Study Guide for Exam 3

1. You are supposed to know how to find the absolute maximum and
absolute minimum of a function f defined on the closed interval [a, b],
by comparing the values on the end points f(a), f(b) and the values on
the critical value(s) f(c)('s). You should know what the definition of
a critical value is.

Example Problems:

1.1. Find the absolute maximum /minimum and local maximum /minimum
of the function defined by
f(z) = 32" — 162 + 1822

on the closed interval [—1,4].
1.2. Find the absolute maximum and absolute minimum values of
the function f on the given interval.

(a) f(z) = 2** on [- L8|

(b) f(z) = (15—517) on [—4, 6]
(c) f(x) = (¢* = 1)° on [~1,3]

(d) f(t) =2cost+sin2t on [0, 27|
(e) f(z) =In(z*+z+1) on [-1,1]
(f) f(x) =2 —2Inz on [1,3]

2. You are supposed to be able to use the 1st Derivative Test, as
well as the 2nd Derivative Test, to find the local maximum and local ’
minimum of a function. \

Example Problems:

—> 2.1. The ﬁfst derivative of a ction 73is given2by’§ a \ ‘
= = 2 —1 3 —5). - -
O=7'e) = (e 40z £ ) EEU O RCRt A S S
Find the values of x for which the function f takes j
(a) local maximum, and (

)
(b) local minimum.

2.2.

(a) Find the critical numbers of the function f(z) = 28(x — 4)".

(b) What does the Second Derivative Test tell you about the behavior
of f at these critical numbers?

(¢) What does the First Derivative Test tell you that the Second
Derivative test does not?
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3. You are supposed to be able to draw the (rough) graph of a
function, given the graph of its derivative.

Example Problems:

——> 3.1. Below is given the graph ¢f y = f'(x).

<0 | 7

Draw the (rough) graph of y
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3

4. You are supposed to tell whether the graph of a function is con-
cave up/down, and find its inflection points, by looking at the second
derivative of the function. . 3

Example Problems: : _\_ S 1
4.1. Determine how the concavity changes f(ﬂ the fun?tion

1 -
flx) = 5T~ sin(m)’s @i ?
on the interval (0, 37). * -2
—> 4.2, The second derivgfive of a function f is given by

7@) = @ Y5) e - 27 - 3 (A=
find the z-coordinates of all the inflection points.
4.3. How many inflection points does the graph of the function
y = f(z) = 2° — 52* + 25z have ?
4.4. We have a function whose first derivative is given by the formula
f'(z) = (x—1)*(z+3)>. Find the local extrema and the inflection points
of the function.

5. You are supposed to know how to compute the limits using

) 1, 05(50) €l 2%

1'2 -
K X0 — SwX -
_ ) emx ! Qu: K@K - S X TR - xSnx -
X0 2 X N>D 2x 226 2[zxsax +x’£asxl
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6.1. Compute the following limits: ‘ h")
a) lim, o+ z In(2x) - e

( T 32 - 2

(b) lim, o0 @tan <3ix) =2 Q"“ i - Q«M : (-.L

(c) lim o) (2x — ) - tan(z) _ —
Ed) l'imm_io)(\/mx) - -% Q«,,. Z(I = 2./5

(ml = )=9A;I’L-—\+z A
Vr—2 x-—4

1 1
L SpT—
—_— = = — "'(t\ *(g) lim, oo 2% tan (5:82 T 2) (g") lim,_,o 2° tan <51‘2 I 2)
) J'gt*\ o

7. You are suppos¢d to be able to compute the limits 1m [f@)

U “py) om0, oo 1 P,m‘f(&}am) Oa Guo By ™

%43 x-1 _(Yd'z Xﬁ}mple Problems: (4*“3 N-2 1

-\-(\ 7.1. Compute the foli(m)wmg limits: e_,vn)o &"ﬁx-u)
—Q‘—(—; ) ) =a*r§ 5l T g &y 43} ot g
ke (B) limy oo (2+3>4M _,_Li"_\ %% *rx Ty

X0 :
2 (c) limy_o+ (1 — 52)Y/* = e .
(L@ﬂ)l old) lim,_ x - - (btanz) eéuléz e)_o
8. You are supposed to know the statement of the Mean Value

— | Theorem as well as its meaning, and also to know under what conditions
Exf;)(x _z\S you can apply the Mean Value Theorem. You are also supposed to
be able to know how to apply the following corollary of the Mean

Value Theorem to compute some value which is seemingly difficult to
determine otherwise: If f'(x) = 0 for all values of z € (a,b), then a
continuous function f on the closed interval [a, b] is actually a constant.
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Example Problems:

8.1. Consider the function f(z) = 2* — 22 + 72 — 2 over the interval
[—2,2]. Does it satisfy the conditions for the Mean Value Theorem to
hold 7 If it does, find the value(s) ¢ € (—2,2) such that

, f(2) = f(=2)
fie) = T2

« 8.2, Consider the function y = f(z) = 2*? over the interval [—1, 1].
Does it satisfy the conditions for the Mean Value Theorem to hold ?
) - F-1)

Do we have any value ¢ € (—1, 1) such that f'(c) = = (=D

1) oot (2 " (%)
. . -1 = o R
8 e 8.3. Determine the exact value of sin < 5> + cos™ ( ) 'g‘(x\ ’l'ah X = 'l'm\ X

3
® 8.4. Determine the exact value of sin™! (—) — ( > l 'gL\'
7 -f(x
—> 8.5. Determine the exact value of tan™! (7) — tan™! (——) -}{7) _L(- x
o 8.6. Consider the equation f(z)=2*+z—-1=0. = ‘ - Xz
Determine how many solutions are there for the above equation on \-fx 1y L
the interval [0, 1], using the Intermediate Value Theorem and the Mean ‘ A2
Value Theorem. - —_ _ \
. H—y’- L
9. You are supposed to be able to sketch the graph of a function X +1
by computing the 1st derivative (increasing or decreasing) and 2nd
. derivative (concave up or down), and also by determining the horizon-
D“ tal/vertical asymptotes and z-intercept (y-intercept). 1
Example Problems: >
X510 - .
. 9.1. Draw the graph of the following function: -§ 7) )
1 =
> ()Z/ f()—xggm ) _ (—L>
Jy=7) =25 — 16 j 2
xr- - ®
flz) = = 3 2
— 16
\ xx?’;')('x')é = - I
(@) y = f(x) = 16 X >
x? — 16 — A
- T = X >
©y =7 = 5775 — | X=16
\k‘) -4' ¢ (,(,“3 -
0‘; «(H)y=fla x?+1
—2 (g) y= f(x) = e *sinz on [0, 27]
2

Y34
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10. You are supposed to understand the idea of the linear approxi-
mation of a function f(z) at z = a

f(2) = L(z) = [(a) + ['(a)(x — a),

and apply it to approximate the value of a function at a given point.

Example Problems:
10.1. Find the formula for the linear approximation to f(z) = v/z

at x = a = 1 and use it to approximate v/1.1.
— ¢ 10.2. Find the formula for the li oximation to f(z — =e %'f'((’\*‘g(o\lx

x =a =0 and use it to approximatg e~ ~|+L o'o—f-y— = |+
11. Total of 3 Optimization Problems will be givenl in Exa 0. 7 I—
Of particular importance are:
e Cylinder/Box Problem
e Maximizing or minimizing the area of a figure (rectangle, isosceles,
right triangle etc.) under the given restrictions
e Coffee Cup problem
e Circular Cone Problem

e Walk Way Problem
Example Problems: (g | 3

¢ = 11.1. A rectangular box has to be made with the width being twice
as long as the length (with a bottom but WITHOUT a top). If the
surface area of the box is 400 cm?, what is the height of the box with
the largest volume ?

o 11.2. What is the largest jfe 1sosceles triangle igscribed in a
2 \ cwcle of radius 1 ? | 2)( Ix H\ 13
tﬁ(’\“ ( % o @ 11.3. What is the largest area of the rectangle inscribéd in’ a lhpse “Y 3) Q‘/ 3,)
£ AN— A= 4x3 ol A A T-x ~, 2':\
N> :4.*2{“"4 o "4 ’x

%

-2,(,'(—\&. e 911.4. Find the equation of a line passing through the point (3,2), M= (‘a?—
which cuts off the least amount of area from the first quadrant.
11.5. What is the maximum area of a rectangle whose base is on the
x-axis, having the remaining two vertices on the graph of y = 9 — 22,
and lying above the x-axis ?
11.6. What is the largest area of a right triangle whose hypotenuse
has lengh 5 7
11.7. A cone-shaped drinking cup is made from a circular piece of
paper of fixed radius R by cutting out a sector and joining the edges
CA and CB. Find the maximum capacity of such a cup.
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C

11.8. The slant height of a right circular cone is the distance from
the edge of the base of the cone to the vertex of the cone.

What is the maximum volume of a right circular cone with slant
height 5 cm.

11.9. Suppose a rectangular area is to be surrounded by a concrete

walkway that is 2 meter wide on the Fast and West and 5 meters wide
on the North and South.
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8

It th@v inside the walkway is to be 100 s@what

should the interior width of the enclosed area be (labeledZ n the dia-
gram above) in order to minimize the amount of concrete used.

(Note minimizing the amount of concrete used is equivalent to mini-

mizing the area covered by concrete.)
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