TAs £4,8 1,12 -

Study Guide for Final Exam
(Version 11/25/2022 11:00 AM)

’New materials after Exam 3‘

Remark: There will be 5 questions regarding the new mate- n
rials after Exam 3 in the Final Exam. Look also at the “NOTE” z - _ 9
for the subject matter 14 about computing the total distance. L. =

—
—

1. You are supposed to know how to compute the integral using the ‘;_-\/"/
Riemann Sum. Conversely, you should know how to compute the limit

~ ~ ,m the form of Riemann Sum using the integration and Fundamental
L V\T heorem of Calculus. You are also supposed to know how to compute
n
the integral knowing its geometrical meaning.
-_L D=’L<~<-'-<L<,.. h-\ \
A——— Example Problems AX = ) h hn <<
0 —:\ .% _\_ 1.1. (i) Write dﬂ_n the?_forﬂula for approximating the integration . l—x2

N1
/ V1—2a?dx a§4"che Rlemanﬁf Sum dividing the interval [0 1] into n

I@) equal subintervals and using the right end points. //‘//

Ax—m S (ii) Compute the integral using the geometric interpretation.

I
[a]
lL ’X"B .23 0 1.2. Evaluate the following definite integral / V42 — (x — 3)? dx. a:—. ’4_?—_ (x_?’)z

1.3. Evaluate the following definite mtegral |3:1: — 1] dx.

|4_ \L Ju 14. C ute the follovvlkr;g its: 3’( =0 ;.
1mn—>oo Zk 1 9 , 19

] , n? + k2) g
g V- (l HINT: Use the equatio{ 0 3 4 -(— (‘ SXBJxr

31-I>0 ° Mf
V:—:.—._—>o k = 3 ]‘“/—”.ﬁzzn _ Gm) 0
AR T T S g T g ()
dv=ddu Sdu=4 —

i1 f (@) Az

n n o= p=uxzio2l L
4 Now T=\ -—-/U'__. %u&“

—t { nIggOZf ), A:v—/ f(x T du=axdx

| | =3 Ly
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2 \ L
Ly 2 —@-(J;l Kom Ah
(ii) limy,o00 (221 m) b= | +2 J— -—
HINT: Use the equation \

Zici ek T X T Sp | +2X
= i f(@p)Ax o

where l
B 1
/() 1+ 2z =1 \ £2X
¥y = k/n 2
1 o
Axr = —.
n
Now . .

(iif) Tim,, o (ZZ_l - )

n? + k?
HINT: Use the equation

n 1 no_ 1

Zzzlm = D a1

where )
z;, = k/n
1
Ar = —
n
Now
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(iv) Timy,yoc (ZZl ﬁ)

HINT: Use the equation

1 1 1

22:1\/4”?_1%2 = Do 5 = Lk

= Zzzl f(xy)Ax

where ) )

X =

@) = =
. 1/2
12"
Ar = —
\ n

Now

Alternatively, one may use the equation

n 1 B " 1 . l - .
k=1 T k-1 N G T = D f(wp) A

where 1
€T =
z;, = k/n
1
Ar = —.
n
Now
n 1 1 1
lim flxy)Ax = / flx) dz = / dzx.
Hoo]; k 0 o VA—z2
We observe

1 1 1 1/2 1/2 1
0 \/4—{172 0 \/1—(1’/2>2 0 \/1—u2
where the last equality is obtained by the substitution u = z/2.

We observe also that the last definite integral is identical to the one
obtained in the first part.

L= (kj2n)? 2 H\/l_< 12
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2. You are supposed to understand the meaning of the Fundamental
Theorem of Calculus, and use it to compute the derivative of a function
given in the form of an integration. (This includes the requirement

that you are supposed to know how to take an anti-derivative of a g

/
-alx)

the integration involving even/odd functions, d %(t) J =

dx

function.) You are also supposed to understapd the s M1 features oif_g 8
W)

bt
Int dt. Compute J'(1).

x , )
2.2. Compute thefollowing. :{ lzx")-4x ~QM‘X ﬂ

@ x=\
(i) % (/0 sec(t)dt)

(iid) % (/_2 Int dt) (9_”‘ )I: zo(.ﬁ\z 4

2.3. Compute the following integrals. 4.. | | X
s e =_L§ (zx olx=—,_2 o
N . (i) /ﬁ/ sec”(z)dx M/o ldx 02 . \ On
29 Q~ \'X\ ](o)( = (iii) (1— |z*)dx () Mtaxn—_éﬁ)x‘*dx =0

compute the indefinite and/or definite integrals.

° .2 53 cl 3. You are supposed to know” how to use the Substitution Rule to
o Example Problems K= w

3.1. C7mpute the followi/ng1 integrals: 1/
(i) [ tanz dz (i) 27 dx 4
0"‘ \ (iji) /4de @()/2x5\/1+$2dx_’cl 2 ,j—l; LJUL
S Ju " —du=2xx

c U 2
— SecX U /4 n/t i
duz‘wa_x - [¥4] sec' ztanz dr (vi)/ tan® rsec? x dr - i_g (u l) ﬁdu
0 0

2 s — w/2 : | 2
+ vii —sin?z) cosz dx viii _Smr T '
W 4‘@:( 2 )/ﬂ (1 Jeosa dr )/0 ooz © :—}_KT— u_zuan),ﬁ&u

/2

=+ - = . V3/3 tan~! (In3—1In4)/2 e
X —d X —d
G2~ gt U )/0 Tz e ()/_m — & ) I ?[' _% 1
i
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has a solution of the forrn 53 y(0
aralyze the populatierrg

M A culture of a single cell creature Amoeba is found to triple its
populatlon in three weeks. Find its relative growth rate k. The formula
for the population P(t) as a function of time ¢ is given as 1 as follows using
the relative growth rate: P(t) = P(0)ert.

4.2. The number of bacteria in a cell culture is initially observed to be

50. Three hours later the number is 100. Assuming that the bacteria

grow exponentially, how many hours after the initial observation does

the number of bacteria become equal to 7007

AA37 The half-life of cesium-137 is 30 years. Suppose we have a 120-mg In: 340 W\ =125
sample at the beginning. How long will it take until the remain of the

sample becomes 2-mg ? 2=m (T 3 -l-
4.4. Initially there was 15 gm of a radioactive substance. After 3 years,

only 7 gm remained. What is the half-life of this substance ?

- L bo |
%2 P> T= 30% .

Quz
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Materials up to Exam 3 (including Exam 3)

Remark: There will be 20 questions regarding the materials
up to Exam 3 (including Exam 3) in the Final Exam. Look
also at the “NOTE” for the subject matter 14 about computing the
total distance.

5. You are supposed to be able to solve the equations involving the
trigonometric functions and find solutions on the given interval, using
the basic formulas of the trigonometric functions (e.g., double angle

formulas for sine and cosine

2

sin2x = 2sinxcosz
cos2r = cos’x — sin

a
and sin® x + cos’>x = 1, etc.). SmX=0
e ——

Example Problems % or K=

r=1-2sin’z =2cos’x —
57T. How many solutions are there on the int
tion v/3sinz = sin(2z) = 23h XasX =|0= Swx (f>-2aX
5.2. Find all the values z on the interval [0, Z7T satisfying\the equation
cos(2x) — sin(2z) = 0.
5.3. Find all the values x on the interval [0, 27| satisfying the equation
cos(2z) —sinz = 0.
5.4. Find all the values z on the interval [0, 27| satisfying the equation
3sin®(z) — cos?(x) = 0.
6. You are supposed to know how to compute the derivative of a
function of the form y = f(z)9®.

Example Problems

6.1. Find the derivative of the following function.

(i) y=2" (i) y=(a)""

(it)) y = 2™ (iv) y = (Ina)”

(¥) o= (cotay™  (vi) y = (Vo)™
7. TWO “Related Rates” problems will be given in the Final
Exam.

Of particular importance are:

e Light house problem

e Inverted circular conical tank problem

e Snowball problem

e Angle of elevation problem

e Area (of a rectangle or a triangle) problem

2
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7.1. A lighthouse is located on a small island 4 km away from the V"

nearest point P on a straight shoreline and its light makes 5 revolutions
h per minute. How fast is the beam of light moving along the shoreline
when it is 1 km from P ?
| ZL\ 227 A watqy 2 Y has the shape of an inverted circular cone with base
V: -;'ITY radius 2 m padtreight 4 m. If water is being pe tank
at a rate 0 find the rate at which th rising

when the watel 15 311 deep.

= — k t) 3 cm?/min. How fast is the volume decreasing when the radius i§
i 2 7.4. (speed) A ladder 10 ft long rests against a vertical wall. If the
N = -E NE k bottom of the ladder slides away from the wall at a rate of 1 ft/sec,

3T 3~._of the ladder is 6 ft from the wall 7 \/ 3
P\ angle 15-foot ladder is leaning agam?t a vertical wall and its
bott (bemg }Sﬁd toward the wall at the'rate of 2 ft /sec. At what
i | een the ladder and the ground changing
Lhbth b

Whe% e acute an the 1 der makes with the ground is 7w /47

2277 The base of a triangle is increasing at a rate of 2 cm/min while
the ar triangle is increasing at a rate 5 cm?/min. At what rate
is titu the trlﬁngle?changmg when the_base 1s 10 cm and the

area is 50 cm? ? l\ = ¢ =10 A =
_Z8. Suppose you are TCCOTANE a roc afinch-fromstocation 3 miles
A: -DL_ hb away from the launch site. When the rocket is 1 mile high, you must
3 rotate your camera angle at a rate of == radians per second. How fast

A"W‘r
—r$
rtt)

S

A=\
s&\ 4—nr1>

) 3. A snowball Tmelts so that its surface decreases at the rate of V('H 4

SL kTrr\‘

4. 2 how fast is the top of the ladder sliding dpfvn the ij.ll when the botth_ \] 4 I‘ \"
2- .

S
=.41“~
l8TW‘

T3
@=1d h=

' D emm—
h=? I

ks is the rocket moving (in miles per hour) at that moment ? The unit
- | conversion reads = rad/sec = 100 rad/hour.
36
g —
l\i.: 2 Ab A b 8. You are supposed to understand the idea of the linear approximation
B’- of a function f(z) at z =a )
A=S b=2 f(x) ~ L(x) = f(a) + '(a)(z — a), Sm& 9 "‘

J and apply it to approximate the value of a function at a given point.
Example Problems

8.1. Find the formula for the linear approximation to f(z) = /x at
a =9 and use it to approximate 1/9.3.

8.2. Find the formula for the linear approximation to f(x) = /x at
a = 27 and use it to approximate v/26.8.

8.3. Write the formula for the linear approximation to f(x) = e* at
a = 0 and use it to approximate %%,

o&@A
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A= Lh =) 5
M;x Ab)

8

9ptimization Problems will be given in the Final

Exa
Of particular importance are:
e Maximize the area of an isoscles triangle
e Minimize the cost of making a box
e Screen problem
e Hinge problem

Example Problems

9.1. What is the largest_area of an isoscles triangle when we fix the

sum of two equal sides to be a constant L 7

9 2. Ano a_box with no top) is to have a square base, ,x

and a golumd of 16 cubic metédy. The material for the base costs $1

per square Tmeter, and the material for the sides costs $2 per square 3

meter. Find the cost of the cheapestsuch box. wn C = $| XK ¥+ $2 "4"('4

9.3. An auditorium with a flat floor has a large screen on one wall. _ h

The lower edge of the screen is 5 feet above eye level and the upper + 80‘

edge of the screen is 20 feet above eye level. How far from the screen L\
6=

should you stand to maximize your viewing angle 7

Q(X\ 'l'w\(2°\ “TM\G') $k=—\
= Cx)= 'x*-% L

e Cx)
¢

20 {

9.4. Two wooden bars of equal length AO = BO = 1 ft are connected
by a hinge at point O so that one can rotate the bar BO around as
shown in the picture below. Find the maximum area of the triangle
AABC when 0 < 0 < 7.

k =X
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10. You are supposed to understand the notions of continuity and
differentiability, and their difference.

Example Problems

10.1. Determine where the followig function is continuous / differen-

tiable. 5
) T if =
() f@) = woa T 77 . h'(?:')z-[(x-z;a-x- 2(x-).£| =0
0 if x=2. ‘XQ('I)/"‘Q', xX=2.
(ii) g(z) = z|x — 2| #) h(zx) :x(x—2)|a:—2|=§ { I 2 _
10.2. Consider the funct(iglzﬂdescribed below: K(’*‘l) y x> kp_"): @(‘1)“‘)( '?‘V.)‘ﬂ =0

1) it w0 hx)e sl ¥ ckﬂ'- =

2 .
xrosm | —
g(x) = (fc
0 if z=0

‘)' . Choose the right statement about the continuity and differentiability
\0 . of the function y = g(x) at 0.

The function g is continuous at 0 and differentiable at 0.

The function g is continuous at 0 but not differentiable at 0.

The function g is not continuous at 0 but differentiable at 0.

The function ¢ is not continuous at 0 and not differentiable at 0.

The above description is not sufficient to judge the continyity %)
or the differentiability of the function g. =2 9(,-!-1\ (X{'

10.4. Find the values of a and b so that sl fi ] function is
Qx *\r@}}ema

. continuous over (—oo, 00): 3 e —_—
) [3)6-!-12'!—&;& =0 i 120 b £ T‘
%=-> f(2) = =(X~l)(x+a) d

27— 36-b=0 ‘-_>L=‘7 if 3 < ’X*l)

XAH —
0 - .g(x)_,_‘ﬂ: ;(_ll. Given a function which is one-to-one, with a given domain and
- =¥ =\ range, you are supposed to be able to find the formula for its inverse
Y"-} ’; function, describing its domain and range. You should also understand

> (—)_2 2 the relation between the graph of the original function and the one for
= 3 its inverse.

=oQw>

—
—

Example Problems

lzgegx formula for the inverse of the following function, and

_ domain and range of the inverse function.
r= 2L ) fa) = S (i) f) = 5
20 +1 et 41 2e* +1

7 1 P e
7 ’ ) m :\“3% A(‘\-\:(l‘a) $M=((-3)Q‘ .
-mraﬁe%): 6”‘))‘} \32 (\-X) —l = -f (x)

fe=
- Q:l ,%“\ —
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12. You are supposed to understand the method of Implicit Differen-
tiation to compute the derivative. For example, you should be able to
determine the equation of the tangent line to the graph of a function
implicitly defined, computing the derivative using the implicit differ-
entiation.

Example Problems

12.1. Suppose that f is a differentiable function defined on (—o0, 00)
satisfying the equation f(z)+z2 (f(z))® = 10 and the condition f(1) =
Find f'(1).

12.2. Find the equation of the tangent to the curve given by the
equation cos(zy) = In(z) at the point (z,y) = (1,7/2)

12.3. Find the slope of the tangent to the curve given by the equation
y?sin(2z) = 22 cos(2y) at a point (7/2,w/4).

12.4. Find Z—z given e*/¥ = Tz —y
13. You are supposed to be able to use the chain rule properly and
precisely, even when the function is obtained as the composition of
several functions. You are also supposed to know the relation between

the derivative of the original function and the derivative of its inverse
(when it exists).

Example problems

13.1. Compute the derivative of the following function:

-9 &-(ﬁ ~X ) y = sin(sin(sinz)) (“)ary: <2tt;+21>9
(iii) \/m (iv) y = esc3

&wa-\

/

’f(x\ 2

1327 Suppose that F(x) = f! ({g(a:)}2) and that the functions f
ich i e-to-one, and hence has its inverse) and ¢ satisfy] the fol-

itions: F c )

@ 7(9) = m)
F=1 (2 =3 (3= (’(——
g

(1) = 2.3-2

. 23% 3

|
0)

Find F'(1).

-
133, The function is given by the formula f(z) = QM "? (-5 3)

Compute f(1).

fn-2 O

ﬂx Lz - ,ix%x \

*(x + Qux ] co(2x ’3,;3
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14. Given the position function of a particle, you are supposed to be
able to compute its velocity, acceleration, understanding its physical
meaning. You should be able to determine when a particle is speeding
up or down, whether it is accelerating or decelerating. You are also
supposed to be able to compute the “total” distance travelled during
the given period.

NOTE: The last part of computing the total distance requires inte-
gration, which was discussed after Exa . However thls SubJect 1S
classified as an 11:em
by convention.

Example Problem

6t2 +9t¢. Find the total dlstance traveled during the first 6 seconds
,]A&’ The velocity function, which is the 1st derivative of a p081t1on—6['Lt‘2t+' fl
function f(t) is given by the followmg formulav = f'(t) = 6(t—1
Can you determine the total distance traveled during the fsrt 5 Seconds ‘
14.3. A rock is thrown upward so that its height (in ft) after ¢ seconds S,= Fg.(‘) -f(l’\
is given by h(t) = 48t — 16t>. What is the velocity of the rock when its [_L -2 _)_31
height is 32 ft on its way up 7 _K

15. You are supposed to be able to use the 1st Derivative Test, assz_ B’B) .S'(l“
well as the 2nd Derivative Test, to find the local maximum and local

minimum of a function. !f(r ) ‘§'(5

Example Problems

15.1. The first derivative of a function f is given by
fl(z) = (x+2)*(x+ 1) (z —1)*(z - 3)*(x — 5).

Find the values of x for which the function f takes
(a) local maximum, and
(b) local minimum.

15.2. Consider the function f(z) = 28(z — 4)7.

(a) Find the critical numbers of the function f.

(b) What does the Second Derivative Test tell you about the behavior
of f at these critical numbers ?

(¢c) What does the First Derivative Test tell you that the Second
Derivative test does not ?
15.3. How many inflection points does the graph of the function
y = f(z) = 2° — 5z* + 25z have ?
15.4. We have a function whose first derivative is given by the formula
f(z) = (x — 1)3(x + 1)3. Find the z-coordinates of the local extrema
and the inflection points of the function.
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16. You are supposed to be able to sketch the graph of a function
by computing the 1st derivative (increasing or decreasing) and 2nd
derivative (concave up or down). You are also supposed to be able to
determine the horizontal /vertical /slant asymptotes of the graph.

Example Problems

16.1. Draw the graph of the following function:

W y=f@)= 57 Oy=Ff)= 50
©y=f) = Dy=7)= 5

(€) y=f(z) =In|a? — 10z 4+ 24| (vi) y = f(z) = aPe*"/0
16.2. Find the equations of the horizontal, vertical, and slant asymp-
totes of the function

223 — 4x% + 5x — 10
flz) = R :
z°+x—6

16.3. Which of the following graphs can be the graph of a function
y = f(z) whose 2nd derivative is given by the formula
(@) = a(e - 1)z +1) ?
What happens if we change the formula for the 2nd derivative to
f'(z)=—z(z+1)*(xz—1) ?
A.

A\

\ 4
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A
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16.5. The graphs of the 1st derivative y = f’(z) and the 2nd deriv-

ative y = f”(z) of a rational function y = f(x) = p(z) are given as

q(z)

e
o

below:
the graph of the 1st derivative

e
\

10

30

-40

the graph of the 2nd derivative

00

0
(0]

0

50

~

100

Draw the (rough) graph of the function y = f(z).
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17. You are supposed to know how to find the absolute maximum and
absolute minimum of a function f defined on the closed interval [a, b],
by comparing the values on the end points f(a), f(b) and the values on
the critical value(s) f(c)('s). You should know what the definition of
a critical value is.

Example Problems:

1.1. Find the absolute maximum and absolute minimum values of
the function f on the given interval.
(a) f(x) =2*? on [-1,8§]
cos T
(b) f(z) = m n [—m/2,7/2]
(c) f(z) =223 + 32% — 12z on [—1, 2]
(d) f(t) = 2cost + sin2t on [0, 27]

18. You are supposed to know the statement of the Mean Value The-
orem as well as its meaning, and also to know under what conditions
you can apply the Mean Value Theorem. You are also supposed to be
able to know how to apply this corollary of the Mean Value Theorem
to compute some value which is seemingly difficult to determine other-
wise: If f'(z) = 0 for all values of x € (a, b), then a continuous function
f on the closed interval [a, b] is actually a constant.

Example Problems

18.1. Consider the function f(z) = 2* —22*+5x +3 over the interval
[—2,2]. How many values of ¢ € (—2,2) satisfy the statement of the
2) — f(—2
Mean Value Theorem: f'(c) = f(2)—(f(2)) ?
18.2. Consider the function f(z) = z(2*—5) over the interval [a, b] =
[0,2]. What value(s) of ¢ € (a, b) satisfies (satisfy) the statement of the
f(
Mean Value Theorem: f'(c) = M ?
—a
18.3. Consider the function y = f(x) = 23 over the interval [—1, 1].
Does it satisfy the conditions for the Mean Value Theorem to hold ?
S - =1,
1—(=1)

1
18.4. Determine the exact value of tan™! (5) + tan=t (7).

Do we have any value ¢ € (—1, 1) such that f'(c) =
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19. You are supposed to be able to compute the (right/left hand
side) limit, understanding its proper meaning, and using the Squeeze
Theorem. You are also supposed to be able to determine the exact value
of the limit who has an indeterminate form (e.g. 0/0, +00/400, 0c0—00)
using some proper technique.

Example Problems

19.1. Compute the following limits:
22 -9 (i) 1 2?2 —4x —5
i) lim,_,5- ———
—5 |£L‘ _ 5|
VB2 + 9 — 3)
2

Xz

) lim,
(i) lim _>3172—7x+12

(iii) lmy_(rjoy+ €% (iv) limg (

. 5 5 .
(V) hmmg)o (m + ;) (Vl) hmzﬁoo (\/:1;'2 +3x+1— ilf)
i -8
(vii) limy o % (viii) lim, s h
23+ 3z + 2 23+ 3z + 2

(ix*) li

X hmx 0o My 0o
(ix) - 203 + 1928 + 42 + 5 - 243 +/928 + 42 + 5

20. You are supposed to know how to compute the limits using L’Hospital’s
0 +

Rule, under the provision that the limits are formally of the form 0’ i;oo

00

Example Problems
20.1. Compute the following limits:

. In(z . 1—cosz
(a) lim, o % (b) lim, o ———

32
_ sinx _ 7" — 6"
(C) hmm%o 1_—1:2 (d) hmxg)o 3 _ 92

. sinx —x
(e) llmz*)() T

21. You are suppose to know how to compute the limits of the inde-
terminate form +oo x 0, 00 — 0.
Example Problems

21.1. Compute the following limits:
2 —1
(a) lim,_o+ sin(z) - In(2z)  (b) lim, {x n < tan (93))}

™

(c) limm_)(%)_ (22 —7) - tanaz]  (d) limyyeo (V22 + 224 3 — 2)
(¢) limg o+ (é - sirlm>




22. You are supposed to be able to compute the limits lim [f(z)]*")

T—a
formally of the form 0°, 00®, 1°°.

Example Problems

22.1. Compute the following limits:
3 Tx 20 + 1 3z+1
(a) lim,_, (—i—I) (b) lim,_, (21:_1)

(c) limy_yoo (22 + €)= (d) lim,_,o+ tan(5z)5"®
(e) lim,_,o(1 + 32)Y/*
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