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FIGURE 6
Vertical traces are parabolas;

horizontal traces are hyperbolas.

All traces are labeled with the
value of k.

FIGURE 7
Traces moved to their
correct planes

In Module 12.6A you can investigate how
traces determine the shape of a surface.

FIGURE 8
The surface z=y*— x?isa
hyperbolic paraboloid.

SECTION 12.6 CYLINDERS AND QUADRIC SURFACES: 829

7 BETYEE] Sketch the surface z = y? — x2

SOLUTION The traces in the vertical planes x = k are the parabolas z = y? — k2, which
open upward. The traces in y = k are the parabolas z = —x* + k? which open down-
ward. The horizontal traces are y> — x* = k, a family of hyperbolas. We draw the fami-
lies of traces in Figure 6, and we show how the traces appear when placed in their
correct planes in Figure 7.

z z ¥

*2 1

Traces in y = k are z = —x* + k? Traces in z = k are y> — x* =

Traces inz=k

Tracesiny=k

Traces in x =k

In Figure 8 we fit together the traces from Figure 7 to form the surface z = y* — x?,
a hyperbolic paraboloid. Notice that the shape of the surface near the origin resembles
that of a saddle. This surface will be investigated further in Section 14.7 when we dis-
cuss saddle points.

2 ZZ

FTNETEA Sketch the surface % + y? — il 1.

SOLUTION The trace in any horizontal plane z = k is the ellipse

x2 2
—+y’=1+— =k
4 7 s °



830 CHAPTER 12 VECTORS AND THE GEOMETRY OF SPACE

but the traces in the xz- and yz-planes are the hyperbolas

2 2 2
14——%=1 y=20 and y2—£4—=1 x=0

This surface is called a hyperboloid of one sheet and is sketched in ngure 9. e

The idea of using traces to draw a surface is employed in three-dimensional graphing
software for computers. In most such software, traces in the vertical planes x = k andy = k
are drawn for equally spaced values of k, and parts of the graph are eliminated using hid-
den line removal. Table 1 shows computer-drawn graphs of the six basic types of quadric
surfaces in standard form. All surfaces are symmetric with respect to the z-axis. If a quadric

FIGURE 9

TABLE 1 Graphs of quadric surfaces

surface is symmetric about a different axis, its equation changes accordingly.

All traces are ellipses.
If a = b = c, the ellipsoid is
a sphere.

2L RIS
Y N\
SN
BRI

Surface Equation Surface Equation
) ) x2 y2 ZZ 22 x2 y2
Ellipsoid Pl + Eras Cone o = P + Fx]

Horizontal traces are ellipses.
Vertical traces in the planes
x=kandy =k are
hyperbolas if k # 0 but are
pairs of lines if k = 0.

Elliptic Paraboloid

2%

= + —
c a b?

Horizontal traces are ellipses.

z X y
2

Vertical traces are parabolas.

The variable raised to the
first power indicates the axis
of the paraboloid.

Hyperboloid of One Sheet

54:,@%%‘;\\%
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RO

x2 y2 ZZ
=t 2"
a b c

Horizontal traces are ellipses.

=1

Vertical traces are hyperbolas.

The axis of symmetry
corresponds to the variable
whose coefficient is negative.

Z_xz 2
—==-

c a b?

Horizontal traces are
hyperbolas.

Vertical traces are parabolas.

The case where ¢ < 0 is
illustrated.

72
=1
c

Horizontal traces in z = k are
ellipses if k > cor k < —c.

Vertical traces are hyperbolas.

The two minus signs indicate
two sheets.




In Module 12.6B you can see how
changing a, b, and c in Table 1 affects the
shape of the quadric surface.

FIGURE 10
4x2—y2+222+4=0

FIGURE 11
X2+222—6x—y+10=0

SECTION 12.6 CYLINDERS AND QUADRIC SURFACES

7 IEXXTET#A 1dentify and sketch the surface 4x* —yr+ 222+ 4=0.
SOLUTION Dividing by —4, we first put the equation in standard form:

2 2

y Z
S I A S
Ty T

Comparing this equation with Table 1, we see that it represents a hyperboloid of two
sheets, the only difference being that in this case the axis of the hyperboloid is the
y-axis. The traces in the xy- and yz-planes are the hyperbolas

2

2 2
—x2+%=1 - and yj—%=1 =0

The surface has no trace in the xz-plane, but traces in the vertical planes y = k for
| k| > 2 are the ellipses

2 k?
Tt —=—-1 =k
YT T ¥
which can be written as
i z?
2 + 2 =1 y=k
— =1 2(—-1
These traces are used to make the sketch in Figure 10. =

STYEIE] Classify the quadric surface x> + 2z — 6x —y + 10 = 0.

SOLUTION By completing the square we rewrite the equation as
y—1=(x—3?+22

Comparing this equation with Table 1, we see that it represents an elliptic paraboloid.

831

Here, however, the axis of the paraboloid is parallel to the y-axis, and it has been shifted

so that its vertex is the point (3, 1, 0). The traces in the plane y = k (k > 1) are the
ellipses

(x—3)2+22=k—-1 y=k

The trace in the xy-plane is the parabola with equation y = 1 + (x — 3)%,z=0.The
paraboloid is sketched in Figure 11.






