CHAP. 6 Laplace Transforms

6.8 Laplace Transform: General Formulas

Formula

Name, Comments

F(s) = L{f)} = I e”SUf(r) dt

0

Fi= 5

Definition of Transform

Inverse Transform

Llaf(r) + bg(n} = aL{f(1)) + bE{g(1)

Linearity

L(e¥f()) = F(s — a)
EHFs — a)} = ()

s-Shifting
(First Shifting Theorem)

2(7') = s2(F) — F(0)
B =L HL R0 LD
L™y = L) = sTTEO) ~
ST f(‘ﬂ-— 1)(0)
¢ 1
SB{ffmdr} =< 5(f)

U]

Differentiation of Function

Integration of Function

t
(f*8)0) = If(’-')é;’(I = 7)dr
0

t
= J ft = 7)glr) dr
' 0

L(f*g) = L)L)

Convolution

E{f(t — ayut —a)} = e BF(s)
L He B F(s)) = f(t — a)u(t — a)

t-Shifting
(Second Shifting Theorem)

L) = —F'(@©)
A1) - (e

Differentiation of Transform

Integration of Transform

P
#n = —= | oa

0

f Periodic with Period p




SEC. 6.9 Table of Laplace Transforms

6.9 Table of Laplace Transforms

For more extensive tables, see Ref. [A9] in Appendix 1.
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F(s) = Z{f(O} Fi0) Sec.
1 1/s 1 ]
2 1/s2 t
3 /s (n=1,2,-") " - 1) e
4 1/Vs 1/ Vi '
5 1/s%2 2Vt
6 1/s*  (a>0) 1%~ Y/T(a) )
7 " ‘1‘ = eat
8 1 - te®
(s — a) :
¢ 6.1
9 : b =1, 2m) W
(s—al (n— 1)
1 1 k—1_at
10 k>0 — e
(s — a) I'(k) ]
1 1 at bt
11 # b —
c-ae-p 7P s )
5
2 at b bt
1 66 -5 (a # b) 4 (ae e’’)
13 1 2 sin wt )
2+ a? w
)
14 cos wt
2+ w?
15 . lsinh at
5,2 _ az a
6.1
16 - cosh at
2 — g2
1
17 L5 b iy
(s — ar.)2 + w? L
S —a
18 &% cos wt
(s — a)2 + o J
1
19 = i 2 Lz(l — cos wt)
2y ; @y "; 6.2
20 —(wt — sin wt)
sz(s2 + wz) w® J

(continued)




CHAP. 6 Laplace Transforms

Table of Laplace Transforms (continued)

F(s) = £(f(0} [

1 Loox
21 BT ——(sin wt — wt cos wt)
(sz i wz)z 20°
t
2| ——— —— sin ot
(s2 + 0?2 2w
2
1
23 W N— —(sin wt + wt cos wt)
(.52 + w?) # 2w
iy 1
24 (a® # b%) | ————(cos at — cos bi)
(s* + a®)(s? + b? b% — a®
1 1

25 (sin kt cos kt — cos kt sinh kf)

s+ 4kt 4k®

W | i R
st + 4t 242

27 ! L(sinh kt — sin kp)
st gt 243

1
= ——(cosh kt — cos ki)

28
gt =gt 2k2

29| Vs—a—Vs—0b —1—-(e"‘ -~ g%

| a—=>b
30 S —— i ( t) 155
Vs+aVvs+b 0 2
1
31 e Jola?) J54
52+ a2 ‘

§ 1
32| ——— ——¢%(1 + 2at
G Var© O
k—1/2
1 \/1_1'( ! )
33 Tl L k>0 ]l == Ifio 155
Y ( ) T \2a ke—1/2(at)
34 e~ %/s u(t — a) 6.3
35| e 8t — a) 6.4

36 | Lok Jo(2Vke) J5.4

cos 2Vt

3| ==
Tt

1
38 —e sinh 2Vkt
Vrk

k
e—k2/4r
2Vred

39 e (k> 0)

(continued) .



Chapter 6 Review Questions and Problems
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Table of Laplace Transforms (continued)

F(s) = 2Z{f(n} fo Sec.
1
40 5 Ins =Int—vy (y=05772) v 5.5
41 In F—a l(ebt — %
s—b t
2 2
8| 211 ~ sowiin) 6.6
52 !
2 2
= 2
43 In S_z_ﬂL P (1 — cosh at)
s
44 arctan 2 — sin wt
5 t
1 . App.
45 § arccot s Si(#) A3 1

1. State the Laplace transforms of a few simple functions

from memory.
What are the steps of solving an ODE by the Laplace
transform?

. In what cases of solving ODEs is the present method
preferable to that in Chap. 27

. What property of the Laplace transform is crucial in
solving ODEs?
Is 2{f(1) + g(0) = Z{f) + £{g(0)}?
E{fngn} = L{f(n0}L[{g(n)}? Explain.

. When and how do you use the unit step function and
Dirac’s delta?

. If you know f{i) = %Y F(s)), how would you find
LY F(s)/s2}?

. Explain the use of the two shifting theorems from memory.

. Can a discontinuous function have a Laplace transform?
Give reason.

. If two different continuous functions have transforms,
the latter are different. Why is this practically important?

LAPLACE TRANSFORMS

Find the transform, indicating the method used and showing
the details.

. 11. 5cosh 2t — 3sinh¢
13. sin® (e

12. e Y(cos 4t — 2 sin 4¢)
14. 161%u(t — §)

15. &"2ut — 3)
17. tcost + sin¢
19. 12¢% ™3

16. u(t — 27) sin ¢
18. (sin w?) * (cos wt)

INVERSE LAPLACE TRANSFORM
Find the inverse transform, indicating the method used and
showing the details:

20. S -~ 21.

s2—25—8

wcosf + ssind
2+

6(s + 1)

4

20— 23.
sz + 5+ %

2
s“ — 6.25
L 25.
(s° + 6.25) s
25 — +4
s — 10 58 27, 23s
53 s“+4s5 + 5
3s
2 -2+ 2

26.

28.

ODEs AND SYSTEMS

Solve by the Laplace transform, showing the details and
graphing the solution:

29, y" + 4y’ + 5y =501, y(0) =5, y'(0)=-5

30, y" + 16y = 48(t — m), y(©0)= -1, Y'(©) =0




