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Section 14.1 Vector-Valued 
Functions
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Figure 14.1
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Figure 14.2
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Figure 14.3 (a & b)
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Figure 14.4 (a & b)
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Figure 14.4 (c)
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Figure 14.5 (a)
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Figure 14.5 (b)
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Figure 14.7
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Section 14.2 Calculus of Vector-
Valued Functions
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Figure 14.8 (a)
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Figure 14.8 (b)
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Definition Derivative and Tangent 
Vector
Let ( ) ( ) ( ) ( ) ,t f t g t h t= + +r i j k where f, g, and h are
differentiable functions on (a, b). Then r has a derivative (or 
is differentiable) on (a, b) and

( ) ( ) ( ) ( ) .t f t g t h t¢ ¢ ¢ ¢= + +r i j k 

Provided ( ) , ( )t t¢ ¢¹r 0 r is a tangent vector at the point

corresponding to ( ).tr
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Figure 14.9
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Definition Unit Tangent Vector
Let ( ) ( ) ( ) ( ) ,t f t g t h t= + +r i j k be a smooth parameterized

curve, for a ≤ t ≤ b. The unit tangent vector for a particular 
value of t is

( )( ) .
| ( ) |
tt
t

=
rT
r
'
'
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Figure 14.10



Slide - 22Copyright © 2019, 2015, 2011 Pearson Education, Inc. All Rights Reserved

Theorem 14.1 Derivative Rules
Let u and v be differentiable vector-valued functions and let f be a differentiable scalar-
valued function, all at a point t. Let c be a constant vector. The following rules apply.

1. ( )d
dt

=c 0 Constant Rule

2. ( ( ) ( )) ( ) ( )d t t t t
dt

¢ ¢+ = +u v u v Sum Rule

3. ( ( ) ( )) ( ) ( ) ( ) ( )d f t t f t t f t t
dt

¢ ¢= +u u u Product Rule

4. ( ) ( )( ( )) ( ) ( )d f t f t f t
dt

¢ ¢=u u Chain Rule

5. ( )( ) ( ) ( ) ( ) ( ) ( )d t t t t t t
dt

¢ ¢× = × + ×u v u u vv Dot Product Rule

6. ( )( ) ( ) ( ) ( ) ( ) ( )d t t t t t t
dt

¢ ¢´ = ´ + ´u v u v u v Cross Product Rule
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Section 14.3 Motion in Space
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Figure 14.11
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Figure 14.12
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Definition Position, Velocity, Speed, 
Acceleration
Let the position of an object moving in three-dimensional

space be given by ( ) ( ), ( ), ( ) , 0.t x t y t z t t= ³r  for 

The velocity of the object is
( ) ( ) ( ), ( ), ( ) .t t x t y t z t¢ ¢ ¢ ¢= =v r

The speed of the object is the scalar function
2 2 2| ( ) | ( ) ( ) ( ) .t x t y t z t¢ ¢ ¢= + +v

The acceleration of the object is ( ) ( ) ( ).t t '' t¢= =a v r
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Figure 14.13
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Figure 14.14
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Figure 14.15
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Figure 14.16
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Theorem 14.2 Motion with Constant 
Magnitude of r
Let r describe a path on which | r | is constant (motion on a circle or sphere

centered at the origin). Then 0,× =r v which means the position vector

and the velocity Vector are orthogonal at all times for which the functions are 
defined.
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Figure 14.17
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Figure 14.18
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Figure 14.19
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Figure 14.20
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Summary Two-Dimensional Motion in a 
Gravitational Field
Consider an object moving in a plane with a horizontal x-axis and a vertical y-axis,

subject only to the force of gravity. Given the initial velocity 0 0(0) ,u v=v

and the initial position 0 0(0) , ,x y=r the velocity of the object, for t ≥ 0, is

0 0( ) ( ), ( ) ,t x t y t u gt v¢ ¢= = - +v  
and the position is

2
0 0 0 0

1( ) ( ), ( ) , .
2

t x t y t u t x gt v t y= = + - + +r  
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Figure 14.21
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Figure 14.22
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Figure 14.23
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Summary Two-Dimensional Motion
Assume an object traveling over horizontal ground, acted on only by the

gravitational force, has an initial position 0, 0 0,0x y = and initial velocity

0 0 0 0, | | cos ,| | sin .u v a a= v v  The trajectory, which is a segment of a

parabola, has the following properties.

02 | | sinT
g

a
= =

vtime of flight 

2
0| | sin 2
g

a
=
vrange 

( )20| | sin
2
Ty

g
aæ ö= =ç ÷

è ø

v
maximum height  
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Figure 14.24
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Figure 14.25 (a)
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Figure 14.25 (b)
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Section 14.4 Length of Curves
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Definition Arc Length for Vector 
Functions
Consider the parameterized curve ( ) ( ), ( ), ( ) , , ,t f t g t h t f g h¢ ¢ ¢=r where  and 

are continuous, and the curve is traversed once for a ≤ t ≤ b. The arc length of

the curve between ( ) ( )( ), ( ), ( ) ( ), ( ), ( ) and isf a g a h a f b g b h b

2 2 2( ) ( ) ( ) | ( ) | .
b b

a a
L f t g t h t dt t dt¢ ¢ ¢ ¢= + + =ò ò r
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Figure 14.26
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Table 14.1
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Figure 14.27
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Figure 14.28 (a & b)
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Theorem 14.3 Arc Length as a Function 
of a Parameter
Let ( )tr describe a smooth curve, for t ≥ a. The arc length is given by

( ) | ( ) | ,
t

a
s t u du= ò v

where | | | | .¢=v r Equivalently, | ( ) | . | ( ) | 1ds t t
dt
= =v v If , for all t ≥ a, then

the parameter t corresponds to arc length.
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Section 14.5 Curvature and 
Normal Vectors
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Figure 14.29
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Definition Curvature
Let r describe a smooth parameterized curve. If s denotes 
arc length and

¢
=

¢
r
r

T

is the unit tangent vector, the curvature is ( ) .ds
ds

k =
T
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Theorem 14.4 Curvature Formula
Let ( )tr describe a smooth parameterized curve, where t is any parameter. If

¢=v r is the velocity and T is the unit tangent vector, then the curvature is

1 | ( ) |( ) .
| | | ( ) |

d tt
v dt t

k
¢

= =
¢

 T T
r
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Theorem 14.5 Alternative Curvature 
Formula
Let r be the position of an object moving on a smooth curve. The 
curvature at a point on the curve is

3

| | ,
| |

k ´
=
v a
v

where ¢=v r is the velocity and ¢=a v is the acceleration.
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Figure 14.30
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Definition Principal Unit Normal Vector
Let r describe a smooth curve parameterized by arc length. 
The principal unit normal vector at a point P on the curve 
at which k ≠ 0 is

1( ) .
| |
d ds ds
d ds dsk

= =
T TN
T

For other parameters, we use the equivalent formula

( ) ,
| |
d dtt
d dt

=
TN
T

evaluated at the value of t corresponding to P.
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Theorem 14.6 Properties of the 
Principal Unit Normal Vector
Let r describe a smooth parameterized with unit tangent vector T and 
principal unit normal vector N.

1. T and N are orthogonal at all points of the curve; that is, 0× =T N

at all points where N is defined.

2. The principal unit normal vector points to the inside of the curve–in the 
direction that the curve is turning.
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Figure 14.31
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Figure 14.32
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Figure 14.33
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Theorem 14.7 Tangential and Normal 
Components of the Acceleration
The acceleration vector of an object moving in space along a smooth 
curve has the following representation in terms of its tangential

component Ta (in the direction of T) and its normal component Na

(in the direction of N):
,N Ta a= +a N T  

where
2

2
2

| || | .
| |N T

d sa k a
dt

´
= = =

v av
v

 and 
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Figure 14.34
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Figure 14.35



Slide - 67Copyright © 2019, 2015, 2011 Pearson Education, Inc. All Rights Reserved

Figure 14.36
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Figure 14.37 (a & b)



Slide - 69Copyright © 2019, 2015, 2011 Pearson Education, Inc. All Rights Reserved

Definition Unit Binormal Vector and 
Torsion
Let C be a smooth parameterized curve with unit tangent 
and principal unit normal vectors T and N, respectively. 
Then at each point of the curve at which the curvature is 
nonzero, the unit binormal vector is

,= ´B T N
and the torsion is

.d
ds

t = - ×
B N
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Figure 14.38
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Figure 14.39
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Figure 14.40
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Summary Formulas for Curves in 
Space (1 of 2)

Position function: ( ) ( ), ( ), ( )t x t y t z t=r

Velocity: ¢=v r

Acceleration: ¢=a v

Unit tangent vector:
| |

=
v
v

 T

Principal unit normal vector: 0)
| |
d dt d dt
d dt

= ¹
TN T
T

 (provided 

Curvature:
3

1 | |
| | | |

d d
ds dt

k ´
= = =
T T v a

v v
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Summary Formulas for Curves in 
Space (2 of 2)

Components of acceleration: 2 | |, | |
| |N T N
aa a a k ´

= + = =
va N T v
v

where 

2

2 | |T
d sa
dt

×
= =

v a
v

and 

Unit binormal vector:
| |
´

= ´ =
´
v aB T N
v a

Torsion:

2 2

( ) ( )
| | | |

d
ds

t
¢ ¢ ¢¢ ¢¢¢´ × ´ ×

= - × = =
¢ ¢¢´ ´

B v a a r r rN
v a r r
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