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ABSTRACT. Combining ideas from real dynamics on compact manifolds and complex dy-
namics in one variable, we prove the structural stability of hyperbolic polynomial automor-
phisms in C2. We consider families of hyperbolic polynomial automorphisms depending
holomorphically on the parameter A. This is done over a series of steps - given a family
{f>}, where |}| is sufficiently small, we construct mappings defined on a neighborhood U
of Jy which conjugate fy and fy. Moreover, it is shown that J moves holomorphically.
This conjugacy is then used to construct a conjugacy between fo and f) defined on a
neighborhood M of JJ UJ; . Finally, we extend such a mapping to construct a conjugacy
on all of C2.

1. INTRODUCTION

The goal of this paper is two-fold: one the one hand, given a set of Hénon maps {f\}
depending holomorphically on the complex parameter A, we show that there exists p > 0 so
that for all || < p, there are global homeomorphisms {®,} (also depending holomorphically
on the parameter \) so that ®,f; = f\®,. We consider the question in steps. First, we
construct a conjugacy on a compact neighborhood of a hyperbolic invariant set J. Here
we make use of the work of Robbin and Robinson, explained below, and also make use of
holomorphic motions.

When extending this conjugacy globally, however, the ideas on compact manifolds fail,
and thus in constructing the extensions ®,, we make heavy use of holomorphic motions
in two complex dimensions. Thus, a secondary goal of this paper is the utilization of
holomorphic motions to answer dynamics questions in two complex variables (generally,
holomorphic motions have been of limited use in several variables, but they prove very
convenient in this context).

In the study of dynamics of polynomial automorphisms of C?, there are at least two
natural sources of inspiration. The first is the well-developed study of polynomial maps of
the plane and rational maps of the sphere. In particular, the potential theoretic approach to
questions of dynamics in one complex variable has been modified and used very successfully
to study dynamics in two complex variables by Bedford and Smillie [BS], Fornaess and
Sibony [FS], [FS2], Diller [D], and others. However, one of the most fruitful associations
in one complex variable has been the link between dynamics and quasiconformal maps.
One of the earliest connections between these two areas was in the paper of Mané, Sad,
and Sullivan, [MSS] in which they study the stability properties of rational maps using
holomorphic motions, showing (modulo a few missing cases filled in by [MS]) that structural
stability is dense in the space of rational maps of the sphere. In several complex variables,
there is no clear link between holomorphic maps and quasiconformal maps, and the direct

generalization of holomorphic motions to higher dimensions fails to have many of the nice
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properties of holomorphic motions in one variable, such as automatic continuity, limiting
their utility in studies of dynamics in several variables.

A second source of inspiration for dynamics in C? is the study of diffeomorphisms on
compact manifolds. Again, influence from this work can be found in the papers of Bedford
and Smillie (see again, e.g. [BS]). As a concrete example, Hubbard, Papadopol and Veselov
[HPV] have constructed a compactification of C? (of the form C? U S?), which is homeo-
morphic to a (real) 4-ball, so that a given Hénon map f extends continuously (and Buzzard
has shown that the extension can actually be made to be C*°, [B1]). Given this extension,
we might hope to apply smooth results to show structural stability. However, in [HPV], it
is shown that these extensions cannot be globally stable on S3. In fact, the extensions to
S3 display two invariant solenoids, one which is attracting and the other repelling, and the
relationship between these solenoids leads to a space of conjugacy invariant moduli. For
more details, see Hubbard and Oberste-Vorth, [HO].

For C? diffeomorphisms of a compact manifold, the Newhouse phenomenon of persistent
homoclinic tangencies and the Kupka-Smale theorem combine to show that stability is not
dense (a result in contrast with the case of rational maps on the sphere). In the complex
case, Buzzard has proven a version of the Newhouse phenomenon [B2], and shown the
existence of moduli of stability for homoclinic and heteroclinic tangencies for polynomial
automorphisms of C? [B4]. Recently, Buzzard, Hruska and II’'yashenko have proven the
Kupka-Smale theorem for polynomial automorphisms of C* [BHI]. Combining these results
implies that structural stability is not dense in the space of polynomial automorphisms of
degree d for d sufficiently large, a result which is analogous to the situation for diffeo-
morphisms of a compact surface but different from the situation for rational maps of the
sphere.

Returning to the history of dynamics of diffeomorphisms of a compact manifold, Robin-
son [R2] adapted some ideas from Robbin [Ro] to show that a C' diffeomorphism of a
compact manifold satisfying Axiom A and the strong transversality condition is struc-
turally stable. Robinson’s approach to this problem was to use families of stable and
unstable disks. To illustrate the ideas of this approach, let f be a diffeomorphism of an
open set U in R™ such that U contains a unique basic set A = N, f*(U) for f, and let g
be a diffeomorphism near f. Let m be the unstable dimension of A. To each point z in a
small neighborhood of A we associate a disk DY of dimension m. Ideally, these disks would
fit together to form a foliation extending the unstable manifold of A, but in general this is
not known to be possible, so we do not impose this condition. However, the disks should
be roughly parallel to nearby parts of the unstable manifold, should have some continuity
properties, and should have the invariance property that D%, C g(D¥). Le., we apply the
map g to the disks but the map f to the base point. Analogously, we can construct stable
disks Dj satisfying g(D;) C D%,. Because of the hyperbolic splitting of A, we can construct
these disks so that D2 and D! intersect in a single point h(x). The invariance properties
imply that gh(z) = hf(z), and h can also be shown to be continuous and one-to-one,
hence a conjugacy of f to g on a neighborhood of A. In fact, the stable and unstable disks
can be chosen to move continuously with ¢g (or in a smooth fashion with extra smoothness
conditions).

In this paper, we combine the stable-unstable disk approach of Robinson with holomor-
phic motions in two dimensions to prove stability results for holomorphic families {f\} of
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hyperbolic polynomial automorphisms of C?. Bedford and Smillie have shown that hyper-
bolic polynomial automorphisms are J-stable (i.e. if f is restricted to the (Julia) set J,
defined below, f is conjugate to nearby polynomial automorphisms) ; see [BS] .We extend
this result here, and produce conjugacies in neighborhoods of the Julia sets of f,, as follows:

Theorem 1.1. Consider a one-parameter family {f\} of hyperbolic polynomial automor-
phisms of C* depending holomorphically on the parameter X\ € A, and denote fy = f.
Then, there are a neighborhood U of the (Julia) set Jo = J, a constant p > 0 and home-
omorphisms ®y defined on the set U for all |\| < p, such that ®,(z) is holomorphic in X
for fixed z, ®y = Id and D) fo = /L D).

Note that the theorem also implies that the family of sets J, move holomorphically, a
result which was proven by Jonsson [J] via different methods.

Next, we use this family of mappings constructed in Theorem 1.1 to construct a conjugacy
on a neighborhood of the set J*UJ~, where J* (resp. J™) is the boundary of points which
have bounded forward orbits (resp. bounded backwards orbits). This improves a result
obtained in [BV], in which a conjugacy was constructed on the set J* U J~ by working on
leaves in J* and using the canonical Bers-Royden extension of holomorphic motions in the
plane [BR] to extend the motion of J given by Jonsson [J].

Theorem 1.2. Let f) be a one-parameter family of hyperbolic polynomial automorphisms
of C? depending holomorphically on X € A. Then there are a neighborhood M of J* U J~,
p > 0, and homeomorphisms ®, defined on M for |\ < p such that ®,(z) is holomorphic
n X for each fixed z, ®q = Id, and @) fo = fLrPr. Moreover, ®, is C*> on any open set not
intersecting Ji U Jy .

Finally, we establish a global structural stability theorem for polynomial automorphisms
of C? of fixed degree d. For the proof of theorem 1.1, we use ideas similar to those in
Robinson’s proof. However, his proof does not apply directly to the entire space C? (since
it is not compact). Instead, we combine these techniques with ideas of [B1] and [BV] to
get a global conjugacy.

Theorem 1.3. Let { f\} be a one-parameter family of hyperbolic polynomial automorphisms
of C? depending holomorphically on X\ € A. Let the homeomorphisms ®, defined on M
satisfy the conclusions of the previous theorem. Then there exists an extension (which we
also call) @ : C? — C? which is a homeomorphism for each fived X such that ®y(z) is
holomorphic in X\ for each fized z, ®y = Id, and ®yfo = fr®y on C2.

There are a couple of interesting questions we do not address in this work. As mentioned
in the introduction, Buzzard and Verma [BV] have constructed conjugacies between the
mappings f, and f; on the set Ji U J;. Can the conjugacy of Buzzard and Verma be
extended to all of C?? We do not address this issue here.

We also can ask the deeper question: is hyperbolicity equivalent to structural stabil-
ity? This question is closely related to the following result on compact manifolds M: a
diffeomorphism f is structurally stable if and only if f satisfies Axiom A and the strong
transversality condition (for more information on these two concepts, please see [R1]). As
mentioned, the reverse direction has been proven through the work of Robbin (for C?
diffeomorphisms, in the C*-topology, [Ro]) and Robinson (for the general case of C* diffeo-
morphisms, [R2]), while the forward direction was proven by Mané [M]. This question is
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analogous to the question of the density of hyperbolicity for quadratic polynomials in one
variable.

The paper is organized as follows: in section 2, we give a brief recollection of some
important results to which we shall refer regarding hyperbolic polynomial automorphisms
and holomorphic motions. section 3 develops the machinery of the dy metric and the graph
transform, which are used to prove theorem 1.1. Finally, in section 4, we prove theorems
1.2 and 1.3.

This research of the first author was supported in part by a National Science Foundation
Postdoctoral Fellowship. The first author is grateful for the hospitality of the Université
Paul Sabatier, Toulouse for its hospitality during parts of the preparation of this paper.
The research of the second author was conducted while a Research Assistant Professor at
Purdue University; the author is thankful for the support of the department.

2. HYPERBOLIC POLYNOMIAL AUTOMORPHISMS OF C?2

We recall in this section some relevant results on hyperbolic polynomial automorphisms.

Following Bedford and Smillie [BS], given a polynomial diffeomorphism F of C?  we
define the set Kt (resp. K ) to be those points p with bounded forward (resp. backward)
orbits F"(p) (resp. F~"(p)), n € N. We define the sets J* = 0K T and J~ = 0K ™. Finally,
we define the (Julia) set J = J" N J~. We say that a polynomial diffeomorphism f of C?
is hyperbolic if the set J is a hyperbolic set for f. Recall that a set S is a hyperbolic set (or
has a hyperbolic structure) if over each point p € S, the tangent space T,C? splits as the

direct sum A; @ Ay, so that the splitting is invariant in the sense that D fp(Af,/ Y = AZ/ v
the splitting varies continuously with the point p and so that there is are constants C' > 0
and 0 < A < 1, independent of the point p € S, so that |Df;vs| < CX"W° for v° € A7
and Df, "o < CA™" for v € Ap. It is often convenient to change the metric so that
such contraction occurs after a single iteration, that is, so that given any vector v* € A,
we have that [Dfrv®| < X'|v®|, and similarly for v* € A% with the roles of f and f~!
interchanged. This can always be achieved; see e.g. Robinson [R1]. We will call such a
metric an adapted metric.

Our interest here is in non-elementary polynomial automorphisms (those automorphisms
with interesting dynamics) with dynamical degree 2 or greater. Elementary polynomial au-
tomorphism have very simple dynamics; indeed, Friedland and Milnor [FM] have shown
that any such automorphism is polynomially conjugate to an automorphism of the form
(z,w) — (ax + p(y), cy +d). On the other hand, any non-elementary polynomial automor-
phism of C? is polynomially conjugate to a generalized Hénon map, that is, a composition
of maps of the form g(z,w) = (w, p(w) — az), where p is a polynomial of degree at least 2
and a # 0 (we will refer to generalized Hénon maps as simply Hénon maps - this will yield
no confusion). Moreover, if L = {f,} is a family of hyperbolic polynomial automorphisms
varying holomorphically with the parameter A\, then this family is conjugate to a family of
hyperbolic Hénon maps H varying holomorphically with the parameter A\, and the family
of conjugating homeomorphisms also varies holomorphically as well. Thus, for most of the
paper, we will restrict our attention to the case of Hénon maps.

Given a Hénon map fy we say that fy is structurally stable if for any nearby mapping
fr in the C'-topology, there is a homeomorphism hy : C? — C? satisfying fihy = hyfo,
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for 0 < |A| << 1. It is convenient that the set {h,} also depend holomorphically on the
parameter \; we shall discuss this in the next paragraph.

Much of the work presented here relies on the idea of a holomorphic motion. This is
defined, for a set £ C C" and D C C the unit disc, as a mapping f = f()\,z) : Dx E — C”
for which f(0,2) = zforall z € E, fi(z) = f(], z) is injective for each fixed A\, and f(., z) is
holomorphic for each fixed z. In the case n = 1 (in which case we may assume that £ C P'),
this definition forces very strong conditions on each of the maps f\. For example, they are
automatically continuous (uniformly in z) and each map has an extension to E (the so-
called A\-lemma of Mané, Sad and Sullivan; see [MSS]). In fact, Bers and Royden [BR] have
proved that given a holomorphic motion f : D x £ — P!, this motion admits a canonical
extension f : D(0, ) x P! — P!. This extension is characterized by a harmonic Beltrami
coefficient; that is, given that u(/\ z) is the Beltrami coefficient of z — f(A, z), and S is
any component of P\ F, where F is the closure of F in P!, then u(), z) = (ps(2)) 20 (X, 2)
for z € S, A € D(0,1), Here pg(z)|dz| is the hyperbolic (or Poincaré) metric in S, and 1) is
holomorphic in z and antiholomorphic in A.

Unfortunately, in the case n > 2, many of these facts fail to hold. For example, auto-
matic continuity cannot be achieved, and canonical extensions are generally not possible.
However, under certain conditions on the motion, continuity can be achieved, by appeal-
ing to the Bers-Royden extension in one complex variable. This follows from a result of
Buzzard and Verma [BV], which is quite general. We will give definitions and a precise
statement of the theorem in Section 4; for now we content ourselves with a description of
the process. We consider holomorphic motions k;, defined on one-dimensional (complex)
subsets D; € C? (here, i € I for some index set I). The sets and the motions must con-
verge, in a sense to be described later, to limits which we call ko, and D.,. Let l%i denote
the Bers-Royden extension of k; to the set S; O D;. The point of the result is that the
extensions l;:i will also converge to the limit l%oo, which is the Bers-Royden extension of k.
on the set Sy, O Dy, (see Figure 1). Thus, if a holomorphic motion K, defined on an open
set D € C? can be decomposed into motions k; defined on a decomposition D = UD, as
above, the resulting Bers-Royden extensions will yield a continuous holomorphic motion
on a larger set S O D. We make crucial use of these ideas in Section 4.

FI1GURE 1. The motions k; defined on the one (complex) dimensional sets
D; (represented by the solid hnes) can be extended along each of the dotted

lines. The resulting motions k; will converge to a limit motion koo, which is
the extension of the limiting motion k., defined on D

3. THE dy METRIC AND GRAPH TRANSFORM

In this section we develop the tools necessary to construct conjugacies in a neighborhood
of J for a hyperbolic Hénon map f (Theorem 1.1). In particular, we define a metric which
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FIGURE 2. The neighborhood U and the sets Uy and Uy

is invariant under the map f, and define the graph transform. We then use the techniques
of Robinson to demonstrate stability of f in a neighborhood of J.

We suppose that {f\} is a family of hyperbolic Hénon maps, depending holomorphically
on the parameter A (where say, |A\| < r), and we define J, = J(f\) to be the Julia set of
I

We denote fy by f, and we denote its Julia set Jy by J. We consider an adapted metric
for f in a neighborhood of J. Also, we define stable and unstable manifolds of size r
associated to f as in [HP, Theorem 3.2].

Given a neighborhood, U, of J, and an integer m > 0, we define sets of points that stay
in U for a given number of iterates as

(3.1) Ul ={p: fi(p) €U for 0 <j<mand f"*(p) € U}.

Also, define U} = () and UL = {p : f/(p) € U,j > 0}. Analogously, we define U},
replacing iterates of f by iterates of f='. Then U is the disjoint union of U over m > 0,
m = oo and the disjoint union of U,, over m > 0, m = oo. Also, UL C J" and U C J~.

As usual, we define the distance d between two sets V and W as d(V, W) = inf |v — w],
where v € V and w € W. For a well-chosen neighborhood U of J, the distance between

the sets Uy and U, has a fixed lower bound, as is seen in the following lemma (see Figure
2):

Lemma 3.1. Given a neighborhood V' of J, there exists a neighborhood U of J and 69 > 0
such that U CV and d(Uy ,U3") > 6y and d(Uy ,Uy ) > dy.

Proof. Let W*(J) = Upe W (p), and likewise for W?(J). For sufficiently small r, the
statement is true for the set U’ = WH*(J) U W2(J) by the definition of W*(J) and the
hyperbolicity of f on J. The statement is true for all sufficiently small neighborhoods of
U’ by uniform continuity of f near J. O

Now, we define a version of Robinson’s d; metric for use in a neighborhood of a hyperbolic
set (Robinson’s definition of this metric for use on compact manifolds does not satisfy the
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triangle inequality in our setting). The idea here is to use iteration of the mapping f to
separate points as much as possible. However, because we restrict ourselves to a compact
neighborhood U of J, some technicalities arise.

Given U, dg as in Lemma 3.1, we choose 0 < § < dy. For a nonnegative integer n and
p,q € UFUUE |, define

n—1»
d(p, q) = min{d, sup{| f¥ (p) — f(q)] : 0 < j < n}}.
For p,q € UZ, define

do(p, q) = min{d, sup{| f*(p) — f*(q) : 0 < j}}.
For p,q € U, define

" r:iax{n,m}(p:Q) iprUni,QEUi,n,mEN, ’n_m’ < 1
d¥(p,q) = § dE(p,q) if p,q € U
0 otherwise.

For p,q € U, define dy(p, q) = max{d; (p,q),d; (p,q)}-

The following proposition shows that d; is indeed a metric, and that this metric can
be used to give a lower bound on the maximum distance between iterates within the set
U. For the remainder of the paper, we denote L(f) to be the Lipschitz constant of the

mapping f.
Proposition 3.2. dy is a metric on U and d¢(p, q) = d¢(f(p), f(q)) whenever p, q, f(p),

f(q) are all in U. If Ly > max{L(f|U), L(f~*|U)}, then for all p,q € U, there is an integer
n so that f7(p), f'(q) € U for j between 0 and n, inclusive, and so that |f™(p) — f"(q)] >

d¢(p,q)/Lo.

Proof. We show first that d}r is a metric. For each n a nonnegative integer or oo, d;f is the
supremum of metrics, hence is itself a metric. Hence d}r (p,q) > 0 with d}r (p,q) = 0 if and
only if p = ¢. Also, dj(p,q) = d;(¢,p). For the triangle inequality, let p € Uy, ¢ € Up,
and r € Ug. If [k —n| > 1 then df (¢,7) = 0, so df (p,q) < dj(p,7) + dj (r,q). Likewise if
|k —m| > 1. Thus we may assume |k —n| < 1 and |k —m| < 1.

If n,m < oo and |n —m| < 1, then without loss we may assume n > m, and hence
d}L(p, q) = df(p,q). If k =mn, then d}L(p, r) = dt(p,r) and d}L(r, q) = df(r,q). Since d}
is a metric, we have d}r(p, q) < d}r(p, r) + d}r(r, q). If kK =m, then d}r(p, r) =dt(p,r) and
d}“ (r,q) = d(r,q) < df(r,q), so again the triangle inequality holds since d;} is a metric.

If n,m < oo and |n —m| > 1, then d}r(p, q) = 0. However, in this case, there are two
possibilities. First, it may be that one of |n — k| or |m — k| is also larger than 1, in which
case the corresponding distance is 0 and hence the triangle inequality holds. Otherwise,
both |n — k| or |m — k| equal 1, and hence |[n —m| = 2. Thus we may assume n = m + 2
and k =m + 1. Then f™(q) € Uy, f™(r) € U}, and f™(p) € Uy . Hence from lemma 3.1,

df (p,r) +df (r,q) > d(f™(p), f™(r)) + d(f™(r), f™(q))
> d(f™(p), f"(2))

> 0.
Thus d}r(p, q) < d}_(pv )+ d}r(r, q)-
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If exactly one of n or m is oo, then dj(p,q) = 4, and r must have d}-distance § to at
least one of p or ¢ since either k is oo or it is not. If both n and m are oo, then either k is
not oo and r has distance d to both p and ¢, or £k = co and

di(p,q) = dl(p,q) < dl(p,7) +di(r,q) = df(p,7) + df (r,q).

Thus d}r is a metric on U. Likewise, d; is a metric on U. Hence d; is a metric on U.

The invariance of d; under f is clear from the definition of d;. The existence of n with
the stated properties follows from the fact that d;(p, q) is essentially obtained by taking the
sup of |f*(p) — f*(q)| over all j so that f*(p) and f*(q) are contained in UU f(U)U f~H(U).
The factor of Ly is needed to give the bound when f*(p) and f*(q) are not contained in
U. O

Here and throughout, we will denote the standard Euclidean metric as |-|, while reserving
|| - || for a metric defined on T'C?, in hopes of avoiding confusion.

Now that we have constructed the metric for use in our results, we consider another
question. As stated in Section 2, one can find a continuous splitting A* & A" over the
hyperbolic set J which is invariant in the sense given there. We now wish to extend this
splitting to a splitting over the neighborhood U of J. The splitting should be smooth, and
“nearly invariant,” with respect to the derivative maps D fy and D f, L

To be more precise, let m denote the projection map from A®* @ A" to the corresponding
base point in C?, and let 7* (resp. 7*) denote projection from A* & A" to A® (resp. AY).
Then we have the following proposition:

Proposition 3.3. Given € > 0, there exists a C™ splitting, E*® E", over a neighborhood,
U, of J, a constant 0 < 7 < 1, a continuous metric, || -||, on TC?|U, and p > 0 so that for
alln > 1 and all || < p,

max{||(w* D f)LE°|, [[(7“DfE |} < 7"

and

max{|[(7"D f)| (|, [[(w* D)) E"||} < e,
max{]|(7* D fa)| B[, ("D f ) E*||} < ™.

Moreover, this metric is invariant under multiplication by i in the natural complex struc-
ture of E and E,.

Proof. The first bound follows from hyperbolicity. The last two are proved in [R2]. We
recall the sketch of both here. Since f = f, is hyperbolic on J, there is a continuous
invariant (complex) splitting on J and a continuous adapted metric on C?, and this metric
can be chosen to respect the complex structure on A® and A", i.e., both the estimates given
above hold on J with 0 in place of €**. This splitting extends to a continuous splitting in
a neighborhood, U, of J. By restricting to a sufficiently small neighborhood of J, the two
estimates above hold with €*/3 in place of €. By approximating this splitting sufficiently
closely with a differentiable splitting and possibly increasing 7, the estimates hold with
€*/2 in place of €. Finally, since f, depends holomorphically on A, Theorem 7.1 of [HP]
implies that there exists p > 0 so that if |A\| < p, then fy is hyperbolic on J, and that the
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first estimate applies to f) (again possibly increasing 7). The remaining estimates follow
from continuity. U

Without loss of generality, we may assume that if v € E;@EY, then |v]| = max{||75v]], |7 v }.
Given r > 0, let E*(r) (resp. £*(r)) denote the disk bundle of radius r in E" (resp. E?)),
that is, the vectors v € E* with |v| < r. We now give some definitions.

Definition 3.4. Fiz p € U, and define a linear map T, x : E; ® £ — ESo @ £ by
Toa(v) = ch(p)(Dpf)\)W;U + T ) (Dpf)\)ﬂl‘jv.
Define T;f\s = /5T, 5.

Note that the mapping T}, , is diagonal on the tangent space 7),(U) with respect to the
splitting 7,(U) = E; @ E. Moreover, proposition 3.6 below shows that this mapping
approximates D,f — .

Since the tangent space of C? at a point p is naturally equivalent to C?, we can regard
the exponential map at p to be translation by p. That is, exp, : T,C* — C? is given
by exp,(v) = p +v. With this, we make the following definition, which corresponds to
applying f = f;y to the base point and f) to a stable or unstable disk.

Definition 3.5. Define
for = exp}?(lp) ofxoexp,
and
Tk =75ty © Jon.

Proposition 3.6. Given f\ and U as above, there exists p > 0 and C' > 0 such that if
|\l < p, then the Lipschitz constant of fox — Ty on Ej(r) X Ep(r), satisfies

L(fp’)\ - Tp,)\) < e + Cr
and so that if v € E*(r) x E*(r), then

[fpa(0) = Toa(@)[ < [[fa(p) = fo(p) [l + (e + Cr)ffv]].

Proof. Choose p as in Proposition 3.3. The definition of T}, y and the Taylor expansion of
fp imply that if v € E%(r) x E%(r), then

(3.2) (for = Tpa)(v) = fa(p) = fo(p) + (Dpfs = Tpa)(v) + H(v),

where ||H(v)|| < Cljv||* for some C' > 0 depending only on r and p. The last estimate
of the proposition follows immediately from this using Proposition 3.2 together with the
definition of 7}, \. The Taylor expansion of H implies that if |jv; ||, ||va]| < 7, then ||H (v;) —
H(vs)|| < Cr||vy — v for some possibly larger C| still depending only on r and p. Let
Gpr = for — Tpa. Then (3.2) and the estimate on H imply that

1Gp(v1) = Gp(v2)|| < [(Dpfn = Tpp) (w1 — v2)|| + Crlvr — vel|.
Hence by Proposition 3.3, L(f,x — 1) < € + C'r-. O
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We now consider the graph transform, and construct the semi-invariant disk families
for use in constructing the conjugacy. For future reference, let L(f)) denote the Lipschitz
constant of the mapping fy under the standard Euclidean norm, and let L;(f\) denote the
Lipschitz constant with respect to the dy metric. Write D;f as the derivative of f with
respect to the j™ variable.

Definition 3.7. Givenr,p>0,0<rq<r, and 0 <7 < 1, let D" = D"(r,rg,p,T) be the
family of continuous maps A : E*(r) x D(p) — E*(r) such that the following hold:
(1) For each fived p € U, A maps E}(r) x D(p) to E>(r), and is holomorphic on this
set.
(2) A is smooth on E)(r)|V x D(p) for each V disjoint from J~, and
(3) Apa = A[E}(r) x {A} satisfies L(Apx) < 7 and ||ApA(0)|| < 7o for each p € U,
A eD(p).

The topology on D" is that induced by the supremum norm.

Let A, denote the graph of A : EY(r) x {\} — E5(r), viewed as a subset of C?. That
is, the graph in T,C? is considered as a subset of C? via the exponential map, exp,. We
define a norm on such maps via the sup norm over E*(r) x D(p).

Later, in proposition 3.13, we will construct a semi-invariant A. Once this is done, the
graph An » should be viewed as a local unstable manifold for f) that moves holomorphically
as A varies (and hence as fy varies). In general, this graph will not contain the point p
except when A = 0. If p = pg is in J and p, is the corresponding point in J,, then the
graph An A will pass through the point py. We will construct the conjugacy from f to fy
near J by mapping p to the intersection of the corresponding stable and unstable disks
An A and A; - In order for this procedure to work correctly, we need to be able to make
these disks semi-invariant under fy.

To construct an appropriate family of stable and unstable disks near J, we use the
same outline as that used by Robinson. That is, we first construct the unstable disks
in a neighborhood of a fundamental domain of the form U\ f(U), where U is a small
neighborhood of J, then use a graph transform and contraction mapping argument to
extend to U.

We define the graph transform on these holomorphic motions as follows: we apply f\
to the disk and f to the base point. That is, ((ff)(A))n,\ is obtained by taking Af—l(p))\,
applying fx to this graph, then expressing the image as a graph over E}(r) (See Figure 3).

Definition 3.8. Given A € D* and p € f(U), define ((f7)(A))px to be the function
A7 Ey(r) — Ej(r) such that the image under exp, of the graph of A s equal to

B p1)0).

Definition 3.9. Let Uy = Uy UUy, fix a map X € D that is invariant under f# when
restricted to Uy. Le., if p, f~X(p) € Uy, then Zﬁ)\ = Y, . Let D denote the maps in D*
that equal X when restricted to Uy.

A priori, it is not clear that D}, is nonempty; we shall prove this below (proposition 3.12).
Assuming this for the moment, we first define the graph transform f# : D¥% — DY by using
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S S
Eq Ep
N
3 :Aq.)\ | 1
N 3 o
l : /:/’\\;/f)\(Aqx)
| a | E: | P | E:

F1GURE 3. The graph transform illustrates the idea, alluded to in the in-
troduction, of “applying f\ to the graph, but f to the base point”. Here,
q = f~!(p), and the dotted lines denote the set E(r).

the graph transform as above to define Aﬁ)\ for p € f(U), then defining Aﬁ)\ = A, for
p € Us. We now show that this graph transform is a contraction on Dy.

Proposition 3.10. For ¢ and r sufficiently small, rq < r sufficiently small, and some
p > 0, the graph transform ff is well-defined and a contraction on Dy;. Hence there is a
unique fized point.

Proof. We use a slight modification of the ideas of Hirsch and Pugh. Choose € € (0, (1 —
7)/3(1+7)). Then 74+3e < 1,7 ' —€e > 1, and (7+¢€)/(1— 7€) < 1. Using Proposition 3.6,
choose U, €, the splitting, r, and p small enough that €¢* + Cr < e. Choose 19 < r
small enough that ro + r7 < r and (7! — €) — 2erg > r. If needed, decrease p so that
| fa(p) — fo(p)|| < er for all p € U.

Form Dy with these constants, and let A € Dfy and p € U. Then A, : Ep(r) x D(p) —
Es(r).

Define T') \(v*) = A, (v") + v*. Since L(A, ) < 1 and the norm on E, is the max of
the norms on E5 and £}, we see that L(I', ) = 1. Consider the components of the graph

P
transform of A:

Upa(v") = ;L,,\Fp,/\(vu)a
and
Ppa(v") = f;,/\rp,A(Uu)'

Then W, : Ej(r) — By, and @, : Ej(r) — Ej}
q)f_1(p)’)\‘1/;_11(p)7)\ is well-defined.
Since T}, ) is diagonal with respect to the splitting, 77/, I', x — T}, is identically 0. Hence

using Proposition 3.6 plus properties of Lipschitz constants as in Proposition 1.3 of [HP],

- We need to show that Aﬁ)\ =
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we have on E*(r) that

(fp,)x - Tp,)\)L(Fp,)\)

<
<
<"+ C0r<e

(3.3)
Hence by the Lipschitz inverse function theorem of [HP],

L((Wp)™") < [LUT) ™)™ = L(Tpr = o) < (771 =)
By the size estimate of [HP], we have
(3.4) U, A(Ey (1) D Efy(r(77! =€) + ¥,(0).
However, W, ,(0) = fy,A,x(0) € fi\(E;(r0)). Since T\ (v) = 0 for v € E;(ro), we have
by Proposition 3.3 that

[foa@)I < 1 fpn(v) = Tyx(v)]]

< [I/a(p) = o) + (€ + Cr)|v]]
(3.5) < 2ery.

Since (77! — €) — 2erg > 7, we have

V(B (1) D Ef (r)-

rll“hus, oL EY,(r) — Ej(r) is well-defined with Lipschitz constant at most (77! —¢)™! <
Thus, writing Aﬁ/\ = (ff(A))pa, we define

A# B AP7>\ 1fp - Uf
pA T (I)ffl(p),)\\p;fll(p))\ ifpeU\Uj.

The invariance of A on Uy and the estimates given above imply that Aﬁ)\ is well-defined
as a map from E}(r) to E;(r). Also, since @, = f5 ',y and I, \ has Lipschitz constant
1, we have

(3.6) L(®,,) < L(T;)\) + L(f;A —T5\) <T+e
Hence, L(A# Y<(t+e)/(t7 =€) < Tif pe U\ U, . Moreover, A¥ is continuous and is
holomorphlc on E(r) x D(p) for each fixed p.

To show that A% is in DY, we need only to show that ||A2%)\(O) | < rgforeachp e U\Uy
and A € D(p). The relation in (3.4) implies that if ¢ > 0 and ||¥, ,(0)|| < ¢(7~! — €), then
Uy (E;, (1)) contains EY (t(r7' —€) — | ¥, (0)]]), and hence ||\Il;§(0)]| < t. The minimal
such ¢t is t = || ¥, (0)||/(77" —€). From (3.6), we have || ¥, (0)|| < 2ero. Hence

2erg

67 ;A0 < 2
Also, since @, 3(0) = f, \(Ap1(0)), we have
[P (O] < [T A (Bp O+ 1(Fyx = To ) (Ap AN < 770 + €ro.

_e'
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Hence by (3.6) and (3.7),

1@y 0 (T, (O] < [[@pa(0)]| + L(Dy0) (¥, 5(0)]]
T+ €e)rg + (T 4+ €)2er(77 — )7t

<
<
< (7 4+ 3€)ro < 1o.

Thus, A# is in DY.

To show that the graph transform is a contraction on Dy, let Ay, Ay € Dy. Then,
dropping p, A for clarity, and using ¥, ®; to represent the coordinate functions for A;, we
have on £(r) that

AT — AT < 12107 — @ 05| + [|21T5" — &, 05|
< L(®) |07 = W3 + || @1 — o]

To continue, note that by Proposition 3.6 and the definition of T, we have L(f*) <7 + .
Since ®; = f*(v+A;(v)), we have L(®1) < 74+e€ and || P —Do|| < (7+¢€)|| A1 —As]|. We use
this together with Proposition 1.4(b) of [HP], which implies that |¢~'—h~!| < L(g™')|g—h
when ¢ and h are invertible maps between vector spaces. Hence

AT = AT < (7 + LW W1 = sl + (7 + )| A1 — A
<(TH (T =)W1 = Uy + (7 + )| A1 — Ay
Also, by Proposition 3.6 and the fact that 7% E® = 0, we have
Wy = Wl < [[(f* = T) (v + As(v)) = (f* = T) (v + A(v))]]

< €A1 — Ay

Hence

T+ ¢€)le+ T —¢

af - ag) < CENLTT A gy
T+ €
=T lAr = Aql.

Since (7 4+ ¢€)/(1 — 7€) < 1, we see that the graph transform is a contraction. Since D}, is
closed, there is a unique fixed point. O

In order to show that the map defined by taking the intersection of stable and unstable
disks is a homeomorphism, we need to know also that the fixed point of the graph transform
is Lipschitz as a map on all of E* and not just on each fiber. That is, following Robinson,
we regard E" and E® each as subsets of U x C? with the natural embedding and define
a metric on E* by d;((p,v), (¢, w)) = max{d;(p, q), |[v — w||}. Note that f is an isometry
under dy.

Proposition 3.11. Suppose that ¥ € D" is invariant under f# on U; and that L(Xy) < Lo
on E"(R) for some Ly > 1, R > 0 independent of A\. Then there exists L > 0 and
sufficiently small €%, r, ro and p such that the fized point, A, obtained by the previous
proposition, satisfies [|Ax(p,v) — Ax(q,w)|| < Ldg((p,v), (¢, w)) whenever v € E)(r), w €
EY(r), |\ < p, and |p —q| < 2r.
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Note: As in [R2], it is possible to show that the fixed point actually has global Lipschitz
constant L.

Proof. Choose € as in the proof of the previous proposition and so that (7+5¢)(1+6¢eLg) < 1.
Choose U, €, r, ry and p as in the previous proof. In the rest of the proof, we decrease r
and p a number of times, but in each case we can then decrease ry and p again in order to
preserve the relations from the previous proof.

Cover U by finitely many open balls, {U ;}, so that in each Uj, there is a smooth trivializa-
tion of E%/*|U; to U; x C given by (p,v) — (p, U;L/s(p, v)) so that each a;-”/s is a holomorphic
linear isometry on each fiber. Define a norm on U; x C as the max of the usual norm on
each factor. Let o stand for either o or o®. Since o;(p,0) = 0, for € > 0, there is r small
enough that if v € E}(r), then |Dio;(p,v)| < ¢, hence |0;(p,v) —0;(q,v)| < €[p—q|. Using
the fact that [p — q| < d¢(p, q), we have for v € E}(r), w € E(r), p,q € Uj, that

l0j(p,v) — o5(q, w)| < |oj(p,v) —0;(q,v)| + |oj(q,v) — 05(q, w)]
< eds(p,q) + |lv — w].

Hence o; has Lipschitz constant at most 1 + € on E"(r)|U;. Likewise we may assume
(p,v) — (p, (0;,) " (v)) has Lipschitz constant at most 1+ e. Hence for the remainder of
the proof, it suffices to use local coordinates given by the 0;-‘/ °. Thus, we identify E“|U;
with U; x C. Then all previous estimates on Lipschitz constants on fibers remain the same,
but now we can subtract vectors lying above different base points in the same U;. In these
coordinates, ¥ has Lipschitz constant at most Lo(1+2¢). Hence we replace Ly by Lo(1+2¢)
and show that the resulting fixed point has Lipschitz constant L = Ly. Also, we use the
fact that if f and g are functions of two variables and are Lipschitz using the maximum of
the distance on each of the two factors, then L(f(Id,g)) < L(f)(1+ L(g)).

Let 6 > 0 so that if |[p — ¢| < d, then there exists j so that p,q € U;. Decrease r if
necessary so that if p,q € U and |p — q| < 2r, then |f*(p) — f*(q)| < § for k = —1,0 while
if |p—q| < 2r and f~!(p) € U, then p,q € Us. For the remainder of the proof, assume
lp—q|l <2r,p,q €U ve E(r), we Ey(r), |\ < p.

As in the proof of Proposition 3.6, let G}(p,v) = f;,(v) — T}!\(v), although now in the
local coordinates. Note that G* is smooth in p, A, v. Also, since f((0) = T,(0) = 0, we
have G§(p,0) = 0, independent of p, hence D;G}(p,0) = 0. Hence for r and p sufficiently
small, we have |D;GY(p,v)| < e. Using Proposition 3.6 we have

< €lp—q|+elv—w|
< 2eds((p,v), (q,w)).

Then with the same estimates as (3.3) only applied with varying base point and using the
Lipschitz bound on ¥, we have L(V, — TV) < 2¢(1 + Ly).

An estimate similar to that for G* implies that if p is sufficiently small and » € EJ,
y € E}, then

(3.8) Ty, (x) = T3 ()| < 7lo —y| + eds(p, q),
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and if also r is sufficiently small then
T3, (0) = Tig(w)] = 77 v — wl| — edy (p, q).
Hence
[Wpa(v) = Woa(w)| = [Ty (v) = TE\(w)] = |Gy Tpa(v) = Gy aIpa(w)]
> 77 v —w| — eds(p,q) — 2¢(1 + Lo)dys((p,v), (¢, w))
> (771 = 2€(1 + Lo)) v — w| — 3e(1 + Lo)ds(p,q).
Let x = ¥, \(v) and y = ¥, y(w). Then this last inequality and Ly > 1 implies that
|z =yl > (77" — deLo)| W, \(z) — W, \(y)] — 6eLods(p, q),
or, using the fact that 771 — 4eLy > 1,
U5 (2) = U W) < |2 =yl + GeLody (p, 9).
Next, since v € EJ ,, we have T7,(v) = 0. Let
dy = ds((p,v), (¢, w)) dy = dg((p, v+ Zpa(v)), (¢, w + Bga(w)))-
Then using (3.8), we have
|[PpA(v) = Poa(w)] = [f5A(v +Zpa(v)) = foa(w + Ega(w))]
< [TpA(Epa(v) = T7A(Bga(w))]
G AW+ Zpa(v) = Goa(w + Xga(w))]
< TLOd1 + Edf(p, Q) + 26d2
(TL() + €+ 26(1 + Lo))dl
(T + 5e)Lody

Hence, for the partially invariant ¥,

<
<

‘Zﬁx - Z]%A‘ = @f—l(p),A‘I’;—ll(p),,\(”) - éf‘l(q)A‘I’;—ll(q),A(w)‘
< L((I’A)df((fil(p)a \D;—ll(p),x(v))a (f (), \I/;—ll(q),)\(w)))
< (7 + 5€) Lo max{ds(p, q), |v — w| 4+ 6eLods(p, q) }
< (7 + 5€)(1 + 6eLo) Lod ((p, v), (g, w)),

whenever f~1(p), f~'(¢) € U. By choice of ¢, this Lipschitz constant is less than L, hence
each iteration of the graph transform of > has Lipschitz constant at most Ly on the set
where f~1(p), f~'(q) € U. If p and ¢ do not satisfy this, then p,q € U; by choice of r. In
this case, X% = ¥ and has Lipschitz constant at most Ly by assumption.

Thus, each graph transform of ¥ satisfies the Lipschitz condition of the proposition and
is invariant on Uy. Hence the limit function, which exists by the previous proposition, also
satisfies the condition of the proposition. O

Note that the proof that the limit function is Lipschitz relies heavily on the fact that f
is an isometry with respect to the dy-metric. This shows up in the last set of inequalities
when we change to the distance between p and ¢ from the distance between their inverse
images. If we used the usual distance, this would introduce an extra factor of 7!, which
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would yield a Lipschitz constant larger than Ly. Note also that since the fixed point, A, is
bounded by r, it has global Lipschitz constant at most max{2, Lg}.

Using this, we obtain the following proposition.

Proposition 3.12. Let f\ be a one-parameter family of hyperbolic polynomial automor-
phisms of C? depending holomorphically on X € D and satisfying the conditions of propo-
sition 3.3 for some T < 1. Then there are a neighborhood, U, of Jy, a smooth splitting
E* x E* over U, r, ro, p, and elements A* € Di.(r,ro, p,7), A® € Df (1,10, p, T) which are
invariant under ff and (fy1)#, respectively. Moreover, we have that Au/s( 0) =0 for

each p € U, and there is L > 0 so that for each fized |\| < p, L (Ai/s) < L onUx EY(r).

Proof. Given the preceding propositions, it suffices to show that there exists an element
of the set D (r,ro, p,7) that is Lipschitz and invariant under ff on Uy, and likewise for
D;;(r,ro, p, 7). This uses the same ideas as those in [R2] (see section 4), which we recall
here. The set D = Uy \ fo(Uy ) is a fundamental domain for points in U \ J~. Le., each
point in U \ J~ has at least one preimage in D and exactly one preimage unless some
preimage is contained in B = D N fo(D). Moreover, B and f;'(B) are disjoint. Let
Ny and N; be neighborhoods of f;*(B) and B, respectively, so that their closures are
disjoint. Define Z;j’/\(v) = 0 for p in Ny and apply the graph transform ff to define 37 |
for p € fo(No) N Ni. The same estimates as in proposition 3.11 imply that L(X},) < 7.
Let x be a cutoff function with support in fo(Ng) N N7 and equal to 1 in a neighborhood
of B. Define ¥ on D by x(p)Xy ,(v). Extend to a neighborhood of U; by applying ff
again. Finally, use another cutoff function equal to 1 on Uy and with support contained in
the neighborhood of U; where ¢ is currently defined. Then £* € D¥ and is smooth with
compact support, hence globally Lipschitz, and still L(Z;)\) < 7. Hence the previous two
propositions imply that there exists A" € Dy, which is invariant under ff and is globally
Lipschitz. Replacing f with f~! gives the corresponding result for A, 0

In the end, the conjugacy between fy and f will be obtained by mapping the point p to
the point of intersection between the graphs of A7y and A7 ,. In the following proposition,
we determine some of the properties of this map Later We will show that with the d;
metric, this map is a homeomorphism.

Proposition 3.13. Let A C C? and let v > 0. Suppose A¥* : A x D(r) x D — D(r) is
continuous and is holomorphic for (u,\) € D(r) x D for each fized p € A. Suppose also
that there are a metric, d, on A and constants K > 0 and 0 < 7 < 1, such that if p € A,
u,v € D(r) and X\ € D, then
|Au/s(p> u, )‘) - AU/s(qu U, )‘)‘ < K(d(p, Q) + ’u - U’):
A (p,u, ) = A (p, 0, N)] < Tlu — o],

Finally, suppose that A**(p,0,0) = 0 for each p € A. Write Au/s( ) = A%3(p,v, ). Then
there is p > 0 such that for all |\| < p there is a unique point vp( ) satisfying

vp(A) = p,,\( p,/\(vp(/\)))'
Moreover, v,(X) is holomorphic in X for p € A fized, and is continuous in the usual metric
on A for \ fived, and there exists C' > 0 such that for |\| < p,
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(1) (vp(A), A7 \(vp(N))) is the unique point in the intersection of the graphs {(v,w) :
w= A3,(0)) and () s v = A ()}

(2) lepN)I'S CIA| for all p € A

(3) |vp(A) —vg(N)| < Cd(p, q)|A| for all p,q € A.

By symmetry, the same estimates apply if we interchange A" and A®.

Note: The same result holds with the same proof if A € D is replaced by A € D* and
derivatives with respect to A are replaced by gradients with respect to A.

Proof. The assumptions on A%* imply that v,(0) = 0 and |DyA%*| < 7 < 1. Hence, we
may shrink r and the domain of \, then re-scale in A to assume that A%/* is continuous on

A x D(r) x D and maps into D(xr) for some xk < 1. Let p < 1.
The point (v, w) is in the intersection of the graphs as in (a) if and only if v = A} AS | (v)

and w = A? (v). Since |AZ//\S(U) - AZ’/;(U” < 7|u — v|, the contraction mapping theorem
implies that v, () exists and is unique for each fixed p and A. The implicit function theorem
implies that v,(\) is holomorphic in A for p fixed. The contracting map theorem [HP, 1.1]
implies that v,(\) is continuous in p for A fixed.

In the following, we use C' to indicate a positive constant that may increase from line to
line. That is, on a given line C' is chosen large enough to satisfy any previous conditions
plus any conditions required for the current line. Unless stated otherwise, all estimates are
for p,q € A, v,w € D(r), |A\] < p. Also, several times we use the inequality |ab — a't/| <
|al|b—b'] +[]|a —d|.

Let ¢,(v, ) = AV AP ((v). Then ¢,(v, A) is continuous in p, v, A and is holomorphic in
v, A for fixed p. Moreover, | Do A%*| < 7 implies that | D¢, (v, A)| < 72. Also, since

1 $p(v, €)
D A) = — R2nd
00 = 57 [ S
and |¢,| < r, we have | Dy, (v, \)| < /(1 — p). As noted above, v,(A) — ¢,(v,(N), A) = 0,
so taking the derivative with respect to A and solving gives

, (D26,) (0, (V). N
(39) N = T D) (o (0. A

Thus, v,(\) satisfies this differential equation in A, with initial condition v,(0) = 0. Using
the bounds on |Dy¢,| and |Dy¢,| and integrating from 0 to A, we get

==

op(A)] < Al < CIAL

Thus property (b) holds.
For property (c), first note that two applications of the Lipschitz assumption on A%/*
imply that

|¢p(“v A) — ¢q(wv N < Cd(p, q) + v —wl).
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Also,
1 , Q) — ¢g(w,
Daty0.) = Dayw W < 5 [ |20 g
C
Likewise, letting ¢, = ¢,(C, ), we have for |v|, |w| < xr that
! b 2
’D1¢p(U7A)_D1¢Q(w7)‘>’ S % \/8]]])(7‘) (C _ ’U)2 - (C — w)2 d‘d

1

= (I )t
C i -

< st (6P, =G+ 20 =

+ ‘épw2 - éqUQD d|¢|

r*Cd(p, q) + 2r(rlv — w| + rCd(p, q))

| = wh, = =0,
oD(r)

2mrC (
—ri(l - k)*
+ (rlv® —w?| +r2Cd(p,q)))
< C(d(p,q) + [v —wl).

Write D¢, = Dj¢,(v,(A), A). Then

D2¢P D2¢q 1 1
1= Digy - D1¢, = ‘D2¢p‘ 1—Di¢, 11— D19,
1

+ 1= Do, | Doy — Doty
r 1

ST p g e

1 C

+ 1—72(1—p)? (d(p,q) + |Up()‘) - Uq()‘)D

< C(d(p, @) + |vp(A) = vg(N)]).
Using this with (3.9), we have

MMM—%OHSA\%@—%KWM!

gwmmw+40mw—%@wm

For fixed A and ¢ € [0, 1], let hy, 4(t) = |v,(tA) — vy(tA)|. Then

t
hyo(t) < Cd(p, q)| At +/ Chy 4(s)ds.
0
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Gronwall’s inequality implies that
t
hpq(t) < Cd(p, )|t + Cd(p, q)| | / Cexp(C's)ds.
0

Hence
[Up(A) = vg(A)| = Ry y(1) < Cd(p, q)|Al,
so property (c) holds. O

We may now give a proof of Theorem 1.1:

Proof. Given fy and the semi-invariant disk families A*/* as in 3.12, cover U with finitely
balls as in 3.11 to get local trivializations of E* and E°. In these local coordinates, the
disk families satisfy the conditions for proposition 3.13 with d = d;. Let ¢(p) be the
intersection of the graphs of the disks A%, and A? in the original splitting TC?*|U =
E® x E", given by proposition 3.13. Since the metric from proposition 3.3 is equivalent to
the standard metric, and since the local trivialization is bilipschitz, proposition 3.13 implies
that there is a constant C' > 0 so that in the usual metric on TC?, |¢(p)] < C|A| and
[9A(p) — da(@)| < Cdy(p, q)|Al-

By abuse of notation, let ®,(p) = p + ¢(p), where '+’ stands for the standard expo-
nential map. Since the disk families are invariant under the graph transform, ®, gives a
semiconjugacy. That is, the point of intersection of Ag 5 and A; , 1s mapped by fy to the

point of intersection ofA ) and Af( ). Hence, Hr®a(p) = @5 f(p), so fﬁ@A(p) = ®, f1(p)
whenever both sides are deﬁned
Then following the ideas of [R2], we have

Ip —al <[®x(p) — Pa(q)| + [a(p) — da(9)],
hence

|Pa(p) — Pa(q)| > [p — gl — Cdg(p, q)| Al

Let Ly be the max of L(f|U) and L(f~!|U). Reduce p so that Cp/Ly < 1.
Let p,q € U. By proposition 3.2 there is n so that f7(p) and f7(q) lie in U for j between
0 and n and

1f"(p) — [ (@) = dy(p,q)/ Lo = ds(f"(p), f"(q))/ Lo
Then,

|22 (f"(P)) — @A) = [f"(p) = [ (@) = Cpds(f*(p), [™(a))
> [f*(p) = ["(@)|(1 = Cp/Ly).

Thus @, (f™(p)) = PA(f™(q)) exactly when f™(p) = f"(q). By the semiconjugacy property
and the fact that f is injective, we see that ®, is injective. Also, shrinking U if needed, &)
is continuous on the compact set U, hence is a homeomorphism. Finally, the smoothness
part of the definition of D*# implies that ®, is smooth outside J* U J~. 0
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U M

FI1GURE 4. The conjugacy ®, was constructed on U in section 3. The con-
struction on the sets M™* is given by proposition 4.1. It is then defined on
a fundamental domain, first on the shaded region and then across the set
C. Here, Dy and f(Dg) are denoted by solid lines, while Vz and f(Vg) are
bounded by dotted lines.

4. GLOBAL CONJUGACY

We now use the conjugacy in a neighborhood of J to construct a conjugacy on all of C?
and prove Theorems 1.2 and 1.3. The conjugacy will be constructed in numerous parts
over a fundamental domain V', with the exception of a compact set C. Figure 4 describes
the sets in question:

Our first goal is to construct an extension of such a conjugacy in a neighborhood of all
of J*. Essentially, such a conjugacy is already predetermined. To see this, we note that
we have already constructed a conjugacy in a neighborhood U of J (section 3). Let

M= ).
n=0

The idea is simply to iterate fy enough times so that we land in U, apply our conjugacy,
and then iterate by f} ! to return. More precisely, we have the following proposition:

Proposition 4.1. Suppose that {f\} is a family of hyperbolic polynomial automorphisms
depending holomorphically on the parameter A\, and let Jy be the associated Julia sets. Let
U be a neighborhood of J = Jy, and suppose that, for |\| < p (where p is sufficiently small),
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there are homeomorphisms @y defined on U satisfying the relation @ fo = fA®x. Then, for
the neighborhood M™ of J* defined above, there are extensions of these homeomorphisms
to @y defined on M™, so that ®yfy = [LP,.

Proof. We define @, as follows: given any p € M™, define n, € N U {0} to be the smallest
such number so that f;? € Uy. Then, for any p € M*, define ®\(p) = fy P fy" ().
This map is well-defined for all p € M. Furthermore, it is continuous and injective. The
arguments are similar to those in [R2]; we give them for the reader’s convenience.

To see that @, is continuous, note that for € > 0 sufficiently small, we have that f,*(q) €
Up if |¢ — p| < €, and hence we must have for any such ¢ that n, < n,. Since @, is a
conjugacy on U, we have f, "®,f;"(q) = fy "®rfy"(q). Hence, continuity follows, since
all of fy, @y, and f, L are continuous on their respective domains.

To see that @ is injective, let p,q € M™, and define p = @) f;7(p) and ¢ = P, f3(q).
If n, = ng, there is nothing to prove, so without loss of generality, suppose that n, > n,
and write n = n, —n,. If ®\(p) = ®,(¢), then we must have f, *(p) = f, “(¢), and
so fY(q) = p. Hitting both sides of this equation with @;1, and using the fact that
O fr = fo®y! on Uy, we have fr®;'(G) = ®,'(p). But this yields f,7(p) = f5"(q), and
SO p = q. O

We now prove Theorem 1.2:

Proof. Proposition 4.1 defines ®, on M ™, and a nearly-identical procedure will construct ®,
on M~. The smoothness of @, on an open set not intersecting J;"U.J; follows immediately
from the construction of @, on the set J (recall the definition of D* from definition 3.7),
plus the holomorphicity of fy. O

Now, with this extension ® to M T UM~ in hand, we begin the process of extending this
conjugacy to all of C2. The goal here is as follows: we will define a holomorphic motion
which has controlled behavior as |p| — oo. We do this by constructing a holomorphic
motion on a connected, unbounded set which sends certain (complex) lines to themselves,
in a sense to be explained later. We then use the Bers-Royden extension for one-variable
motions, together with the dynamics of the given polynomial automorphisms, to extend this
motion to a conjugacy which is defined on some fundamental domain, with the exception
of a compact set C'. We extend to this set C' via cutoffs, and use the dynamics to extend
the resulting conjugacy to all of C2.

Let R > 0, and define the sets D = {(x,y) € C*: |2| = |w| and |z| > R} U {(z,y) €
C?: |z| = R and |w| < R} (see Figure 4). We prove the following:

Lemma 4.2. For the holomorphic family of hyperbolic polynomial automorphisms {fx},
let {®)} be the conjugacies on M as given by Proposition 4.1. Then, for a fited R > 0
sufficiently large, there are neighborhoods Vi C Va of J* N Dg and a holomorphic motion
{K\} defined on D UV, so that Ky = Id on Dg\Vy and Ky = ®) on Vi (after possibly
shrinking |\|).

Proof. We choose the neighborhoods V; and V5 so that V; C Vi CcVy CVy, C M*. Choose
a C° function pu : C? — [0,1] so that u = 1 on all of V;, but the support of u lies in V5.
Now, if the set V5 is chosen small enough, there is a single n € N so that we can write the
homeomorphism given by theorem 1.2 as f,"®, fj. Let € > 0. From the proof of theorem
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1.1, for any point p € U, we can write ®,(p) = p + ¢a(p), where |pr(p)| < € and L(¢y) < €
(if |A] is sufficiently small). Similarly, the mappings f, " f}' can be made arbitrarily close
to the identity, in the sense that f," fi'(p) = p + gx(p), where g, and L(g,) get arbitrarily
small as |A\| — 0. But our homeomorphism is simply f,"(f5 + ¢af). Thus, we can write
this map as Id + ¢y, where |$,| and L(¢,) can be made arbitrarily small by shrinking |\|.

Now, for any p € Dy U Vs, we define Ky(p) = p + u(p)dx(p) (with the obvious inter-
pretation if p ¢ V5). By a Lipschitz perturbation argument, for all fixed A with |\| small
enough, these mappings are both continuous and injective, and hence K is a holomorphic
motion. U

Now, fix R as in lemma 4.2 and fix 0 < ¢y < 1; our interest is when ¢y ~ 1. Define the
set

Ve= |J ({z=cw,|w|>R}U{z=cR,|uw| <R}
Co<|C‘<%
Our goal here is to construct a holomorphic motion on (complex) 1-dimensional lines
by considering the intersection of sets of the form {p € C? : my(p) = w} with the set

r({z = cw}), for ¢ as above, while taking the motion to be the identity on V.
We need the following lemma:

Lemma 4.3. Fiz 0 < co < 1, and let {f\} be a holomorphic family of Hénon maps. Then
there exist constants R > 0 and p > 0 such that for the set Vi defined above and all |\ < p,
we have that f\(Vz) N Vz = 0.

Proof. We write f(z,w) = fi---f,, where fi(z,w) = (w,p;(w) — a;2), for p; a monic
polynomial of degree m; > 2 and |a;| # 0, i = 1,---,n. Choose a single R so that if
lw| > AR, and if either of |w| > colz|, or |z| < %é are true, then |p;(w) — a;z| > 3|wl|?
(¢ =1,---,n). Define R = max(%, R). Our goal is to construct a filtration for a single

Hénon map, and apply induction to complete the proof.
Thus, let f(z,w) = (2,0) = (w,p(w) — az). We identify three cases (which contain all
points of V).

Case 1:
Suppose that |w| > ¢o|z| and |w| > ZR. Then

0] 2 Shwf’ > Ll = Az,

0 €0
Thus, (Z,w) € Vr. Note that |@| > ¢o|Z] and |w| > 2R, so that the point (Z, ) once again
falls into Case 1.

Case 2:

Suppose that |z| < éR and |w| > R, but |w| < co|z|. Then, we see that |@| > §|w[* >
éR, while |Z| = |w| < ¢o|z| < R. Thus, (Z,w) € Vg. Note that |w| > ¢o|z|, and that
|| > 2R, so again the point (Z,w) falls into Case 1.

Case 3:
Suppose that |w| < coR. Then, it is clear that |Z| = |w| < ¢ R, and again (Z,w) & Vx.
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Here, if |@| > R, then |@| > co|Z| (so (2, w) falls into Case 1), while if |@| < ¢oR, then
(Z,w) falls into Case 3.

This completes the proof for a single mapping. For a general f as above, one can simply
apply each map f; individually. Finally, since the sets Vg and f(Vg) are open, any mapping
[ sufficiently close to f must also satisfy the conclusions of the lemma. 0

Now, we construct a holomorphic motion on the set fo(Vz). For any ¢ € C, we define the
sets X. = {p € C?: p = (cw,w)}, and again, our interest will be in those ¢ with |c| ~ 1.
We also define Y,, = {p € C? : my(p) = w}. For the set {f,}, we assume that all mappings
have degree d in the second component.

Lemma 4.4. There exist constants ¢y € (0,1), p > 0 and W > 0 so that for all ¢y <

le| < X, |\l < p, and |w| > W, the sets f\(X. N Vg) intersect Yy, transversally for all

co’
|wo| > |wo|. Moreover, f\(X.) N Yy, has d distinct intersection points.

Proof. We consider first the mapping fo(z,w) = (p1(z,w), w? + pa(z,w)). We note that
deg(p;) < d for i = 1,2. Our interest here is in the second component, which we write
P.(w) = w? + py(cw, w) on the set X.N Vz. We have the equation

0 0
b2 z=cw T P2 ’z:cw-
0z ow

Consider first ¢ = 1. By degree considerations, we can choose R > 0 so that for all
points (z,w) € Dg with z = w, we have P{(w) # 0. Thus, we can choose W > 0 such
that for all |we| > W, P;(w) has a nonempty, transversal intersection with the complex
line w = wy. Moreover, there are d distinct points of intersection (since the polynomial
equation Pj(w)—wp = 0 has roots of multiplicity greater than 1 only if both P;(w)—wy =0
and Pj(w) = 0). Now, we have

Pl(w) =dw™" +¢

Thus, given 0 < ¢y < 1, this argument plus compactness implies that there is a W > 0 so
that for all ¢y < |c] < %, the mappings P.(w) have a nonempty, transversal intersection
with the complex lines of the form w = wy, (since the dependence on ¢ is continuous).
Finally, compactness again implies that there exists p > 0 so that for all |A\| < p, the
intersection remains transversal, with d distinct points.

O

We now define our holomorphic motion K on the sets S = {p € fo(VRg) : |m2(p))| > |wol},
where wy € C is as given in lemma 4.4. In order to apply cutoffs to our motions to construct
a conjugacy, we must have some control of the behavior of the motions as |p| — co. Thus,
we construct our motion so that it decomposes as a sequence of motions on complex one-
dimensional subsets given by S» = {p € fr(Vr) : ma(p) = w} = fr(Vr) N Y., for |w| > |wol.

Proposition 4.5. There is a holomorphic motion K, defined on the set S, which can be
decomposed into motions ky : SO — S.
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Proof. Given a point p € SO, note that f; *(p) € Vg, and in fact, f;'(p) € X, by lemma 4.4
and the choice of wy. The definition of X, implies that c is given by 71 f3 ' (p)/mafy *(p). As
shown in lemma 4.4, the mapping f), defined on the complex line X, will have d distinct
points of intersection with the set S?. An application of the implicit function theorem yields
a mapping k(\,p) = kx(p), defined on a neighborhood N of S,,, which is a holomorphic
motion on the (complex one-dimensional) set S, for |w| ~ L (note that the maps are
actually holomorphic in this case). This can be done for any w as above, and thus we have
a holomorphic motion K defined on the set {|w| > |wo|} N fo(Vr), which restricts to a
holomorphic motion ky defined on each of the complex lines SY. 0

On the set Vg, we define the motion K, simply as the identity for all A\. We note here
that by definition, fyK,(X.) = K)fo(X.) (when restricted to |w| > |wg|). That is, K is a
conjugacy at the level of complex lines but not at the level of points.

In order to define our conjugacy ®,, we must apply cutoffs to make the motion K,
defined in proposition 4.5 compatible with the mapping defined in lemma 4.2.

Lemma 4.6. Let K, be the holomorphic motion defined in proposition 4.5 on the set
F(VrR)N{|w| > |wo|}. Let |wo| < Ly < Loy < Ly < L} be positive real numbers, and consider
neighborhoods Uy, Uy and Uy of the set {Ly < |w| < L1} N f(Dgr), with UO C U, U CU,
and Uy = f(Vr)N{Lj < |w| < Li}. Then, there is a holomorphic motion K, defined on the
set f(Vi) so that Ky = f; ' fo on Us\Uy N {|w| < Lo}, while K\ = Ky on Uy U {|w| > Ly }.

Proof. Let p be a real-valued smooth function on Uy, 0 < u(p) < 1, where u = 1 on
Up U{|w| > L1}, p =0 on (U2\Uy) N{|w| < Lo}. We will define K,(p) = pu(p)Kx+ (1 —
w(p)) £t fo(p) (with the obvious definition if |75 (p)| < |wo|). To see that this is an injective
mapping, note that, on a compact set (and all the sets U; have compact closure), we can
write fy ' fo(p) = p + ga(p) and Ky(p) = p + ha(p), where |gy, |ha|, L(gx) and L(hy) can
all be made small as |\| is made small. Thus, we have

Ex(p) = p+ 1(p)ga(p) + (1 — pu(p))ha(p).

Since the derivatives of y are bounded on the set in question, we can choose A sufficiently
small so that the function p(p)ga(p)+(1—p(p))ha(p) is small with small Lipschitz constant.
Then, a Lipschitz perturbation argument allows us to conclude that the mapping K) is
injective. U

We shall drop the tilde notation and refer to the mapping in lemma 4.6 simply as K.

Now, for complex lines Y,, with |w| sufficiently large, we can extend the motion K, defined
above, by appealing to ideas given in Buzzard and Verma. We give here the definition and
theorem to which we shall refer, for the convenience of the reader. For details, please see

[BV]:

Definition 4.7. For each i € I, let ¢' : D" x C — C? be holomorphic with ¢4 = ¢*(), )
injective for each fized X\, and suppose that ¢' converges to ¢ uniformly on compact sets.
Let B C ¢'(0,C) for each i and let 7" : D™ x E* be a holomorphic motion on the leaves
defined by ¢'. Then T is said to converge uniformly to 7 if the sets A* = (¢})~H(E?)
converge to A in the Hausdorff metric, and if the corresponding holomorphic motions in
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the plane converge uniformly on compact sets. That is, for each € > 0, there exists 6 > 0
and N > 0 such that if i > N and |\; — \a| + ds(21,22) < & for 2 € A* and 29 € A>, then

ds((03,) 77, P0(21), (83,) 7 05° (22)) <.

Here, the metric d, is the spherical metric defined on the Riemann sphere, and the
Hausdorff metric on sets in the plane is defined in terms of d;.

Then under then notion of convergence above, Buzzard and Verma have proven the
following theorem [BV]:

Theorem 4.8. Let ¢' and 7" be as in the previous definition, and let 7* denote the Bers-
Royden extension of '. Then 7' converges uniformly to 7°°.

In our case, the sets involved and the convergence as defined are very simple to see
- they are simply copies of the plane. We give a proof of our extension below, but the
idea of the proof is as follows: for {|w| > L;}, we have mappings k, which are viewed
as holomorphic motions defined in one complex variable; these mappings preserve sets
of the form S, defined above, and by including the set Vi N {w = wy}, each of these
sets may be viewed as concentric annuli in the plane. Viewed in this way, each motion
kx may in turn be extended via the Bers-Royden process. Injectivity is guaranteed, and
moreover, these extensions stack up to define a continuous holomorphic motion on the set
{|w| > |wo|}. However, our interest is in a neighborhood of the set bounded by Dg, fo(Dgr)
and {|w| > |wol}.

More precisely, we have

Lemma 4.9. The motion K, defined on the set {p € Vr U fo(Vr) : |m2(p)| > |wol|}, has a
continuous extension to the set bounded by {w = wo}, Dr and fo(Dg).

Proof. Consider the mappings ¢* : C — C2, given by ¢“(2) = (2, w). Define as before the
sets S,,, and let S, = {p € Vg : ma(p) = w}. The holomorphic motion K, which is defined
as above on {|w| > L{}N f(Vg), and defined to be the identity on ({|w| < Lo}Nf(Vg))UVE,
can be decomposed into holomorphic motions {7y’} defined on each of the sets S, U Se
(recall that K, (S, U S,) C Y, by definition). The motions given here obviously converge
as in definition 4.7, and hence we may apply theorem 4.8 to the Bers-Royden extensions of
these motions to yield a mapping k), which is a holomorphic motion on those portions of
Y., bounded by Dy and f(Dg), and which is continuous on the set bounded by Dg, f(Dg)
and {(z,w) : w = wp}. O

We are in a position to define the conjugacy on Ug\C, where Ug, is the set bounded by
Dpr and f(Dg) (note that Uy is a fundamental domain for f) and C is compact. Once this
is accomplished, we can extend to K via cutoff functions, and then to C? by virtue of the
dynamics.

We have defined a mapping K, on the set f(Vx)U Vg which is the identity on Vg, which
was then extended via the Bers-Royden theorem across lines of the form Y,, for w with
modulus sufficiently large. We now redefine K, on the set Vg so that fAK\(p) = K\ fo(p)
for all p € Dg. Of course, such a map is already predetermined - namely, given p € Dg, we
define K)(p) = fy 'Ky fo(p) (since K, is already defined at the point fy(p), via lemma 4.2,
proposition 4.5 and lemma 4.6). We now augment this map so that outside Vg, K,(p) = p,
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so that the Bers-Royden extension defined in lemma 4.9 remains continuous (this argument
is very similar to the one found in [B1], theorem 3.8).

The idea is as follows: since K is a conjugacy at the level of complex lines X, it suffices
to move points within X.. Let ¢y < ¢; < ¢3 < 1, where ¢y is the constant used in the
definition of Vz. Let p be a smooth function defined on C, real-valued, with u(c) = u(|c|)
and 0 < p < 1. We require that p(c) = 1if co < || < é, and pu(c) = 0if || < ¢ orc| > é
Again, for any point (z,w) € Vg with |z| > R, we can write p = (cw, w), where ¢y < |c| < %
Now, on these points p € Vg, we define K,(p) = Ky(cw,w) = f;(i)AKH(C)AfO(cw,w). Note
that this map preserves all lines of the form X, and that on any such line, i is constant,
so injectivity is guaranteed. Continuity is clear (in fact, the map is smooth away from J*).
Finally, note that K,(p) = p if p € Vg, while for p € Dg, the conjugacy relation holds, so
that our map is compatible with the map defined by the Bers-Royden extension.

Finally, putting our motions together, we have constructed a homeomorphism on the
set described in figure 4 which satisfies the necessary conjugacy relations on the sets Dpg
and f(Dg) (in the end, our interest is only on the fundamental domain Ug defined above).
In the same manner as the proof of Lemma 4.2, we may apply cutoffs to extend this
homeomorphism across C' (simply write ®5 = p + ¢x(p), near C, and note that ¢, can
be made uniformly small with uniformly small Lipschitz constant, provided that |A| is
sufficiently small). Finally, via an argument like that of Proposition 4.1, we can then
extend this map to all of C? by appealing to the dynamics of the diffeomorphism. Thus,
the conjugacy is constructed.
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