.4). For all n ∈ Zp
⩾0, the function eM

n : Spec(A)→ Z∪ {∞} is upper semicon-
tinuous.

A direct consequence of the above theorem is the upper semicontinuity of the respective functions

degn
X ,PA

: Spec(A)→ Z∪ {∞}

measuring the multidegrees of the fibers X ×Spec(A) Spec(κ(p)) (see Definition 3.5 and Corollary 3.6).
On the other hand, under certain conditions, in Corollary 3.7 we show that mixed multiplicities are lower
semicontinuous under the process of taking specializations.

We study rational maps and their specializations in Section 4. In particular, we are interested in the
behavior of projective degrees with respect to specializations. Since projective degrees are the mixed
multiplicities of the corresponding Rees algebra (i.e., the multidegrees of the graph), this type of ques-
tion can be traced back to the problem of specializing Rees algebras (see [20, 37]). More recently,
specializations of rational maps were studied in [9,13]. Let A be a Noetherian domain, S=A[x0, . . . ,xr]
be a standard graded polynomial ring and Pr

A = Proj(S). Let F : Pr
A 99K Ps

A be a rational map with
representative f = (f0 : · · · : fs) such that {f0, . . . ,fs} ⊂ S are homogeneous elements of the same de-
gree. Denote by I = (f0, . . . ,fs) ⊂ S the base ideal of F. For any p ∈ Spec(A), we get the rational map
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F(p) : Pr
κ(p) 99K Ps

κ(p) with representative πp(f) = (πp(f0) : · · · : πp(fs)) where πp(fi) is the image of
fi under the natural map πp : S→ S(p) = S⊗A κ(p). Then, we introduce the functions

degImF : Spec(A)→ Z (measures the degree of the image of F(p))

dF
i : Spec(A)→ Z (measures the projective degrees of F(p))

jI : Spec(A)→ Z (measures the j-multiplicity of I(p)⊂ S(p));

see Definition 4.2. Our second main result deals with the behavior of the last three functions.

Theorem B (Theorem 4.3). The following statements hold:

(i) degImF : Spec(A)→ Z is a lower semicontinuous function.
(ii) dF

i : Spec(A)→ Z is a lower semicontinuous function for all 0 ⩽ i⩽ r.
(iii) jI : Spec(A)→ Z is a lower semicontinuous function.

In Corollary 4.5, we use Theorem B to give sharp upper bounds for the projective degrees of several
families of rational maps (the list includes perfect ideals of height two and Gorenstein ideals of height
three). The basic idea is that for several families of rational maps under generic conditions we can
compute projective degrees, and then Theorem B yields an upper bound for any specialization.

1.2. Polar multiplicities, Segre numbers and integral dependence.

Our next objective is to study various aspects of the polar multiplicities and Segre numbers of an
ideal and introduce a new invariant that plays an important role in our work. One technical goal of our
work is to extend several of the results of Gaffney and Gassler [25] from their analytic setting to an
algebraic one over a Noetherian local ring. Let (R,m,κ) be a Noetherian local ring with maximal ideal
m and residue field κ. Let d = dim(R), X = Spec(R) and I⊂ R be a proper ideal. Consider the blow-up
π : P= Proj(R(I))→X and the exceptional divisor E= Proj(grI(R)) of X along I. Following the general
notion of polar multiplicities due to Kleiman and Thorup [38, 39], one defines

(polar multiplicity) mi(I,R) = md−i
d (R(I)) and (Segre number) ci(I,R) = md−i

d−1(grI(R))

as polar multiplicities of R(I) and grI(R), respectively. It should be mentioned that the polar multiplic-
ities of a standard graded R-algebra can be seen as the multidegrees of a biprojective scheme over the
residue field κ. We introduce the new invariant

νi(I,R) = mi(I,R)+ci(I,R)

that we call polar-Segre multiplicity.

Section 5 is dedicated to establish several properties of the invariants mi(I,R), ci(I,R) and νi(I,R).
Let δ= o(I) be the order of I (see Notation 5.7). In Proposition 5.8, we show the inequality

δ ·mi−1(I,R) ⩽ mi(I,R)+ci(I,R) = νi(I,R),

and that equality holds for all 1 ⩽ i ⩽ d if and only if I satisfies the G -parameter condition generically
(see Notation 5.7). Next, we express all these numbers as the multiplicities of the push-forward via π

of certain cycles obtained by making general cuttings; thus following general tradition when studying
local invariants (see, e.g., [25], [38, §8]). Assume that κ is an infinite field, H=H1, . . . ,Hd is a sequence
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of general hyperplanes, and denote by g = g1, . . . ,gd the associated sequence of elements in I (see
Notation 5.5). We introduce the following objects:

(polar scheme) Pi(I,X) = P
H
i (I,X) = π(H1 ∩·· ·∩Hi)

(Segre cycle) Λi(I,X) = Λ
H
i (I,X) = π∗

([
E∩H1 ∩·· ·∩Hi−1

]
d−i

)
∈ Zd−i(X)

(polar-Segre cycle) Vi(I,X) = V
H
i (I,X) = π∗

([
H1 ∩·· ·∩Hi−1 ∩π∗Di

]
d−i

)
∈ Zd−i(X);

for more details, see Setup 5.11. We have the following unifying result.

Theorem C (Theorem 5.13). (κ infinite). The following statements hold:

(i) mi(I,R) = ed−i (Pi(I,X)) and Pi(I,X) = Spec(R/(g1, . . . ,gi) :R I∞) .

(ii) ci(I,R) = ed−i (Λi(I,X)) and

Λi(I,X) =
∑

p∈V((g1,...,gi−1):RI
∞)

p∈V(I), dim(R/p)=d−i

e
(
I, Rp/(g1, . . . ,gi−1)Rp :Rp I

∞Rp

)
· [R/p] ∈ Zd−i(X).

(iii) νi(I,R) = ed−i(Vi(I,X)) and

Vi(I,X) = [Pi(I,X)]d−i+Λi(I,X) =
[
Spec(R/(g1, . . . ,gi−1) :R I∞+giR)

]
d−i

∈ Zd−i(X).

A particular consequence of the above theorem is that it recovers known formulas for the polar multi-
plicities and Segre numbers of an ideal (see Remark 5.14).

In Section 6, we introduce new numerical criteria for integral dependence. From the main result of
[48], we know that Segre numbers detect integral dependence (also, in an analytic setting, see [25]). In
Theorem 6.6, we prove a PSID that is similar to the ones in [25, Theorem 4.7] and [48, Theorem 4.4].
Then a driving question for our work is: can we detect integral dependence with the invariants mi(I,R)
and νi(I,R)? In the particular case of the polar multiplicities mi(I,R) this has been a folklore question
for many years. Here we give a definitive and perhaps unfortunate answer:

• “only Segre numbers detect integral dependence”.

Indeed, in Example 6.9 and Example 6.10, we provide examples where the invariants mi(I,R) and
νi(I,R) do not detect integral dependence. On the other hand, we have the following criterion where
these two invariants can be used.

Theorem D (Theorem 6.7). Assume that R is equidimensional and universally catenary, and let I⊂ J be
two R-ideals. Suppose the following two conditions:

(a) o(I) = o(J).
(b) I satisfies the G -parameter condition generically (see Notation 5.7).

Then the following are equivalent:

(i) J is integral over I.
(ii) mi(I,R) =mi(J,R) for all 0 ⩽ i⩽ d−1.

(iii) νi(I,R) = νi(J,R) for all 0 ⩽ i⩽ d.

An interesting family of ideals where the above theorem applies is that of equigenerated ideals (see
Corollary 6.15).
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Finally, we study the behavior of Segre numbers in families. More precisely, we generalize the result
of Gaffney and Gassler [25] regarding the lexicographic upper semicontinuity of Segre numbers. We now
introduce a suitable algebraic notation to extend their original result expressed in an analytic setting.
Let ι : A ↪→ R be a flat injective homomorphism of finite type of Noetherian rings and assume that
π : R ↠ A is a section of ι. Let Q = Ker(π). For each p ∈ Spec(A), consider the Noetherian local
ring S(p) = R(p)QR(p) that we call the distinguished fiber of p (see §6.1). Our last main result is the
following.

Theorem E (Theorem 6.12). Assume that for all p ∈ Spec(A), the fibers R(p) are equidimensional of
the same dimension d and ht(I(p))> 0. Then the function

p ∈ Spec(A) 7→
(
c1 (I,S(p)) ,c2 (I,S(p)) , . . . ,cd (I,S(p))

)
∈ Zd

⩾0

is upper semicontinuous with respect to the lexicographic order.

We give related lexicographic upper semicontinuity results for Segre numbers in Corollary 6.4 and
Corollary 6.5.

2. PRELIMINARIES AND NOTATION

Here we recall the concepts of mixed multiplicities, multidegrees and projective degrees. We also set
up the notation that is used throughout the paper. Let p⩾ 1 be a positive integer and, for each 1 ⩽ i⩽ p,
let ei ∈ Zp

⩾0 be the i-th elementary vector ei = (0, . . . ,1, . . . ,0). If n = (n1, . . . ,np), m = (m1, . . . ,mp) ∈
Zp are two vectors, we write n ⩾ m whenever ni ⩾mi for all 1 ⩽ i⩽ p, and n > m whenever nj >mj

for all 1 ⩽ j⩽ p. We write 0 ∈ Zp
⩾0 for the zero vector 0 = (0, . . . ,0).

Let k be a field and T be a finitely generated standard Zp
⩾0-graded algebra over k, that is, [T ]0 = k

and T is finitely generated over k by elements of degree ei with 1 ⩽ i⩽ p. The multiprojective scheme
X = MultiProj(T) corresponding to T is given by the set of all multihomogeneous prime ideals in T not
containing the irrelevant ideal N := ([T ]e1)∩·· ·∩

(
[T ]ep

)
, that is,

X= MultiProj(T) :=
{
P ∈ Spec(T) |P is multihomogeneous and P ̸⊇N

}
,

and its scheme structure is obtained by using multihomogeneous localizations (see, e.g., [35, §1]). We
embed X as a closed subscheme of a multiprojective space P := Pm1

k ×k · · ·×k P
mp

k .
Let M be a finitely generated Zp-graded T -module. A homogeneous element is said to be filter-

regular on M (with respect to N; see [53, Appendix]) if z ̸∈P for all associated primes P ∈ AssT (M)

of M such that P ̸⊇N. In terms of the multiprojective scheme X, this means that zTP is a nonzerodivisor
on MP for all P ∈ X. A sequence of homogeneous elements z1, . . . ,zm in T is said to be filter-regular
on M (with respect to N) if zj is a filter-regular element on M/

(
z1, . . . ,zj−1

)
M for all 1 ⩽ j ⩽ m.

The relevant support of M is given by Supp++(M) := Supp(M)∩X. There is a polynomial PM(t) =
PM(t1, . . . ,tp) ∈ Q[t] = Q[t1, . . . ,tp], called the Hilbert polynomial of M (see, e.g., [31, Theorem 4.1],
[38, §4]), such that the degree of PM is equal to r= dim

(
Supp++(M)

)
and

PM(ν) = dimk ([M]ν)
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for all ν ∈ Zp such that ν≫ 0. Furthermore, if we write

PM(t) =
∑

n1,...,np⩾0

e(n1, . . . ,np)

(
t1 +n1

n1

)
· · ·

(
tp+np

np

)
,

then e(n1, . . . ,np) ∈ Z⩾0 for all n1 + · · ·+np = r. From this, we obtain the following invariants:

Definition 2.1. (i) For n=(n1, . . . ,np)∈Zp
⩾0 with |n|= dim

(
Supp++(M)

)
, e(n;M) := e(n1, . . . ,np)

is the mixed multiplicity of M of type n.
(ii) For n ∈ Zp

⩾0 with |n|= dim(X), degn
P(X) := e(n;T) is the multidegree of X= MultiProj(T)⊂ P of

type n with respect to P.

We recall the following basic concepts related to rational maps.

Definition 2.2. Let Ψ : Pr
k 99K Ps

k be a rational map, Y ⊂ Ps
k be the closure of the image of Ψ, and

Γ ⊂ Pr
k ×k Ps

k be the closure of the graph of Ψ. The rational map Ψ is generically finite if one of the
following equivalent conditions is satisfied:

(i) The field extension K(Y) ↪→ K(Pr
k) is finite, where K(Pr

k) and K(Y) denote the fields of rational
functions of Pr

k and Y, respectively.
(ii) dim(Y) = dim(Pr

k) = r.

The degree of Ψ is defined as deg(Ψ) :=
[
K(Pr

k) : K(Y)
]

when Ψ is generically finite. Otherwise, by
convention, we set deg(Ψ) := 0. For each 0 ⩽ i⩽ r, the i-th projective degree of Ψ : Pr

k 99K Ps
k is given

by
di(Ψ) := degi,r−i

Pr
k×kPs

k
(Γ) .

For more details on projective degrees, the reader is referred to [29, Example 19.4] and [17, §7.1.3].
Of particular interest is the 0-th projective degree d0(Ψ) as it is equal to the product of the degree of the
map times the degree of the image

(1) d0(Ψ) = deg(Ψ) ·degPs
k
(Y)

(e.g., this follows from [10, Theorem 5.4] and [6, Theorem 2.4]).
When we work with families of ideals, we shall use the following notation.

Notation 2.3. Let A be a ring and R be an A-algebra. For any prime p ∈ Spec(A), let κ(p) :=Ap/pAp

be the residue field of p, and set Rp := R⊗AAp, R(p) := R⊗A κ(p) and I(p) := IR(p) ⊂ R(p) for any
ideal I⊂ R.

The notion general element will be quite useful in our treatment, thus we recall the following defini-
tion.

Definition 2.4. Let R be a Noetherian local ring infinite residue field κ. Let I ⊂ R be a proper ideal
generated by elements f1, . . . ,fm ∈ R.

– We say that a property P holds for a general element g ∈ I if there exists a dense Zariski-open subset
U ⊂ κe such that whenever g = a1f1 + · · ·+amfm and the image of (a1, ...,am) belongs to U, then
the property P holds for g.
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– We say that g = g1, . . . ,gk is a sequence of general elements in I if the image of gi in the ideal
I/(g1, . . . ,gi−1) ⊂ R/(g1, . . . ,gi−1) is a general element for all 1 ⩽ i ⩽ k. We also say that g =

g1, . . . ,gk are sequentially general elements in I.

Given a multihomogeneous ideal J ⊂ T , we say that an element z ∈ T is general in J if its image is
general in the localization JTM where M := ([T ]e1)+ · · ·+

(
[T ]ep

)
.

3. THE BEHAVIOR OF MIXED MULTIPLICITIES

In this section, we study the behavior of mixed multiplicities under the processes of taking fibers and
performing specializations, both with respect to a base ring. This section revisits and generalizes some
results from [16, Chapter 5] and [9, 13]. We fix the following setup throughout this section.

Setup 3.1. Let A be a Noetherian ring and T be a finitely generated standard Zp
⩾0-graded algebra over

A. Let X = MultiProj(T ) be the corresponding multiprojective scheme.

Given a topological space Z and a totally ordered set (S,<), we say that a function f :Z→S is upper
semicontinuous if {z ∈ Z | f(z)⩾ s} is a closed subset of Z for each s ∈S; on the other hand, a function
f : Z→S is said to be lower semicontinuous if {z ∈ Z | f(z)⩽ s} is a closed subset of Z for each s ∈S.

An important basic tool in this paper is the topological Nagata criterion (see, e.g., [44, Theorem 24.2]).

Remark 3.2 (topological Nagata criterion for openness). A subset U ⊂ Spec(A) is open if and only if
the following two conditions are satisfied:

(i) If q ∈U, then U contains a nonempty open subset of V(q)⊂ Spec(A).
(ii) If p,q ∈ Spec(A), p ∈U and p⊇ q, then q ∈U.

Given a finitely generated Zp-graded T -module M , we seek to study the behavior of mixed mul-
tiplicities e(n;•) when considering the family of modules M ⊗A κ(p) with p ∈ Spec(A). Notice that
M ⊗A κ(p) is a finitely generated Zp-graded T (p)-module and that T (p) is a finitely generated stan-
dard Zp

⩾0-graded algebra over the field κ(p).

Definition 3.3. We consider the functions

dM
++ : Spec(A)→ Z, p 7→ dim

(
Supp++ (M ⊗A κ(p))

)
and

eM
n : Spec(A)→ Z∪ {∞}, p 7→


e(n;M ⊗A κ(p)) if |n|= dM

++(p)

0 if |n|> dM
++(p)∞ if |n|< dM
++(p)

for every n ∈ Zp
⩾0. We use the natural ordering on the set Z∪ {∞}.

The following result extends [16, Theorem 5.13] to a multigraded setting.

Theorem 3.4. Assume Setup 3.1. Let M be a finitely generated Zp-graded T -module. Then the follow-
ing statements hold:

(i) dM
++ : Spec(A)→ Z is an upper semicontinuous function.

(ii) eM
n : Spec(A)→ Z∪ {∞} is an upper semicontinuous function for every n ∈ Zp

⩾0.
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Proof. We prove both statements by utilizing the topological Nagata criterion (see Remark 3.2) and
Grothendieck’s Generic Freeness Lemma (see, e.g., [44, Theorem 24.1], [19, Theorem 14.4]).

Fix elements d ∈ Z, n = (n1, . . . ,np) ∈ Zp
⩾0 and e ∈ Z∪ {∞}. We need to show that

Ud :=
{
p ∈ Spec(A) | dM

++(p)⩽ d
}

and Vn,e :=
{
p ∈ Spec(A) | eM

n (p)⩽ e
}

are open subsets of Spec(A).
First, we verify condition (i) of Remark 3.2 for both subsets Ud and Vn,e. Let q ∈ Spec(A) and

A :=A/q. The Generic Freeness Lemma applied to the module M := M /qM gives a nonzero element
0 ̸=a∈A such that each graded component of Ma is a finitely generated free Aa-module. It follows that
PM⊗Aκ(p) = PM⊗Aκ(q) for every p ∈D(a)⊂ V(q)⊂ Spec(A), which verifies the validity of condition
(i) of Remark 3.2 for both Ud and Vn,e.

Next, we show that condition (ii) of Remark 3.2 also holds. Due to Nakayama’s lemma, for any two
primes p,q ∈ Spec(A) with p⊇ q, we have that

dimκ(p) ([M ⊗A κ(p)]ν) = µAp

(
[M ⊗AAp]ν

)
⩾ µAq

(
[M ⊗AAq]ν

)
= dimκ(q) ([M ⊗A κ(q)]ν)

for all ν ∈ Zp. The dimension of the relevant support equals the degree of the Hilbert polynomial, and
the latter can be read-off from the Hilbert function. For any p,q ∈ Spec(A) with p ⊇ q, it follows that
PM⊗Aκ(p)(ν)⩾ PM⊗Aκ(q)(ν) for all ν≫ 0, and so dM

++(p)⩾ dM
++(q). This shows that condition (ii)

of Remark 3.2 is satisfied for the subset Ud.
Given two primes p,q ∈ Spec(A) with p⊇ q and dM

++(p)> dM
++(q), we easily check from the defini-

tion of the function eM
n that eM

n (p)⩾ eM
n (q).

Next, consider the case p,q ∈ Spec(A) with p ⊇ q and dM
++(p) = dM

++(q). (That PM⊗Aκ(p)(ν)−

PM⊗Aκ(q)(ν) ⩾ 0 for all ν ≫ 0 does not necessarily imply that the coefficients of the monomials of
highest degree of PM⊗Aκ(p) are bigger or equal than the ones of PM⊗Aκ(q); for instance, f(x,y) =
(x−y)2 = x2 −2xy+y2 ∈ Q[x,y].)

Let r := |n|. We only need to consider the case where r = dM
++(p) = dM

++(q). Notice that we can
reduce modulo q and localize at p. Hence we assume A is a local domain with maximal ideal p and
q = 0. By utilizing the faithfully flat extension A→A[y]pA[y], we may assume that the residue field of
A is not an algebraic extension of a finite field. From [48, Lemma 2.6], for any multihomogeneous ideal
J⊂ T , we can choose an element z ∈ J whose image is general in both JT (p) and JT (q). Therefore,
by prime avoidance, there exists a sequence of homogeneous elements z1, . . . ,zr in T such that the
following three conditions are satisfied:

(1) each zj ∈ T has degree deg(zj) = elj ∈ Zp
⩾0 where 1 ⩽ lj ⩽ p;

(2) ni equals the number |{j | 1 ⩽ j⩽ r and lj = i}|;
(3) {z1, . . . ,zr}T (p) and {z1, . . . ,zr}T (q) are filter-regular sequences on the modules M ⊗A κ(p)

and M ⊗A κ(q), respectively.

To simplify notation, let Mj,p := M /(z1, . . . ,zj)M ⊗A κ(p). By successively applying [10, Lemma
3.9], we obtain

e(n;M ⊗A κ(p)) = e(0;Mr,p) and e(n;M ⊗A κ(q)) = e(0;Mr,q) .
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We choose 0 ≪ ν ∈ Zp
⩾0 with the property that e(0;Mr,p) = dimκ(p)

(
[Mr,p]ν

)
and e(0;Mr,q) =

dimκ(q)

(
[Mr,q]ν

)
. Finally, Nakayama’s lemma yields that

e(n;M ⊗A κ(p)) = e(0;Mr,p) = dimκ(p)

(
[Mr,p]ν

)
= µAp

(
[M /(z1, . . . ,zr)M ⊗AAp]ν

)
⩾ µAq

(
[M /(z1, . . . ,zr)M ⊗AAq]ν

)
= dimκ(q)

(
[Mr,q]ν

)
= e(0;Mr,q) = e(n;M ⊗A κ(q)) .

Therefore, the subset Vn,e satisfies condition (ii) of Remark 3.2. This completes the proof of the theorem.
□

We restate the above theorem for the case of multidegrees. As before, we embed X as a closed
subscheme of a multiprojective space PA := Pm1

A ×A · · ·×A P
mp

A . We seek to study the multidegrees of
the fibers Xp := X ×Spec(A) Spec(κ(p)) = MultiProj(T (p))⊂ Pp := PA×Spec(A) Spec(κ(p)).

Definition 3.5. We define the functions

dX : Spec(A)→ Z, p 7→ dim(Xp)

and

degn
X ,PA

: Spec(A)→ Z∪ {∞}, p 7→


degn

Pp
(Xp) if |n|= dim(Xp)

0 if |n|> dim(Xp)∞ if |n|< dim(Xp)

for every n ∈ Zp
⩾0.

We have the following direct consequence of Theorem 3.4.

Corollary 3.6. Assume Setup 3.1. Then the following statements hold:

(i) dX : Spec(A)→ Z is an upper semicontinuous function.
(ii) degn

X ,PA
: Spec(A)→ Z∪ {∞} is an upper semicontinuous function for every n ∈ Zp

⩾0.

We quickly revisit the notion of specialization of a module. Here we follow the same setting and
notations as in [9]. Let M be a finitely generated torsionless Zp-graded T -module, with a fixed injection
ι : M ↪→ F into a free Zp-graded T -module of finite rank. For any p ∈ Spec(A), the specialization of
M with respect to p is defined as

Sp(M ) := Im
(
ι⊗A κ(p) : M ⊗A κ(p)→ F ⊗A κ(p)

)
.

We now consider the following function

SeM
n : Spec(A)→ Z, p 7→ e(n;Sp(M ))

for every n ∈ Zp
⩾0 with |n|⩾ dim

(
Supp++ (Sp(M ))

)
.

The following result deals with the behavior of mixed multiplicities with respect to specializations.

Corollary 3.7. Assume Setup 3.1 and that each graded component of T is a free A-module. Let M

be a finitely generated torsionless Zp-graded T -module, with a fixed injection ι : M ↪→ F into a free
Zp-graded T -module of finite rank. Let r be the common dimension dim(Supp++(F ⊗A κ(p))) for all
p ∈ Spec(A). Then the function

SeM
n : Spec(A)→ Z

is lower semicontinuous for every n ∈ Zp
⩾0 with |n|⩾ r.
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Proof. For any p ∈ Spec(A), we have the short exact sequence

0 → Sp(M )→ F ⊗A κ(p)→ F/M ⊗A κ(p)→ 0.

From the additivity of mixed multiplicities, we get eF
n (p) = e

F/M
n (p)+SeM

n (p). Since eF
n is a constant

function by assumption and e
F/M
n is upper semicontinuous by Theorem 3.4, the result of the corollary

follows. □

4. RATIONAL MAPS AND THEIR SPECIALIZATIONS

Here we concentrate on a specialization process of rational maps. The next setup is now in place.

Setup 4.1. Let r < s be two positive integers. Let A be a Noetherian domain, S = A[x0, . . . ,xr] be a
standard graded polynomial ring, Pr

A = Proj(S), and m= (x0, . . . ,xr)⊂ S be the graded irrelevant ideal.
Let F : Pr

A 99K Ps
A be a rational map with representative f = (f0 : · · · : fs) such that {f0, . . . ,fs} ⊂ S are

homogeneous elements of degree δ > 0.

We specialize this rational map as follows. For any p ∈ Spec(A), we get the rational map

F(p) : Pr
κ(p) 99K Ps

κ(p)

with representative πp(f) = (πp(f0) : · · · : πp(fs)) where πp(fi) is the image of fi under the natural map
πp : S→ S(p).

Let I = (f0, . . . ,fs) ⊂ S be the base ideal of the rational map F : Pr
A 99K Ps

A. The closure of the
graph of F is given as Γ = BiProj(R(I)) ⊂ Pr

A×A Ps
A where R(I) :=

⊕∞
n=0 I

nTn ⊂ S[T ] is the Rees
algebra of I. As customary, R(I) is presented as a quotient of a standard bigraded polynomial ring
T := S⊗AA[y0, . . . ,ys] by using the A-algebra homomorphism

T ↠ R(I), xi 7→ xi, yj 7→ fjt.

We have the equalities I(p)= (πp(f0), . . . ,πp(fs))⊂ S(p) and (Ik)(p)= I(p)k⊂ S(p) for all p∈ Spec(A)

and k⩾ 0. For any p ∈ Spec(A), let Γ(p)⊂ Pr
κ(p)×κ(p) Ps

κ(p) and Y(p)⊂ Ps
κ(p) be the closures of the

graph and the image of the rational map F(p). We have that dim(Γ(p)) ⩽ r and dim(Y(p)) ⩽ r for
all p ∈ Spec(A). We also consider the j-multiplicity of ideal I(p) ⊂ S(p) for all p ∈ Spec(A) (see [1],
[21, §6.1]).

Definition 4.2. We have the following three functions: jI : Spec(A)→ Z, p 7→ j(I(p)) ,

degImF : Spec(A)→ Z, p 7→

degPs
κ(p)

(Y(p)) if dim(Y(p)) = r

0 if dim(Y(p))< r

and dF
i : Spec(A)→ Z, di (F(p)) for all 0 ⩽ i⩽ r.

Our main result regarding these functions is the following theorem.

Theorem 4.3. Assume Setup 4.1. Then the following statements hold:

(i) degImF : Spec(A)→ Z is a lower semicontinuous function.
(ii) dF

i : Spec(A)→ Z is a lower semicontinuous function for all 0 ⩽ i⩽ r.
(iii) jI : Spec(A)→ Z is a lower semicontinuous function.
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Proof. By [42, Theorem 5.3], we have that jI(p) = δ ·dF
0 (p) for all p ∈ Spec(A). Thus, we only need to

prove parts (i) and (ii) of the theorem.
Fix 0 ⩽ i⩽ r, e ∈ Z and h ∈ Z. It remains to show that

De :=
{
p ∈ Spec(A) | degImF(p)⩾ e

}
and Ei,h :=

{
p ∈ Spec(A) | dF

i (p)⩾ h
}

are open subsets of Spec(A). Again, to prove this we utilize a combination of the topological Nagata
criterion and the Generic Freeness Lemma.

First, we verify condition (i) of Remark 3.2 for both De and Ei,h. Let q ∈ Spec(A), and set A=A/q,
S = S/qS and I = IS ⊂ S. We use the version of the Generic Freeness Lemma given in [32, Lemma
8.1] applied to the inclusion of algebras RS

(
I
)
↪→ S[t], and we find a nonzero element 0 ̸= a ∈ A

such that each graded component of S[t]/RS

(
I
)
⊗AAa is a finitely generated free Aa-module (also,

see [9, Theorem 3.5]). For every p ∈ D(a) ⊂ V(q) ⊂ Spec(A), we obtain that dimκ(p) ([I(p)
n]ν) =

dimκ(q) ([I(q)
n]ν) for all n⩾ 0 and ν ∈ Z. Accordingly, condition (i) of Remark 3.2 holds for both De

and Ei,h.
Next, we show that condition (ii) of Remark 3.2 also holds for De and Ei,h.
For any p ∈ Spec(A), we have that degImF(p) = er+1 (Lp) and dF

i (p) = e
(
i,r− i;RS(p)(I(p))

)
,

where Lp := κ(p) [πp(f0), . . . ,πp(fs)] =
⊕∞

n=0 [I(p)
n]nδ. For each n ⩾ 0, we have a short exact se-

quence
0 → I(p)n → S(p)→ S/In⊗A κ(p)→ 0.

Since we know that dimκ(p) ([S/I
n⊗A κ(p)]ν) ⩾ dimκ(q) ([S/I

n⊗A κ(q)]ν) for all n ⩾ 0, ν ∈ Z and
p,q ∈ Spec(A) with p⊇ q, it follows that De satisfies condition (ii) of Remark 3.2.

Fix two primes p,q ∈ Spec(A) with p⊇ q. As in the proof of Theorem 3.4, we may assume that q = 0
and that A is a local domain with maximal ideal p. Moreover, by making a purely transcendental field
extension, we may assume that for any multihomogeneous ideal J⊂T , we can choose an element z ∈ J

whose image is general in both JT (p) and JT (q) (see [48, Lemma 2.6]).
By applying [10, Proposition 5.6], we find a sequence {z1, . . . ,zi} ⊂ m ⊂ S ⊂ T of homogeneous

elements of degree one such that

dF
i (p) = e

(
0,r− i; RRp(Jp)

)
and dF

i (q) = e
(
0,r− i; RRq(Jq)

)
where Rp := S(p)/(z1, . . . ,zi)S(p), Rq := S(q)/(z1, . . . ,zi)S(q), Jp := IRp ⊂ Rp and Jq := IRq ⊂ Rq.
Since i⩽ r, we may further assume that {z1, . . . ,zi}S(p) and {z1, . . . ,zi}S(q) are regular sequences on the
polynomial rings S(p) and S(q), respectively.

There exists a positive integer m> 0 such that

e
(
0,r− i; RRp(Jp)

)
= lim

n→∞
dimκ(p)

([
RRp(Jp)

]
(m,n)

)
nr−i/(r− i)!

= lim
n→∞

dimκ(p)

([
Jnp

]
m+nδ

)
nr−i/(r− i)!

and

e
(
0,r− i; RRq(Jq)

)
= lim

n→∞
dimκ(q)

([
RRq(Jq)

]
(m,n)

)
nr−i/(r− i)!

= lim
n→∞

dimκ(q)

([
Jnq

]
m+nδ

)
nr−i/(r− i)!

.

So, to show that dF
i (p) ⩽ dF

i (q), it suffices to verify that dimκ(p)

([
Jnp

]
ν

)
⩽ dimκ(q)

([
Jnq

]
ν

)
for all

n ⩾ 0 and ν ∈ Z. Notice that the Hilbert functions of Rp and Rq are equal. Then, from Nakayama’s
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lemma we get

dimκ(p)

([
Rp/J

n
p

]
ν

)
= µAp

([
S

(z1, . . . ,zi,In)S
⊗AAp

]
ν

)
⩾ µAq

([
S

(z1, . . . ,zi,In)S
⊗AAq

]
ν

)
= dimκ(q)

([
Rq/J

n
q

]
ν

)
for all n⩾ 0 and ν ∈ Z. Finally, this implies that dF

i (p)⩽ dF
i (q), and so it follows that condition (ii) of

Remark 3.2 holds for Ei,h. So, we are done with the proof of the theorem. □

We single out an important corollary of Theorem 4.3. When r = s, and we consider a rational map
of the form F : Pr

A 99K Pr
A, we have some control over the degree of the specialized rational maps

F(p) : Pr
κ(p) 99K Pr

κ(p).

Corollary 4.4. Assume Setup 4.1. Let F : Pr
A 99K Pr

A be a rational map. Then the function

degF : Spec(A)→ Z, p 7→ deg(F(p))

is lower semicontinuous.

Proof. We have that degF(p) = dF
0 (p) for all p ∈ Spec(A). Indeed, if dim(Y(p)) < r, both degF(p)

and dF
0 (p) are equal to zero; and if dim(Y(p)) = r, degPr

κ(p)
(Y(p)) = 1 and so d0(F(p)) = deg(F(p))

according to (1). Thus, the result follows from Theorem 4.3. □

We now apply the above results to different families of rational maps. We obtain generalizations
of [13, Theorems 6.3, 6.8], and we eliminate the conditions assumed there. The following corollary
yields significant upper bounds for the projective degrees of certain families of rational maps. It should
be mentioned that these inequalities are sharp for the general members of the considered families (see
[10, Theorems 5.7, 5.8]).

Corollary 4.5. Let k be a field, R = k[x0, . . . ,xr] be a standard graded polynomial ring, Pr
k = Proj(R),

Ψ :Pr
k 99KPs

k be a rational map with representative g= (g0 : · · · : gs) and base ideal J= (g0, . . . ,gs)⊂ R,
and suppose that δ= deg(gj)> 0. Then the following statements hold:

(i) di(Ψ)⩽ δr−i for all 0 ⩽ i⩽ r.
(ii) Suppose that J is a perfect ideal of height two with Hilbert-Burch resolution of the form

0 →
s⊕

i=1

R(−δ−µi)→ R(−δ)s+1 → J→ 0.

Then, for all 0 ⩽ i⩽ r, we have

di(Ψ)⩽ er−i(µ1, . . . ,µs)

where er−i(µ1, . . . ,µs) denotes the elementary symmetric polynomial

er−i(µ1, . . . ,µs) =
∑

1⩽j1<···<jr−i⩽s

µj1 · · ·µjr−i
.

In particular, if r= s, then deg(Ψ)⩽ µ1 · · ·µr.
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(iii) Suppose that J is a Gorenstein ideal of height three. Let D⩾ 1 be the degree of every nonzero entry
of an alternating minimal presentation matrix of J. Then, for all 0 ⩽ i⩽ r, we have

di(Ψ)⩽

Dr−i
∑⌊ s−r+i

2 ⌋
k=0

(
s−1−2k
r−i−1

)
if 0 ⩽ i⩽ r−3

δr−i if r−2 ⩽ i⩽ r.

In particular, if r= s, then deg(Ψ)⩽Dr.

Proof. (i) For 0 ⩽ j ⩽ s, consider a set of variables zj = {zj,1, . . . ,zj,m} over k with m =
(
δ+r
r

)
, and set

z = z0 ∪·· ·∪ zs. Let A= k[z], S=A[x0, . . . ,xr] and consider the generic polynomials

Gj := zj,1x
δ
0 +zj,2x

δ−1
0 x1 + · · ·+zj,mxδr ∈ S.

Let F : Pr
A 99K Ps

A be a rational map with base ideal I= (G0, . . . ,Gs)⊂ S. Let ξ= (0)⊂ Spec(A) be the
generic point and mα =

(
{zj,k−αj,k}j,k

)
∈ Spec(A) be a rational maximal ideal such that J= I(mα)⊂

R. It is known that the projective degrees of the morphism F(ξ) : Pr
k(z) → Ps

k(z) (it is base point free
as I⊗A k(z) ⊂ S(ξ) = k(z)[x0, . . . ,xr] is a zero-dimensional ideal) are equal to di (F(ξ)) = δr−i (see,
e.g., [42, Observation 3.2]). By using Theorem 4.3, we obtain di(Ψ) = dF

i (mα)⩽ dF
i (ξ) = δr−i for all

0 ⩽ i⩽ r.
(ii) For 1 ⩽ j⩽ s+1 and 1 ⩽ k⩽ s, let zj,k = {zj,k,1,zj,k,2, . . . ,zj,k,mk

} denote a set of variables over
k of cardinality mk =

(
µk+r

r

)
, and set z =

⋃
j,k zj,k. Let A = k[z], S = A[x0, . . . ,xr] and consider the

generic (s+1)× s Hilbert-Burch matrix

M=


p1,1 p1,2 · · · p1,s

p2,1 p2,2 · · · p2,s
...

...
...

ps+1,1 ps+1,2 · · · ps+1,s


where each polynomial pj,k ∈ S is given by

pj,k = zj,k,1x
µk

0 +zj,k,2x
µk−1
0 x1 + · · ·+zj,k,mk

xµk
r .

Let F : Pr
A 99K Ps

A be a rational map with base ideal I = Is(M)⊂ S. Let φ ∈ R(s+1)×s be the Hilbert-
Burch presentation of J. Let ξ = (0)⊂ Spec(A) be the generic point and mα =

(
{zj,k,l−αj,k,l}j,k,l

)
∈

Spec(A) be a rational maximal ideal such that φ ∈ R(s+1)×s is obtained by specializing M ∈ S(s+1)×s

via the map S↠ S/mα
∼= R. From [13, Lemma 6.2] the generic ideal I⊗Ak(z)⊂ S(ξ) = k(z)[x0, . . . ,xr]

is perfect of height two and satisfies the condition Gr+1, and so [10, Theorem 5.7] implies that the pro-
jective degrees of F(ξ) : Pr

k(z) 99K Ps
k(z) are equal to di(F(ξ)) = er−i(µ1, . . . ,µs). Finally, Theorem 4.3

yields that di(Ψ) = dF
i (mα)⩽ dF

i (ξ) = er−i(µ1, . . . ,µs) for all 0 ⩽ i⩽ r.
(iii) This part follows verbatim as part (ii), except that we need to use [12, Lemma 2.12] and [10,

Theorem 5.8]. □

From Theorem 4.3, we have that the projective degrees and the degree of the image of a rational
map F : Pr

A 99K Ps
A behave as lower semicontinuous functions under specialization; accordingly, these

invariants cannot increase under specialization. However, it turns out that the degree of a rational map
is a much more erratic invariant, and it seems that Corollary 4.4 is the most general result one can hope
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for. Indeed, the following two examples show that the degree of a rational map can either increase or
decrease under specialization.

Example 4.6 (The degree of a rational map can increase). Let Q be the field of rational numbers, and
A= Q[a] and S=A[x0,x1,x2] be polynomial rings. Consider the following matrix

M=


x0 x1 x2

0

x1 x0 x2
1

x0 +ax2 x1 x2
2

0 x0 0

 ,

and let F : P2
A 99K P3

A be a rational map with base ideal I= (f0,f1,f2,f3)⊂ S given by

I= I3(M) =


x2

0x
2
1 +ax0x

2
1x2 −x0x1x

2
2,

−x4
0 −ax3

0x2 +x2
0x

2
2,

x3
0x1 −x2

0x
2
1,

x4
0 −x2

0x
2
1 +ax3

0x2 −ax3
1x2 −x2

0x
2
2 +x2

1x
2
2

.

Let T = S⊗AA[y0,y1,y2,y3] be a standard bigraded polynomial ring over A and write the Rees algebra
R(I) as R(I) ∼= T /J. The ideal J⊂ T is equal to

x1y0+x0y1+x1y2+x0y3,
x0y0+x1y1+(x0+ax2)y2,(

x0x1 −x2
1

)
y1 +

(
x2

0 +ax0x2 −x2
2

)
y2,

x2y
2
0+(−ax0+ax1−x2)y

2
1+(a2+2)x2y0y2−ax1y1y2+x2y

2
2+(−ax0+ax1−x2)y1y3,

y4
0 −2y2

0y
2
1 +y4

1 +
(
a2 +4

)
y3

0y2 −4y0y
2
1y2 +a2y3

1y2 +
(
2a2 +6

)
y2

0y
2
2 −2y2

1y
2
2+(

a2 +4
)
y0y

3
2 +y4

2 −2y2
0y1y3 +2y3

1y3 −4y0y1y2y3 +2a2y2
1y2y3 −2y1y

2
2y3 +y2

1y
2
3 +a2y1y2y

2
3


.

This can be computed in a computer algebra system like Macaulay2 [27]. The ideal J⊂ T is generated
by 5 bihomogeneous polynomials in T . The first, second and fourth generators of J are linear in the
variables xi. Let L = Q(a) = Quot(A) and G : P2

L 99K P3
L be the generic rational map with base ideal

I⊗A L ⊂ L[x0,x1,x2]. From [18, Theorem 2.18], we can check that G is birational, i.e., deg(G) = 1.
Alternatively, we give a short direct argument. We may assume that L is algebraically closed. By
considering the generator f2 = x3

0x1−x2
0x

2
1 = x2

0x1(x0−x1) of I, we obtain the morphism h :D(f2)→P3
L.

Notice that D(f2) lies inside the affine patch A2
L ⊂ P2

L with x0 = 1. For any point p= (p0 : p1 : p2 : p3) ∈
P3

L in the image of h, if (1,α1,α2) ∈ h−1(p), then we get the following linear system

p1α1 + p2aα2 =−(p0 +p2)

(p0 +p2)α1 =−(p1 +p3)

that is derived from the two linear syzygies in M; this system has a unique solution (1,α1,α2) if the
determinant −ap2(p0 +p2) is non-zero. It follows that for any α = (1,α1,α2) ∈ D(f2)∩D(af2(f0 +

f2)) =D(f2(f0 + f2)), the fiber h−1(h(α)) has one element. Thus G is birational.
On the other hand, we make the specialization a= 0, which gives the matrix

M=


x0 x1 x2

0

x1 x0 x2
1

x0 x1 x2
2

0 x0 0

 .
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Let g : P2
k 99K P3

k be a rational map with base ideal

J= I3(M) =
(
−x4

0 +x2
0x

2
1 +x2

0x
2
2 −x2

1x
2
2, x3

0x1 −x2
0x

2
1, x4

0 −x2
0x

2
2, x2

0x
2
1 −x0x1x

2
2
)

.

In this case g is not birational, indeed deg(g) = 2.
Therefore, under the above specialization, we obtain deg(g) = 2 > 1 = deg(G).

Example 4.7 (The degree of a rational map usually decreases). We recall an example [13, Example 6.5]
where the degree of a rational map can decrease arbitrarily under specialization. Let m⩾ 1 be an integer.
Let k be a field, and A= k[a] and S=A[x0,x1,x2] be polynomial rings. Consider the matrix

M=

 x zym−1

−y zxm−1 +ym

az zxm−1


with entries in S. Let F : P2

A 99K P2
A be a rational map with base ideal I = I2(M)⊂ S. Let L = k(a) =

Quot(A) and G : P2
L 99K P2

L be the generic rational map with base ideal I⊗A L ⊂ L[x0,x1,x2]. For any
β ∈ k, let nβ = (a−β) ∈A and gβ : P2

k 99K P2
k be a rational map with base ideal I(nβ)⊂ k[x0,x1,x2].

Then, we have that deg(G) =m and

deg(gβ) =

1 if β= 0

m if β ̸= 0.

So, the specialization a= 0 gives an arbitrary decrease in degree deg(g0) = 1 <m= deg(G).

5. POLAR MULTIPLICITIES, SEGRE NUMBERS AND NEW SET OF INVARIANTS

In this section, we prove several results regarding polar multiplicities and Segre numbers of an ideal,
and we introduce a new related invariant. These invariants are defined as a special case of the general
notion of polar multiplicities due to Kleiman and Thorup [38, 39]. Here, an important goal for us is to
extend several of the results of Gaffney and Gassler [25] from their analytic setting to an algebraic one
over a Noetherian local ring. The following setup is used throughout this section.

Setup 5.1. Let (R,m,κ) be a Noetherian local ring with maximal ideal m and residue field κ. Let d :=

dim(R) and X := Spec(R). Let I⊂ R be a proper ideal generated by elements f1, . . . ,fm ∈ R. We consider
the Rees algebra B :=R(I) :=R[IT ] =

⊕
v⩾0 I

vTv ⊂R[T ] of the ideal I. We have a natural homogeneous
presentation W := R[y1, . . . ,ym]↠R(I), yi 7→ fiT , where W is a standard graded polynomial ring over
R. Let P := BlI(X) = Proj(B) ⊂ Proj(W) = Pm−1

R be the blowup of X along I and consider the natural
projection

π : P ⊂ Pm−1
R → X.

Let E := π−1(V(I)) ∼= Proj(G)⊂ P be the exceptional divisor and G := grI(R) :=
⊕

v⩾0 I
v/Iv+1 be the

corresponding associated graded ring. The blowup P has a natural affine open cover P =
⋃m

i=1Ui where
Ui = Spec

([
Byi

]
0

)
. More precisely, we can write

Ui = Spec(R[I/fi]) ,

where R[I/fi] denotes the R-subalgebra of Rfi generated by all f/fi with f ∈ I. Notice that the local
equation of E on Ui is given by fi ∈ R[I/fi].
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We now briefly recall the general notion of polar multiplicities due to Kleiman and Thorup [38, 39].
Here we shall freely use the results from the references [11, 38, 39] regarding polar multiplicities. Let
M be a finitely generated graded B-module and F = M̃ the corresponding coherent OP-module. The
function (v,n) 7→ lengthR

(
Mv/m

n+1Mv

)
eventually coincides with a bivariate polynomial PM(v,n)

of degree equal to dim(Supp(F)). Then, for all r⩾ dim(Supp(F)), we can write

PM(v,n) =

r∑
i=0

mi
r(M)

i!(r− i)!
vr−ini + (lower degree terms).

We say that the invariants mi
r(M) are the polar multiplicities of M. Recall that dim(P)⩽d and dim(E)⩽

d−1. Our main interest is on the following invariants:

Definition 5.2. (i) For all 0 ⩽ i⩽ d, we say that mi(I,R) :=md−i
d (B) is the i-th polar multiplicity of

the ideal I⊂ R.
(ii) For all 1 ⩽ i⩽ d, we say that ci(I,R) :=md−i

d−1(G) is the i-th Segre number of the ideal I⊂ R.
(iii) For all 1 ⩽ i ⩽ d, we say that νi(I,R) :=mi(I,R)+ ci(I,R) is the i-th polar-Segre multiplicity of

the ideal I⊂ R. By convention, we also set ν0(I,R) =m0(I,R).

By [11, Proposition 2.10], we get md(I,R) =m0
d(B) = jd+1(B), and since dim(B/mB) ⩽ d, it fol-

lows that md(I,R) = jd+1(B) = 0 (see [21, §6.1]). For all 0 ⩽ i⩽ d−1, the polar multiplicity mi(I,R)
is also referred to as the mixed multiplicity ei(m | I) (see, e.g., [58]).

We shall need some very basic rudiments from intersection theory. Since we are working over our
Noetherian local ring R (and not over a field), the usual developments from Fulton’s book [23] do not
suffice. In terms of a suitable dimension function, we could use available extensions of intersection
theory (see, e.g., [23, Chapter 20], [52, Chapter 02P3], [57]). However, as we shall not require a notion
of rational equivalence, we present our results in terms of cycles and quickly develop the necessary
concepts.

Notation 5.3. (i) Let Y be a Noetherian scheme. We denote by Zk(Y) the free group of k-dimensional
cycles. For a coherent sheaf F on Y and an integer k⩾ dim(Supp(F)), we denote by

[
F
]
k
∈ Zk(Y)

the associated k-cycle. For a closed subscheme Z ⊂ Y and an integer k ⩾ dim(Z), we denote by[
Z
]
k
=
[
OZ

]
k
∈ Zk(Y) the associated k-cycle.

(ii) Given k-cycle ξ=
∑

i li[R/pi] ∈ Zk(X), its multiplicity is given by ek(ξ) :=
∑

i liek(R/pi).

Below we give a short self-contained result regarding the push-forward of cycles along a projection
(cf., [52, Lemma 02R6], [57, Proposition 4.3]).

Definition-Proposition 5.4. Let S be a standard graded R-algebra and consider the projective morphism
η : Y = Proj(S)→ X= Spec(R). Given an integral closed subscheme Z⊂ Y, the push-forward is defined
as

η∗ ([Z]) :=


[
K(Z) : K(Z ′)

]
· [Z ′] if dim(Z) = dim(Z ′)

0 otherwise,

where Z ′ = η(Z), and K(Z) and K(Z ′) denote the function fields of Z and Z ′, respectively. The push-
forward map η∗ : Zk(Y)→ Zk(X) is then determined by linearity. Let F be a coherent OY-module and
k⩾ dim(Supp(F)). Then η∗

([
F
]
k

)
=
[
η∗(F)

]
k
∈ Zk(X).

https://stacks.math.columbia.edu/tag/02P3
https://stacks.math.columbia.edu/tag/02R6
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Proof. Let Z = Proj(S/P) where P ⊂ S is a relevant prime ideal, and set Z ′ = η(Z) = Spec(R/p)
where p = P∩R. From [63, Lemma 1.2.2], we get dim(S/P) = dim(R/p)+ trdegR/p(S/P). Since
we have trdegR/p(S/P) ⩾ 1, it follows that dim(Z) ⩾ dim(Z ′). Let M be a finitely generated graded

S-module with F ∼= M̃ and H0
S+

(M) = 0. Notice that we may substitute S by S/AnnS(M) and R by
R/(R∩AnnS(M)). Therefore we assume that k⩾ dim(Y) and k⩾ dim(R), and that any minimal prime
of S is relevant.

Let p⊂ R be a minimal prime of N= H0(X,η∗(F)) of dimension k. Notice that any relevant prime of
S contracting to p should be minimal. Thus the fiber η−1(p) is finite, and so we can find an affine open
neighborhood V ⊂X of p such that η−1(V)→V is finite (see [52, Lemma 02NW], [30, Exercise II.3.7]).
We set η−1(V) = Spec(A) and choose a finitely generated A-module L such that L̃ ∼= F |η−1(V). Since
Rp is an Artinian local ring and Ap = A⊗R Rp is module-finite over Rp, it follows that Ap is Artinian.
We have the equality ∑

q

[κ(q) : κ(p)] · lengthAq
(Lq) = lengthRp

(Np),

where the sum runs through the minimal primes of A contracting to p. Finally, notice that the right-hand
side of the above equality is the coefficient in [η∗(F)]k corresponding to p and that the left-hand side is
the coefficient in η∗([F]k) corresponding to p. □

Notation 5.5. Given elements a1, . . . ,am in R, say that g= a1f1+ · · ·+amfm is the associated element
in I, that ℓ= a1y1+ · · ·+amym ∈ B1 is the associated linear form, that D= V(g)⊂ X is the associated
hypersurface in X, and that H = V+(ℓ) ⊂ P is the associated hyperplane in P. We denote by π∗D :=

V+(gB) = Proj(B/gB) the pullback of the hypersurface D. When the residue field κ is infinite, we use
the following conventions:

– We say that D⊂X is general (equivalently H⊂ P is general) if g is a general element in I (equivalently
ℓ is a general element in B+).

– We say that a sequence of hyperplanes H = H1, . . . ,Hk is a sequence of general hyperplanes in P if
the associated sequence g= g1, . . . ,gk is a sequence of general elements in I.

When κ is infinite and g ∈ I is a general element, the following remark shows that π∗D is an effective
Cartier divisor on P even if D= V(g) is not a divisor on X.

Remark 5.6. (κ infinite). Let R = R/(0 :R I∞) and X = Spec(R). Since BlI(X) ∼= BlI(X), we may
assume that (0 :R I∞) = 0, and so by prime avoidance we get that g is a nonzerodivisor when g ∈ I is
general. This shows that π∗D is an effective Cartier divisor when g ∈ I is general.

The next notation includes an inequality that will be useful in our approach. This inequality is related
to when a general element of I is a G -parameter on the Rees algebra B = R(I) (in the sense of [11,
Definition 2.7]).

Notation 5.7. We say that the order of the ideal I is given by o(I) := sup{β∈Z⩾0 | I⊆mβ}. Let δ= o(I).
Consider the standard bigraded algebra G := grm(B) with bigraded parts [G ](v,n) = mnBv/m

n+1Bv.
Take the κ-vector subspace b = I/mδ+1 ⊂mδ/mδ+1 = [G ](0,δ). Let

inδ(I) := b ·G = (in(f) | f ∈ I and o(f) = δ)⊂ G

https://stacks.math.columbia.edu/tag/02NW
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be the ideal generated by the initial forms of elements in I of order δ. If the following strict inequality

dim
(
BiProj

(
G /inδ(I)

))
< d−1

holds, we say that I satisfies the G -parameter condition generically.

The following proposition is inspired by one of the technical steps in Fulton’s proof of the commuta-
tivity of intersecting with Cartier divisors: indeed, similarly to [23, Lemma 2.4], we express the pullback
π∗D as the sum of the exceptional divisor E and a hyperplane H in the blowup P = BlI(X). As a
consequence, we get inequalities relating the polar multiplicities and the Segre numbers of I.

Proposition 5.8. (κ infinite). Let H⊂ P be a general hyperplane, D= V(g) be the associated hypersur-
face and ℓ ∈ B+ be the associated linear form. Then the following statements hold:

(i) π∗D and H are effective Cartier divisors.
(ii) π∗D= E+H.

(iii) Let δ= o(I). Then we have the inequality

δ ·mi−1(I,R) ⩽ mi(I,R)+ci(I,R) = νi(I,R),

and equality holds for all 1 ⩽ i⩽ d if and only if I satisfies the G -parameter condition generically
(see Notation 5.7).

Proof. (i) From Remark 5.6, we get that π∗D is an effective Cartier divisor. We have that H is also an
effective Cartier divisor by prime avoidance.

(ii) We write g=a1f1+ · · ·+amfm and ℓ=a1y1+ · · ·+amym. Consider the affine open subscheme
Ui = Spec(R[I/fi]). As we mentioned before, the local equation of E on Ui is given by fi ∈ R[I/fi]. On
the other hand, the local equations of π∗D and H on Ui are given by

a1f1 + · · ·+amfm ∈ R[I/fi] and
a1f1 + · · ·+amfm

fi
∈ R[I/fi],

respectively. This shows the equality π∗D= E+H on each Ui, and so the equality holds globally on the
whole blowup P = BlI(X).

(iii) First, we check that in the vacuous case dim(P) < d, we have that mi(I,R) = 0, νi(I,R) = 0,
dim(B) ⩽ d and dim(BiProj(G )) ⩽ d− 2 (hence the equivalence statement holds trivially). Therefore,
we assume dim(P) = d.

As g ∈ I is general, we may assume that g ∈ mδ \mδ+1. Notice that
[
π∗D

]
d−1 =

[
B̃/gB

]
d−1 and[

H
]
d−1 =

[
B̃/ℓB

]
d−1, and thus part (ii) yields the equality of cycles[

B̃/gB
]
d−1 =

[
B̃/ℓB

]
d−1 +

[
G̃
]
d−1 ∈ Zd−1(P);

see, e.g., [23, Lemma A.2.5]. Hence the additivity of polar multiplicities (see [11, Corollary 2.6]) implies
that

mi
d−1(B/gB) = mi

d−1(B/ℓB)+mi
d−1(G).

Due to [11, Theorem 2.8], we have mi
d−1(B/gB) ⩾ δ ·mi+1

d (B) and an equality holds for all 0 ⩽ i ⩽

d− 1 if and only if g is a G -parameter on B (in the sense of [11, Definition 2.7]). Since ℓ ∈ B+ is
a general element, by utilizing [11, Proposition 2.10], we obtain mi

d−1(B/ℓB) = mi
d(B). Finally, by
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combining everything we get the inequality

δ ·mi−1(I,R) = δ ·md−i+1
d (B) ⩽ md−i

d (B)+md−i
d−1(G) = mi(I,R)+ci(I,R),

and an equality holds for all 1 ⩽ i ⩽ d if and only if g is a G -parameter on B. Since g is a general
element of I, it follows that g is a G -parameter on B if and only if I satisfies the G -parameter condition
generically. □

Remark 5.9. The equality of Proposition 5.8(ii) can also be derived as follows. Consider the extended
Rees algebra R+(I) := R[IT ,T−1]. Notice that the equality g = ℓ · T−1 holds in R+(I) and recall the
isomorphism grI(R) ∼= R+(I)/T−1R+(I).

Remark 5.10. By [2, Theorem 4.1], the degree of Stückrad–Vogel cycles can computed as Segre num-
bers. Hence Proposition 5.8(iii) yields a generalization of the formula for the degree of Stückrad–Vogel
cycles given in [58, Theorem 4.6].

Next, we introduce the notion of polar schemes and Segre cycles. We also introduce a new type of
cycle that will be fundamental in our treatment. The following additional data is fixed for the rest of the
section.

Setup 5.11. Assume Setup 5.1 and that the residue field κ is infinite. Let H=H1, . . . ,Hd be a sequence
of general hyperplanes, and denote by g = g1, . . . ,gd the associated sequence of elements in I and by
ℓ = ℓ1, . . . ,ℓd the associated sequence of linear forms in B+. We also set Di = V(gi) ⊂ X and recall
that the pullback π∗Di is an effective Cartier divisor on P (see Remark 5.6). We introduce the following
objects:

(i) For 1 ⩽ i ⩽ d, we say that the i-th polar scheme (with respect to H) is given by the following
schematic-image

Pi(I,X) = P
H
i (I,X) := π(H1 ∩·· ·∩Hi) .

(ii) For 1 ⩽ i⩽ d, we say that the i-th Segre cycle (with respect to H) is given by

Λi(I,X) = Λ
H
i (I,X) := π∗

([
E∩H1 ∩·· ·∩Hi−1

]
d−i

)
∈ Zd−i(X).

(iii) For 1 ⩽ i⩽ d, we say that the i-th polar-Segre cycle (with respect to H) is given by

Vi(I,X) = V
H
i (I,X) := π∗

([
H1 ∩·· ·∩Hi−1 ∩π∗Di

]
d−i

)
∈ Zd−i(X).

By convention, we set P0(I,X) := π(P) and V0(I,X) := [P0(I,X)]d ∈ Zd(X).

Remark 5.12. By prime avoidance, we can assume that g1, . . . ,gi is a regular sequence on Rp for each
p ∈ V(g1, . . . ,gi) \V(I) (we say that g1, . . . ,gi are a filter-regular sequence with respect to I; see [53,
Appendix]). Therefore, we have that (g1, . . . ,gi) :R I∞ either equals R or it has height i, and so we obtain
dim(R/(g1, . . . ,gi) :R I∞)⩽ d− i. Similarly, we get dim(R/(g1, . . . ,gi−1) :R I∞+giR)⩽ d− i.

The theorem below gives an important description of the invariants mi(I,R), ci(I,R) and νi(I,R). It
shows that these invariants are naturally the multiplicities of the cycles introduced in Setup 5.11.

Theorem 5.13. Assume Setup 5.11. Then the following statements hold:
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(i) For all 0 ⩽ i⩽ d, we have the equalities mi(I,R) = ed−i (Pi(I,X)) and

Pi(I,X) = Spec(R/(g1, . . . ,gi) :R I∞) .

(ii) For all 1 ⩽ i⩽ d, we have the equalities ci(I,R) = ed−i (Λi(I,X)) and

Λi(I,X) =
∑

p∈V((g1,...,gi−1):RI
∞)

p∈V(I), dim(R/p)=d−i

e
(
I, Rp/(g1, . . . ,gi−1)Rp :Rp I

∞Rp

)
· [R/p] ∈ Zd−i(X).

(iii) For all 1 ⩽ i⩽ d, we have the equalities νi(I,R) = ed−i(Vi(I,X)) and

Vi(I,X) = [Pi(I,X)]d−i+Λi(I,X) =
[
Spec(R/(g1, . . . ,gi−1) :R I∞+giR)

]
d−i

∈ Zd−i(X).

Proof. Let ai := (g1, . . . ,gi)⊂ R, Ri := R/ai, Xi := Spec(Ri) and Xi := Spec(R/ai :R I∞).
(i) First, set i = 0. By [11, Proposition 2.10], we have m0(I,R) = md

d(B) = ed
(
H0(P,OP)

)
. We

have that P0(I,X) = π(P) = Spec(R/a) where a ⊂ R is the kernel of the natural map R
nat−−→ H0(P,OP)

(see, e.g., [26, Proposition 10.30], [30, Exercise II.3.11]). On the other hand, we have a four-term exact
sequence

0 −→
[
H0
B+

(B)
]

0 −→ R= B0
nat−−→ H0(P,OP) −→

[
H1
B+

(B)
]

0 −→ 0.

Since B= R[IT ] is the Rees algebra of I, it follows that
[
H0
B+

(B)
]

0 = 0 :R I∞. Hence we have a= 0 :R I∞
and P0(I,X) = π(P) = Spec(R/0 :R I∞). Moreover, we get the short exact sequence

0 → R/0 :R I∞ → H0(P,OP)→
[
H1
B+

(B)
]

0 → 0,

and so to prove m0(I,R) = ed(P0(I,X)), it suffices to show that dim
([

H1
B+

(B)
]

0

)
< d. Let B :=

B/H0
B+

(B). As H1
B+

(B) ∼= H1
B+

(B) and
[
B
]

0 = R/0 :R I∞, we have that H1
B+

(B)⊗R Rp = 0 for any
minimal prime p ∈ Min(R) that contains I. However, if a prime p ∈ Spec(R) does not contain I, we
obtain [

H1
B+

(B)
]

0 ⊗R Rp
∼=

[
H1
B+

(B⊗R Rp)
]

0
∼=

[
H1
T (Rp[T ])

]
0 = 0.

This settles the claim that dim
([

H1
B+

(B)
]

0

)
< d, and so the proof is complete for the case i= 0.

Since ℓ1, . . . ,ℓi is a sequence of general elements in B+, [11, Proposition 2.10] yields the equalities
mi(I,R) =md−i

d (B) =md−i
d−i(B/(ℓ1, . . . ,ℓi)B) = ed−i

(
H0(P,OH1∩···∩Hi

)
)
. Consider the natural spe-

cialization map

s : B/(ℓ1, . . . ,ℓi)B ∼=
⊕
v⩾0

Iv/aiI
v−1 ↠ RRi

(IRi) ∼=
⊕
v⩾0

Iv/(Iv∩ai).

Since g1, . . . ,gi is a sequence of general elements in I, we may assume that they form a superficial
sequence for I (see [34, Proposition 8.5.7]), and so [34, Lemma 8.5.11] yields the equality aiI

v−1 =

Iv∩ai for v≫ 0. Therefore, we get the following equality (as schemes)

(2) H1 ∩·· ·∩Hi = Proj(B/(ℓ1, . . . ,ℓi)B) = Proj(RRi
(IRi)) = BlI(Xi) =: Pi.

Since we already dealt with the initial case, by substituting X by Xi and setting i= 0, we obtain

Pi(I,X) = π(H1 ∩·· ·∩Hi) = π(Pi) = P0(I,Xi) = Spec(R/(g1, . . . ,gi) :R I∞)

and
mi(I,R) = ed−i

(
H0(P,OH1∩···∩Hi

)
)
= ed−i

(
H0 (Pi,OPi

)
)
= ed−i (P0(I,Xi)) .
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This completes the proof of part (i).
(ii) First, set i= 1. By [11, Proposition 2.10], we get c1(I,R) =md−1

d−1(G) = ed−1
(
H0(E,OE)

)
. From

Definition-Proposition 5.4, we have the equality of cycles

Λ1(I,X) =
[
π∗(OE)

]
d−1 =

[
H0(X,π∗(OE))

]
d−1 =

[
H0(E,OE)

]
d−1 ∈ Zd−1(X),

and so it follows that c1(I,R) = ed−1(Λ1(I,X)). Since we proved π(P) = Spec(R/0 :R I∞) in part (i), it
follows that Supp

(
H0(E,OE)

)
⊂ V(I,0 :R I∞). Then we get the following equality[

H0(E,OE)
]
d−1 =

∑
p∈V(I,0:RI∞)

dim(R/p)=d−1

lengthRp

(
H0(E,OE)⊗R Rp

)
· [R/p] ∈ Zd−1(X).

Fix a prime p in the above summation. Let Ep := Proj
(
grIRp

(Rp)
)

be the exceptional divisor of Spec(Rp)

along IRp. Notice that dim(Rp) = 1 and H0(E,OE)⊗RRp
∼= H0(Ep,OEp). As a consequence, for v≫ 0,

we obtain

lengthRp

(
H0(Ep,OEp)

)
= lengthRp

(
H0(Ep,OEp(v))

)
= lengthRp

(
IvRp/I

v+1Rp

)
;

the first equality holds for any v ∈ Z because dim(Ep)⩽ 0. On the other hand, we have

e
(
I,Rp/0 :Rp I

∞Rp

)
= lengthRp

(
IvRp/I

v+1Rp

)
for v≫ 0.

This completes the proof for the case i= 1.
Since ℓ1, . . . ,ℓi−1 is a sequence of general elements in B+, [11, Proposition 2.10] gives ci(I,R) =

md−i
d−1(G) =md−i

d−i(G/(ℓ1, . . . ,ℓi−1)G) = ed−i

(
H0(P,OE∩H1∩···∩Hi−1)

)
. From (2), we obtain the fol-

lowing equality (as schemes)

(3) E∩H1 ∩·· ·∩Hi−1 = (H1 ∩·· ·∩Hi−1)×X Spec(R/I) = Pi−1 ×X Spec(R/I) = Ei−1

where Ei−1 = Proj(grIRi−1
(Ri−1)) is the exceptional divisor of Xi−1 along IRi−1. Then the result of

part (ii) follows.
(iii) We have the following equalities

Vi(I,X) = π∗
(
[H1 ∩·· ·∩Hi−1 ∩π∗Di]d−i

)
by definition of Vi(I,X)

= π∗
(
[Pi−1 ∩π∗Di]d−i

)
by (2)

=
[
V1(I,Xi−1)

]
d−i

by definition of V1(I,Xi−1)

=
[
P1(I,Xi−1)

]
d−i

+
[
Λ1(I,Xi−1)

]
d−i

by applying Proposition 5.8 to Xi−1

= [Pi(I,X)]d−i+Λi(I,X) by the formulas of part (i) and (ii).

Therefore, to complete the proof of part (iii), we substitute X by Xi−1 and assume that i= 1. In particular,
we may assume that (0 :R I∞) = 0 and that g1 is a nonzerodivisor. Set g := g1 and D := D1. By
Definition-Proposition 5.4, we obtain

V1(I,X) =
[
π∗ (Oπ∗D)

]
d−1 =

∑
p∈V(g)

dim(R/p)=d−1

lengthRp

(
H0(P,OP/gOP)⊗R Rp

)
· [R/p] ∈ Zd−1(X).
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Let p be a prime in the above summation, and let Pp := Proj(B⊗R Rp) the blowup of Spec(Rp) along
IRp. Then the coefficient corresponding to p is given by

lengthRp

(
H0(Pp,OPp/gOPp)

)
= lengthRp

(
H0(Pp,OPp/gOPp(v))

)
= lengthRp

(IvRp/gI
vRp)

for v≫ 0. Expressing length as a multiplicity (see [21, Corollary 1.2.14]) and utilizing the additivity of
multiplicities give the following

lengthRp
(IvRp/gI

vRp) = e((g),IvRp) = e((g),Rp) = lengthRp
(Rp/gRp) .

Hence the required equality V1(I,X) = [Spec(R/gR)]d−1 follows. This completes the proof of the last
part of the theorem. □

Remark 5.14. Due to Theorem 5.13, we obtain the following consequences:

(i) We have the equations
(a)

[
Pi(I,X)

]
d−i

=
[
P1 (I,Pi−1(I,X))

]
d−i

.
(b) Λi(I,X) =

[
Λ1 (I,Pi−1(I,X))

]
d−i

.
(c) Vi(I,X) =

[
V1 (I,Pi−1(I,X))

]
d−i

.
(ii) We recover the formula of [58, Theorem 3.4] for the mixed multiplicities of an ideal

mi(I,R) = ed−i (R/(g1, . . . ,gi) :R I∞) .

(iii) The new invariants (i.e., polar-Segre multiplicities) have the following formula

νi(I,R) = ed−i (R/(g1, . . . ,gi−1) :R I∞+giR) .

(iv) We obtain the following formula for Segre numbers

ci(I,R) =
∑

p∈V((g1,...,gi−1):RI
∞)

p∈V(I), dim(R/p)=d−i

e
(
I, Rp/(g1, . . . ,gi−1)Rp :Rp I

∞Rp

)
·e(R/p).

On the other hand, the formulas of part (i) and (iii) yield

ci(I,R) = ed−i (R/(g1, . . . ,gi−1) :R I∞+giR) − ed−i (R/(g1, . . . ,gi) :R I∞)

= ed−i

(
H0
I

(
R/(g1, . . . ,gi−1) :R I∞+giR

))
=

∑
p∈V((g1,...,gi−1):RI

∞)
p∈V(I), dim(R/p)=d−i

lengthRp

(
Rp

(g1, . . . ,gi−1)Rp :Rp I
∞Rp+giRp

)
·e(R/p).

This recovers the length formula of [48, Proposition 2.1] for the Segre numbers of an ideal. There-
fore, for any prime p in the summation above, it follows that

e(I, Rp/(g1, . . . ,gi−1)Rp :Rp I
∞Rp) = lengthRp

(
Rp/

(
(g1, . . . ,gi−1)Rp :Rp I

∞Rp+giRp

))
.

In any case, this is expected: if the residue field κ is not an algebraic extension of a finite field, we
may assume that gi ∈ I is general in IRp for each prime p above (see [48, Lemma 2.6]).

6. INTEGRAL DEPENDENCE AND SPECIALIZATION

In this section, we discuss how integral dependence can be detected by utilizing the invariants that we
study in Section 5. We also discuss when integral closure and polar schemes specialize. Moreover, we
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generalize the result of Gaffney and Gassler [25] regarding the lexicographic upper semicontinuity of
Segre numbers (see Theorem 6.12). Throughout this section, we continue using Setup 5.1.

To deal with the case where ht(I) = 0, we also need to consider an additional number that is denoted
as c0(I,R). Let H := grm(G) = grm (grI(R)) with standard bigrading [H ](v,n) = mnGv/m

n+1Gv.
The first sum transform of the Hilbert function of H with respect to n is equal to

H1
H (v,n) :=

n∑
k=0

dimκ

(
[H ](v,n)

)
= lengthR

(
Gv/m

n+1Gv

)
,

and it encodes the polar multiplicities of the standard graded algebra G= grI(R) (i.e., the Segre numbers
c1(I,R), . . . ,cd(I,R); see Section 5). If we further consider the second sum transform H2

H (v,n) :=∑v
k=0H

1
H (k,n), for v≫ 0 and n≫ 0, we get a polynomial

H2
H (v,n) =

d∑
i=0

ci(I,R)
i!(d− i!)

vind−i + (lower degree terms),

that encodes the Segre numbers c1(I,R), . . . ,cd(I,R) defined in Section 5, but also the new number
c0(I,R). This leads to the following definition.

Definition 6.1 (Achilles–Manaresi [2]). The multiplicity sequence of the ideal I⊂ R is given by(
c0(I,R),c1(I,R), . . . ,cd(I,R)

)
∈ Zd+1

⩾0 .

In Section 5, we restricted ourselves to considering only the first sum transform H1
H (i.e., the polar

multiplicities of G) because then we could use many desirable properties of polar multiplicities (see [11],
[38, §8]).

We now discuss when the polar schemes specialize module an element t∈m that is part of a system of
parameters of R (i.e., dim(R/tR) = d−1). We say that the i-th polar scheme Pi(I,X) specializes modulo
the element t ∈m if dim(Pi(I,X)∩V(t))⩽ d− i−1 and we have the equality of cycles[

Pi(I,X)∩V(t)
]
d−i−1 =

[
Pi (I,X∩V(t))

]
d−i−1 ∈ Zd−i−1(X).

We shall see that the question of whether polar schemes specialize is governed by the Segre numbers
ci(I,R) and ci(I,R/tR). First, we have the following basic but useful observation.

Lemma 6.2. Assume Setup 5.11. Let t∈m be such that dim(R/tR)=d−1. If ht(I,(g1, . . . ,gi) :R I∞,t)⩾
i+2, then Pi(I,X) specializes modulo t.

Proof. Let R := R/((g1, . . . ,gi) :R I∞,t) and notice that IkR ·((t,g1, . . . ,gi) :R I∞)R= 0 for some k> 0.
Thus the result follows as a direct consequence of Theorem 5.13(i). □

A very important technical result is the following theorem. Our arguments below follow closely the
ones in the proof of [48, Theorem 3.3].

Theorem 6.3. Assume Setup 5.11 and that R is equidimensional and catenary. Let 1 ⩽ i ⩽ d− 1. Let
t ∈ m be such that ht((g1, . . . ,gi−1) :R I∞,t) ⩾ i and ht(I,(g1, . . . ,gi−1) :R I∞,t) ⩾ i+ 1. Then the
following statements hold:

(i) ht((g1, . . . ,gi) :R I∞,t)⩾ i+1.
(ii) ci(I,R/tR)⩾ ci(I,R).



24 YAIRON CID-RUIZ, CLAUDIA POLINI, AND BERND ULRICH

(iii) If ci(I,R/tR) = ci(I,R), then ht(I,(g1, . . . ,gi) :R I∞,t)⩾ i+2.

Proof. We may assume that dim(R/(g1, . . . ,gi−1) :R I∞) = d− i+1 because R is equidimensional and
catenary (see Remark 5.12). By utilizing Theorem 5.13(ii), we may assume i = 1 and substitute R by
R/(g1, . . . ,gi−1) :R I∞. So, we are free to assume the conditions i= 1, dim(R/tR) = d−1, 0 :R I∞ = 0
and ht(I,t) ⩾ 2. Hence g1 is a nonzerodivisor since it is a general element of I. Set g := g1. Since g is
a general element of I, it follows that ht((g) :R I∞,t) ⩾ ht(g,t) ⩾ 2; thus settling part (i). We need to
verify c1(I,R/tR)⩾ c1(I,R) to prove part (ii). Part (iii) follows by showing that if c1(I,R/tR) = c1(I,R)
then ht(I,(g) :R I∞,t)⩾ 3.

The rest of the proof follows verbatim the arguments in [48, page 962, proof of Theorem 3.3]. Con-
sider the finite sets of primes Λ := {p ∈ V(I,t) | ht(p) = 2} and Γ := {q ∈ V(I) | ht(q) = 1}. Thus, to prove
the inequality ht(I,(g) :R I∞,t) ⩾ 3, it suffices to show that for each p ∈ Λ we have p ̸⊃ (g) :R I∞ or,
equivalently, IRp ⊂

√
gRp. For each p ∈Λ, we define the finite sets

Σp := {q ∈ Min(g) | q⊂ p} and Γp := {q ∈ V(I) | q⊂ p and ht(q) = 1}.

Notice that Γp ⊆ Σp and that an equality holds if and only if IRp ⊂
√
gRp. By utilizing the faithfully flat

extension R→ R[y]mR[y], we may assume that the residue field of R is not an algebraic extension of a
finite field, and thus we may assume that g is a general element of IRp for each p ∈Λ (see [48, Lemma
2.6]).

We have the following

c1(I,R/tR) =
∑
p∈Λ

e(I,Rp/tRp) ·e(R/p) by [48, Proposition 2.4(a)] or Theorem 5.13(ii)

=
∑
p∈Λ

e((g),Rp/tRp) ·e(R/p) since g is general in IRp

⩾
∑
p∈Λ

e((t),Rp/gRp) ·e(R/p) by [48, Lemma 3.1] since g is a nonzerodivisor

=
∑
p∈Λ

∑
q∈Σp

lengthRq
(Rq/gRq) ·e((t),Rp/qRp) ·e(R/p) by the associativity formula

⩾
∑
p∈Λ

∑
q∈Γp

lengthRq
(Rq/gRq) ·e((t),Rp/qRp) ·e(R/p) since Γp ⊆ Σp

=
∑
q∈Γ

lengthRq
(Rq/gRq)

∑
p∈Λ,p⊃q

e((t),Rp/qRp) ·e(R/p) by switching the summation

⩾
∑
q∈Γ

lengthRq
(Rq/gRq) ·e(R/q) by [48, Lemma 3.2]

⩾
∑
q∈Γ

e((g),Rq) ·e(R/q) by [21, Corollary 1.2.12]

⩾
∑
q∈Γ

e(IRq,Rq) ·e(R/q) since g ∈ I

= c1(I,R) by [48, Proposition 2.4(a)] or Theorem 5.13(ii).

Therefore, we obtain the inequality c1(I,R/tR) ⩾ c1(I,R) and that Γp = Σp if an equality holds. This
concludes the proof of the theorem. □

Important consequences of Theorem 5.13 and Theorem 6.3 are the following lexicographical upper-
semicontinuity results.
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Corollary 6.4. Assume that R is equidimensional and catenary, and let t ∈m be such that dim(R/tR) =

d−1. Suppose that ht(I,0 :R I∞,t)⩾ 2. Then we get the inequality(
c1(I,R/tR),c2(I,R/tR), . . . ,cd−1(I,R/tR)

)
⩾lex

(
c1(I,R),c2(I,R), . . . ,cd−1(I,R)

)
under the lexicographical order.

Corollary 6.5. Assume that R is equidimensional and universally catenary. Let I ⊂ J be two R-ideals.
Then we get the inequality(

c0(I,R),c1(I,R), . . . ,cd(I,R)
)

⩾lex
(
c0(J,R),c1(J,R), . . . ,cd(J,R)

)
under the lexicographical order.

Proof. By replacing R by R[y](m,y) (where y is a new variable) and the ideals I and J by (I,y) and (J,y),
we may assume that ht(I) ⩾ 1 and ht(J) ⩾ 1 and that c0(I,R) = 0 and c0(J,R) = 0; see [48, Corollary
2.2(d)].

Consider the local ring S = R[t](m,t) (where t is a new variable). Let H = IS+ tJS ⊂ S. Notice that
ht(H,0 :S H∞,t) ⩾ ht(IS,t) ⩾ 2, H ·S/tS = I and HSmS = JR[t]mR[t]. Then we obtain the following
inequalities(
c1(I,R),c2(I,R), . . . ,cd(I,R)

)
=

(
c1(H,S/tS),c2(H,S/tS), . . . ,cd(H,S/tS)

)
⩾lex

(
c1(H,S),c2(H,S/tS), . . . ,cd(H,S)

)
by Corollary 6.4

⩾
(
c1(H,SmS),c2(H,SmS), . . . ,cd(H,SmS)

)
by [48, Proposition 2.7]

=
(
c1(J,R),c2(J,R), . . . ,cd(J,R)

)
that settle the claim of the corollary. □

We now present a principle of specialization of integral dependence that we enunciate similarly to the
ones in [25, Theorem 4.7] and [48, Theorem 4.4].

Theorem 6.6 (Principle of Specialization of Integral Dependence – PSID). Assume Setup 5.1 and that
R is equidimensional and universally catenary. Let t ∈ m be such that dim(R/tR) = d− 1. Suppose
that ht(I,t) ⩾ 2 and that ci(I,R/tR) = ci(I,R) for all 1 ⩽ i ⩽ d− 1. Then, for any element h ∈ R, the
following two conditions are equivalent:

(i) h ∈ I.
(ii) hRp ∈ IRp for all primes p ∈ Spec(R) such that t ̸∈ p.

Proof. Assume momentarily that dim(G/tG) < d. As G is equidimensional of dimension d (see [49,
Theorem 3.8], [51, Lemma 2.2]), it follows that the contraction of a minimal prime of G to R does not
contain t. This implies that no prime in the set L(I) := {p ∈ V(I) | dim(Rp) = ℓ(IRp)} contains t. Since
every associated prime of I belongs to L(I) (see [45, 3.9 and 4.1]), the result of the theorem follows.
Hence it remains to show dim(G/tG)< d.

Since ht(I) ⩾ 1, it follows that dim(G/G+) = dim(R/I) ⩽ d− 1 and so no minimal prime of G

contains G+. Set E ′ := Proj(G/tG). Thus dim(E ′) < d− 1 if and only if dim(G/tG) < d. From [11,
Proposition 2.10], we obtain md−1

d−1(G/tG) = ed−1(H0(E ′,OE ′)) and so it follows that md−1
d−1(G/tG) =
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0 because Supp(H0(E ′,OE ′)) ⊂ V(I,t) and by assumption we have the inequality ht(I,t) ⩾ 2. We now
assume the notation and assumptions of Setup 5.11. From [11, Proposition 2.10] and (3), we get

md−1−i
d−1 (G/tG) = md−1−i

d−1−i (G/(ℓ1, . . . ,ℓi,t)G) = md−1−i
d−1−i(Gi/tGi),

where Gi = grIRi
(Ri) and Ri = R/(g1, . . . ,gi)R. Therefore, by utilizing Theorem 5.13(ii) and Theo-

rem 6.3, we can prove inductively that

md−1−i
d−1 (G/tG) = 0 for all 0 ⩽ i⩽ d−1.

Due to [11, Lemma 2.3], we obtain dim(E ′)< d−1, and so it follows that dim(G/tG)< d. □

The following theorem contains our new criteria for integral dependence in terms of the invariants
mi(I,R) and νi(I,R).

Theorem 6.7. Assume Setup 5.1 and that R is equidimensional and universally catenary. Let I ⊂ J be
two R-ideals. Suppose the following two conditions:

(a) o(I) = o(J).
(b) I satisfies the G -parameter condition generically (see Notation 5.7).

Then the following are equivalent:

(i) J is integral over I.
(ii) mi(I,R) =mi(J,R) for all 0 ⩽ i⩽ d−1.

(iii) νi(I,R) = νi(J,R) for all 0 ⩽ i⩽ d.

Proof. Let δ := o(I) = o(J) be the order of I and J.
(i) ⇒ (ii) & (iii): If J is integral over I, then it is known that mi(I,R) =mi(J,R) and ci(I,R) = ci(J,R)

(see [58, Corollary 3.8] and [48, Theorem 4.2]). This settles both implications (without assuming the
conditions (a) and (b)).

(ii) ⇒ (i): Suppose that mi(I,R) =mi(J,R) for all 0 ⩽ i⩽ d−1. Then Proposition 5.8 yields

νi(I,R) = δ ·mi−1(I,R) = δ ·mi−1(J,R) ⩽ νi(J,R)

for all 1 ⩽ i ⩽ d. This implies that ci(I,R) = νi(I,R)−mi(I,R) ⩽ νi(J,R)−mi(J,R) = ci(J,R) for
all 1 ⩽ i ⩽ d. On the other hand, we have c0(I,R) = e(R) −m0(I,R) = e(R) −m0(J,R) = c0(J,R).
Therefore, J is integral over I due to [48, Theorem 4.2].

(iii) ⇒ (i): Suppose that νi(I,R) = νi(J,R) for all 0 ⩽ i⩽ d. From Proposition 5.8, we obtain

δ ·mi−1(I,R) = νi(I,R) = νi(J,R) ⩾ δ ·mi−1(J,R)

for all 1 ⩽ i ⩽ d. It follows that ci(I,R) = νi(I,R)−mi(I,R) ⩽ νi(J,R)−mi(J,R) = ci(J,R) for all
0 ⩽ i ⩽ d− 1. We also have cd(I,R) = νd(I,R) = νd(J,R) = cd(J,R). Finally, J is integral over I by
invoking [48, Theorem 4.2] once again. □

The next remark complements [58, Corollary 4.3].

Remark 6.8. Let R be a regular local ring of dimension at least two and let I be an ideal of height one.
Write I= aH where H is an ideal with ht(H)⩾ 2. Then m1(I,R) = o(H).
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Proof. We may assume that the residue field of R is infinite. Let g be a general element of H. According
to Theorem 5.13(i), we have m1(I,R) = e(R/agR :R I∞). On the other hand,

agR : I∞ = (agR :R aH) :R (aH)∞ = (gR :H) :R (aH)∞ = (gR :R H∞) :R (aR)∞ = gR.

Finally, e(R/gR) = o(g) = o(H). □

The remark above shows that the polar multiplicities of an ideal of height one in a two-dimensional
regular local ring only depend on the order of the saturation of the ideal with respect to its unmixed part,
and hence cannot detect integral dependence.

Example 6.9 (Polar multiplicities do not detect integral dependence). Let R= k[x0,x1] be a polynomial
ring over a field. Consider the ideals I = (x2

0, x0x
2
1) ⊊ J = (x2

0, x0x1). We have the following table of
values:

c0(I,R) = 0 m0(I,R) = 1 ν0(I,R) = 1
c1(I,R) = 1 m1(I,R) = 1 ν1(I,R) = 2
c2(I,R) = 4 m2(I,R) = 0 ν2(I,R) = 4

c0(J,R) = 0 m0(J,R) = 1 ν0(J,R) = 1
c1(J,R) = 1 m1(J,R) = 1 ν1(I,R) = 2
c2(J,R) = 2 m2(J,R) = 0 ν2(I,R) = 2.

Here the invariants mi fail to detect the fact that I⊊ J. However, both invariants ci and νi do detect this.

From the previous example, we see that the invariants νi seem to carry more information related to
the integral closure of an ideal. Nevertheless, we have the following more delicate example where the
invariants νi fail to detect integral dependence.

Example 6.10 (Polar-Segre multiplicities do not detect integral dependence). Let P1
k = Proj(k[s,t])→

P3
k = Proj(k[x0, . . . ,x3]), (s : t) 7→ (s4 : s3t : st3 : t4) be the parametrization of the rational quartic

C ⊂ P3
k. Let R = k[x0, . . . ,x3]/P be the homogeneous coordinate ring of C. Consider the ideals I =

(x2
0, x0x2x3, x2

1x
2
3)R ⊊ J= (x2

0, x0x2, x0x3, x1x
2
3)R. We get the following table of values:

c0(I,R) = 0 m0(I,R) = 4 ν0(I,R) = 4
c1(I,R) = 5 m1(I,R) = 3 ν1(I,R) = 8
c2(I,R) = 14 m2(I,R) = 0 ν2(I,R) = 14

c0(J,R) = 0 m0(J,R) = 4 ν0(J,R) = 4
c1(J,R) = 3 m1(J,R) = 5 ν1(I,R) = 8
c2(J,R) = 14 m2(J,R) = 0 ν2(I,R) = 14.

Therefore the invariants νi fail to detect the fact that I⊊ J.

6.1. Lexicographic upper semicontinuity of Segre numbers.

In this subsection, we show that Segre numbers have a lexicographic upper semicontinuous behavior
in families. This generalizes a result due to Gaffney and Gassler [25]. We now use the following setup.

Setup 6.11. Let ι :A ↪→ R be a flat injective homomorphism of finite type of Noetherian rings. Suppose
that the inclusion ι has a section; i.e., there is a homomorphism π : R↠A such that π◦ ι= idA. Consider
the ideal Q := Ker(π)⊂ R.

Notice that given prime p ∈ Spec(A), we always have that QR(p) is a prime ideal in the fiber R(p).
Indeed, we get the inclusion ιp : A/p ↪→ R/pR with section πp : R/pR ↠ A/p, and since Ker(πp) =

Q ·R/pR, it follows that Q ·R/pR is a prime ideal satisfying (R/pR)Q·R/pR = R(p)QR(p). Moreover
QR(p) is a maximal ideal in R(p). Thus, although the fiber R(p) might not be a local ring, we do
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get a distinguished local ring R(p)QR(p). To simplify notation, we say that S(p) := R(p)QR(p) is the
distinguished fiber of p.

Our main result regarding the behavior of Segre numbers in families is the following.

Theorem 6.12. Assume Setup 6.11 and let I⊂ R be an ideal. Assume that for all p ∈ Spec(A), the fibers
R(p) are equidimensional of the same dimension d and ht(I(p))> 0. Then the function

p ∈ Spec(A) 7→
(
c1 (I,S(p)) ,c2 (I,S(p)) , . . . ,cd (I,S(p))

)
∈ Zd

⩾0

is upper semicontinuous with respect to the lexicographic order.

Proof. By the topological Nagata criterion (see Remark 3.2), it suffices to show the following two con-
ditions:

(i) Under the assumption that A is a domain, there is a dense open subset U ⊂ Spec(A) where the
above function is constant.

(ii) If p⊃ q, then
(
c1(I,S(p)), . . . ,S(p)

)
⩾lex

(
c1(I,S(q)), . . . ,cd(I,S(q))

)
.

First, we prove the claim (i). We assume A is a domain, thus by Grothendieck’s Generic Freeness
Lemma (see, e.g., [44, Theorem 24.1], [19, Theorem 14.4]) there is an element 0 ̸= a ∈ A such that
the bigraded components of grQ(grI(R))⊗AAa and the graded components of grI(R)⊗AAa are free
Aa-modules. Set U :=D(a)⊂ Spec(A). Then, for any p ∈U, we have the isomorphisms

grQ(grI(R))⊗A κ(p) ∼= grQ(grI(R)⊗A κ(p)) ∼= grQ(grI(R(p))).

This shows that the above function is constant on U.
Next, we prove the claim (ii). Notice that we can reduce modulo q and localize at p. Thus we assume

A is a local domain with maximal ideal p and q = 0. Let K := Quot(A). By [30, Exercise II.4.11] or
[28, Proposition 7.1.7], there is a discrete valuation ring V of K that dominates A; that is, A ⊂ V and
p = n∩A where n = (t)⊂ V is the closed point of Spec(V). Let RV := R⊗AV . Notice that ι ′ : V ↪→ RV

is flat and has a section π ′ : RV ↠ V with Ker(π ′) =QRV . We get a field extension κ(p) ↪→ κ(n) and
the following isomorphisms

RV(n) ∼= (R⊗AV)⊗V κ(n) ∼= R⊗A κ(n) ∼= (R⊗A κ(p))⊗κ(p) κ(n) ∼= R(p)⊗κ(p) κ(n).

This gives the isomorphisms IvRV(n) ∼= IvR(p)⊗κ(p) κ(n) and so it follows

(4) grQ (grI (RV(n))) ∼= grQ (grI (R(p)))⊗κ(p) κ(n).

Let T := (RV)(t,Q)RV
. From (4), we have

(5) ci(I,S(p)) = ci(I,T/tT).

Since TQT = R(q)QR(q) = S(q), we also obtain

(6) ci(I,S(q)) = ci(I,TQT ).

To use Corollary 6.4, we now verify that the ideal IT ⊂ T satisfies the required assumptions. By
applying Lemma 6.14(i) to the ring R(p), we conclude that the fibers of RV over V are equidimensional
of dimension d. Hence due to Lemma 6.14(ii), T is equidimensional of dimension d+1 and universally
catenary and dim(T/tT) = dim(T)− 1. Since R(p) ↪→ T/tT is a flat homomorphism, ht((I,t)T/tT) ⩾



MULTIDEGREES, FAMILIES, AND INTEGRAL DEPENDENCE 29

ht(I(p))⩾ 1, hence ht(t,IT)⩾ 2 because t is regular on T . Now (5) and Corollary 6.4 yield(
c1(I,S(p)), . . . ,cd(I,S(p))

)
=

(
c1(I,T/tT), . . . ,cd(I,T/tT)

)
⩾lex

(
c1(I,T), . . . ,cd(I,T)

)
.

Finally, from [48, Proposition 2.7] and (6), we get(
c1(I,T), . . . ,cd(I,T)

)
⩾

(
c1(I,TQT ), . . . ,cd(I,TQT )

)
=

(
c1(I,S(q)), . . . ,cd(I,S(q))

)
.

This concludes the proof of the theorem. □

Remark 6.13. A basic situation where the assumptions of Setup 6.11 hold is the following. Assume
R = A[x1, . . . ,xd] is a positively graded polynomial ring over A, and let m = (x1, . . . ,xd) be the graded
irrelevant ideal. In this case, the natural projection π : R ↠ A ∼= R/m is a section of the inclusion
ι :A→R. Therefore, given a prime p∈ Spec(A), the distinguished fiber of p is the localization R(p)mR(p)

of the fiber R(p) ∼= κ(p)[x1, . . . ,xd] at the graded irrelevant ideal mR(p).

The following technical lemma was used in the proof of Theorem 6.12.

Lemma 6.14. The following statements hold:

(i) Let B be a finitely generated algebra over a field k. If B is equidimensional, then B⊗k L is equidi-
mensional of the same dimension for any field extension L of k.

(ii) Let V be a discrete valuation ring with uniformizing parameter t. Let j : V ↪→ B be a flat injective
homomorphism of finite type that has a section τ : B ↠ V , and let Q = Ker(τ). Let T = B(t,Q).
Suppose that the fibers of j are equidimensional of dimension e. Then T is equidimensional of
dimension e+1 and universally catenary, and dim(T/tT) = e.

Proof. (i) By [44, Theorem 23.2], we have Ass(B⊗k L) =
⋃

p∈Ass(B) Ass(B/p⊗k L). The result follows
because each minimal prime of B/p⊗k L has the same dimension as B/p (see [30, Exercise II.3.20(f)]).

(ii) Let K= Quot(V). Since B is V-flat, it follows that t is a nonzerodivisor on B. Let P∈ Spec(B) be
a minimal prime contained in (t,Q). Such P does not contain t, hence it corresponds to a minimal in the
fiber B⊗V K. By applying the dimension formula [44, Theorems 15.5, 15.6] to the inclusion V ↪→ B/P,
we obtain

dim
(
(B/P)(t,Q)

)
= dim(V)+ trdegV(B/P) = 1+e.

This implies that T is equidimensional of dimension e+ 1. As T is finitely generated over a discrete
valuation ring, it is universally catenary. Observe that dim(T/tT) = e since t is regular on T . □

6.2. The case of equigenerated ideals.

This brief subsection is dedicated to the family of equigenerated ideals, where our results are particu-
larly satisfying.

Corollary 6.15. Let k be a field, R be a finitely generated standard graded k-algebra of dimension d

and m= R+ be the graded irrelevant ideal. Let I⊂ R be a homogeneous ideal generated by elements of
the same degree δ⩾ 1. Then the following statements hold:

(1) δ ·mi−1(I,R) = νi(I,R) for all 1 ⩽ i⩽ d.
(2) For any homogeneous ideal J⊂ R containing I such that o(J) = δ, the following are equivalent:
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(i) J is integral over I.
(ii) mi(I,R) =mi(J,R) for all 0 ⩽ i⩽ d−1.

(iii) νi(I,R) = νi(J,R) for all 0 ⩽ i⩽ d.

First proof. We may assume that k is infinite. Notice that part (1) implies part (2) (indeed, by Proposi-
tion 5.8(iii), the statement (1) is equivalent to the condition (b) of Theorem 6.7). Since I is equigenerated
in degree δ, we see the Rees algebra R(I) as a standard bigraded algebra with

[
R(I)

]
(v,n)

=
[
Iv
]
n+vδ

.
Thus Nakayama’s lemma yields the isomorphisms[

grm (R(I))
]
(v,n)

=
mnIv

mn+1Iv
∼=

[
Iv
]
n+vδ

=
[
R(I)

]
(v,n)

.

Let g be a general element of I. Since
[(

0 :R(I) g
)]

(v,∗) = 0 for v≫ 0 (see Remark 5.6), it follows that[(
0 :grm(R(I)) in(g)

)]
(v,∗) = 0 for v≫ 0. The result follows from Proposition 5.8(iii). □

Second proof. Again, we see R(I) as a standard bigraded algebra with
[
R(I)

]
(v,n)

=
[
Iv
]
n+vδ

. There-
fore grI(I) ∼=R(I)/IR(I) is also naturally a standard bigraded algebra. Notice that we have a short exact
sequence

0 → R(I)(1,−δ)→ R(I)→ grI(R)→ 0.

Then a basic computation with the polynomial functions PR(I)(v,n) =
∑n

k=0 dimk
(
[R(I)](v,k)

)
and

PgrI(R)(v,n) =
∑n

k=0 dimk
(
[grI(R)](v,k)

)
gives the equality

δ ·mi−1(I,R) = mi(I,R)+ci(I,R) = νi(I,R)

for all 1 ⩽ i⩽ d (see [11, Remark 2.9]). □

As a consequence, in the equigenerated case, we get an alternative proof of the lexicographic upper
semicontinuity of Segre numbers (see Theorem 6.12).

Remark 6.16. Let A be a Noetherian domain and R = A[x0, . . . ,xr] be a standard graded polynomial
ring. Let F : Pr

A 99K Ps
A be a rational map with representative f = (f0 : · · · : fs) such that f0, . . . ,fs

are homogeneous elements of degree δ > 0. Let I = (f0, . . . ,fs) ⊂ R and assume that I(p) ̸= 0 for all
p∈ Spec(A). Notice that di(F(p)) =mr−i(I,R(p)) for all 0 ⩽ i⩽ r and p∈ Spec(A). By Theorem 4.3,
each function p 7→ mi(I,R(p)) is lower semicontinuous. Notice that we always have m0(I,R(p)) = 1.
Therefore, the equality ci(I,R(p)) = δ ·mi−1(I,R(p))−mi(I,R(p)) implies that the function

p ∈ Spec(A) 7→
(
c1 (I,R(p)) ,c2 (I,R(p)) , . . . ,cr+1 (I,R(p))

)
∈ Zr+1

⩾0

is upper semicontinuous with respect to the lexicographic order.
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