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Section 15.1 Graphs and Level
Curves
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Definition Function, Domain, and Range
with Two Independent Variables

Afunction z=f(x,y) assigns to each point (x, y) in a set D in

Rz real number z in a subset of R .

The set D is the domain of f. The range of fis the set of real
numbers z that are assumed as the points (x, y) vary over the

domain (Figure 15.1). XY — ’W{zaf, variable

o CFW\EHW\ o-g‘bwo variables | -z:“?(/xié“ ] 2 —cyed) v
o doman {(x/g)e(f ‘-ﬁx)%) W WW§:@(M

. rarge i—‘f(ﬂ)ék \ = Y) 6®0M€
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Figure 15.1

VA

Z — (-x9 \‘) ( N\
Domain J fmaps D to a subset of R. |
/a Range of f

= — B >
&/ _x5y) X

7

fassigns to each point
(x, y) in D a real number z.

|
7
<
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Figure 15.4

An ellipsoid does not pass
the vertical line test:
not the graph of a function. % y

This elliptic paraboloid
passes the vertical line test:
graph of a function.
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Figure 15.5 ‘

Plane )
z=f(x,y) =2x + 3y — 12
J

(0,0, -12)
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b) 2=feg) =4
Figure 15.6

Paraboloid
z2=f(x,y) =x* +y*
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1- 2«-(\ — 2 2‘_
Figure 15.7 2 ~'"*"0 = 20n 0 =

Upper sheet of hyperboloid of two sheets
z=VI1+x2+y2
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o &ng,[ Curve
Figure 15.8
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Closely spaced
contours: rapid
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Figure 15.9

Surface

z=f(x,y) N Contour curve

[evel curve:

f(x,y) = z,1n the
xy-plane.
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Figure 15.10

YA

( Level curves of f J

fe,y) =z,
-\
O Q& x

Jx,y) =2z,

Z=f(x»y) y
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Figure 15.11
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rapid change in
- function values
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Example > Sketch Qovel curves  (a) 2 =fw )= Y- 5
! %o:g_x)—‘\ —@ale_‘.Q_l_%o\ ‘2‘0:0; \A:;)(-‘Z—l

Figure 15.12 (a & b) —

Surface
7= y— xz —_ 1

Contour curves are formed
by the intersection of the
surface and horizontal
planes z = 2.

(Lev curves of
\Z =y 2 -1
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Figure 15.13 (a & b)

(Contour curves
are formed by the
intersection of
the surface and
planes z = 7,

\for 0<gz,=1

N

|

o
]
1

[Level curves of]

7= e_x2_y2
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Definition Function, Domain, and Range
with n Independent Variables

The function x = f(x,,xX,,...,x,) assigns & uniquereal number Y.

to each point  (x,,x,,...,x,) inasetDin R". The set D is the domain

of f. The range is the set of real numbers X, _, that are assumed

as the points  (X;,X,,...,x,) vary over the domain. 0
. e dond D@t \® 3 E
l:xamp\QT ;mc!.é PMALNS
(b} hix d,2)=
©) §es2)= Aty 2

%0
/6><A i>o %
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o %ra% S 0% FW\E%TW\S 0'%' More than Two VLU’T&LHES

W= a%(x’é) z)
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Figure 15.17
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Figure 15.18 (a & b)
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Section 15.2 Limits and Continuity
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Figure 15.19 (a & b)
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Figure 15.20

(/
Do
X P(x, y) 3%

f(x,y)1s between L — €and L + 8
- whenever P(x, y) is within & of P,. |
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Definition Limit of a Function of Two
Variables

The function f has the limit L as P(x,y) approaches F,(a, D),

written
Iim f(x,y)=lm f(x,y)=L,

(x.9)->(a.b) PR,

if, givenany £ >0, there existsa 0 >0 such that
| f(x,y)-Lke

whenever (x, y) is in the domain of f and

0<| PP, |=+/(x—a)’ +(y—b)* <&.
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Figure 15.21

VA
fx,y)=>LasP—->P,

along all paths in the

domz,lii if-f;\ C/)Q, \2 . (Of b)

=Y
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Theorem 15.1 Limits of Constant and
Linear Functions

Let a, b, and ¢ be real numbers.

1. Constant function Jf(x,y) =c: (x})igrgab)c=c

2. Linear function  f(x,y)=x: llm x=a
(x.y)->(a.b)

3. Linear function  f(x,y)=y: lim y=5b

(x,y)—>(a,b)
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Theorem 15.2 Limit Laws for Functions
of Two Variables

Let L and M be real numbers and suppose lim f(x,y)=L and lim g(x,y)=M.

(x,y)—>(a.b) (x,y)—>(a.b)

Assume c is a constant, and n > 0 is an integer.

1.8um lm (f(x,y)+g(x,y)=L+M.

(an’)—>(a’b) — T~

2. Difference 11m (f(x,y)— g(x y)=L-M.

3. Constant multiple lim cf(x,y)=cL
(x,y)—>(a,b)

4. Product -, hn(l b)f(x »)gx,y)= LM

5. Quotient lim Sy) _ L provided M #0)
wan) g(x,y) L

6. Power . hrr(l b)(f (x,y))' =L".

7.Root 1)111(1 b)(f(x y)""=L", where we assume L > 0 if n is even.
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Figure 15.23 S ata

" P must approach PO\
along all paths in
\the domain D of f. )
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_%. 0-b =ar) (;3? K-y 0 () 4]
- X Y\-= (4 [X‘a
Figure 15.24 KA

(r\)—

CAll points Wlth y =X
are excluded from 0raph. |

@ pearson  Copyright © 2019, 2015, 2011 Pearson Education, Inc. All Rights Reserved

Slide - 36


iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad


__% Qi‘_b":(mb)(a-}\ 0 xd - 45 5(.. 4_‘_3.\ X2 U
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Figure 15.25 - 3 (oA TY (R ) Y (Fe)
) J \Weely
/?1/ \=1- (AFQA]\)

VA Line x = 4y is not
~1n the domain of f = 4

N

/ (4. 1)

| : I 1 I : >

" [(x,v)> (4, 1) along
~paths in domain of f. |
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0. (m&" PNE » M =mx @—an)a

0 =x3y- paren A K (m;\z
Figure 15.26(,. t«y\= z+l®%:°:$‘ 2 Q)X
gy W42, 0) cdag 4= Q i, )X

“H O (Staight line paths L—w\)
to (0, O):y=mx \+mz

limit = 0 ° \ / 11m1t 2 &
Y

2 | \@
limat

m undefined:
limit = 1
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Figure 15.27

[y = —xis level curve for z = 0.]

[y = x is level curve for z = 2.]
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Procedure Two-Path Test for
Nonexistence of Limits

If f(x,y) approaches two different values as (x, y)
approaches (a, b) along two different paths in the domain of f,
—ANACNAAAAA-

then ( 1)111(1 Y f(x,y) does not exist.
x,y)—>(a
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Definition Continuity

The function fis continuous at the point (a, b) provided

1. fis defined at (a, b). A?
2. ; ists.

= b
~lim @f (xfy) f(a,b)

—
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3xyd 7 = T
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FD%\EIane ‘H‘e “;E— od' whrc;\
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“
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/ 2— S
X =m a
*. L

D, =8
_odm )
- m*+\ %f” Vi’i 1: limit = —% ( Parabolic paths ;
to (0, 0): x = my~ |
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Figure 15.29

x = —y?isalevel
curve forz = —%.

[x = y?is a level curve}

for z =%.
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At what PoTn"'s of R are 'da]collow% &A&‘HMS continuons
y*_ o x*

42 —i-(xla)z ‘ W ) (/X,H)#:(OJOX

O ) (X/a):(ojo\
2 X4 =
&)M;‘QLL‘U( i Y ozmd ot L WED DNC
OJ 4+’XL \64‘$m7— 4 I+ W\l 0/ M=\
L

#54 -Y-(x/\é):\{ x’-+31 ;('3\#(0/\
0, («,3\:(00)
i} 2 2y 7 —
A DGR
= T =
AN fca
K= e L\ P



iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad


Theorem 15.3 Continuity of Composite
Functions

If u=g(x,y) is continuous at (a, b) and z= f(u)
is continuous at  g(a, b), then the composite function

z= f(g(x, y)) is continuous at (a, b). L ko?\‘ s Rue,

3 49 ‘f‘(xla\=QM(«"+€}l) %: Q';\‘:M——-Q[.‘ {1

x4 X)) xsa g )
« = Q:m (u) A/Q(’ a_——-)—)@/b%xe* \&2 / :l%u_l—

0"»’@)’)6%3] =9 g () Y= U C: ;m/(x =0
2 « DNE 0‘»\’8}‘ ﬂti + g = mx
0 ajoa a“)ﬂicl % QMQL
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Section 15.3 Partial Derivatives

\(x+h,/ 4,y - (<Y \\% h
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Figure 15.30 (a & b)

A
P(0, 0, (0, 0))

y, North
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Figure 15.31

@ Pearson

... this is the
curve z = f(x, b).

The limit

—‘B—-f‘-(a k lim fat h’_%: _f(“’Q ... the slope of the curve z = f(x, b)
XY/ 2

at(a, b, f(a, b)), which is f (a, b).

h=0

equals .~
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Figure 15.32 (102 X =4

... fla,b+h) —fla,b) — é\ b
This is the vertical ShCL lhlir(l) h - D (é ) )
plane x = @ and ... equals ... J

<

. - \
... this is the curve z = f(a, y).j!
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Figure 15.32 202

... the slope of the curve

z = f(a, y) at (a, b, f(a, b)),

ZA which is f‘ (a, b). )
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Definition Partial Derivatives

The partial derivative of f with respect to x at the point
(a, b) is

ML(atb fifa-b) =1im flathp-fla.0)

h—0 h

The partial derivative of f with respect to y at the
point (a, b) is

e b):limf(a’b+h)_f(a’b).

ba(&)\ YR h—0 h

provided these limits exist.

@Pearson Copyright © 2019, 2015, 2011 Pearson Education, Inc. All Rights Reserved Slide - 50


iPad

iPad

iPad

iPad

iPad

iPad


6 o y= 4O e 0
ﬁf:-,zxa_\_éxa .%gi: xa 7 HZ ".:g

ya > 2
L8 TEa (8
g"’w“' al‘ 4w
‘S'Lx\z S’h ,Q\“t\ch:
(x)
v -1} 31
4 =
Y = d = ‘/\(’(\ L\(
3 ‘t( 4 3@e_ + Q( ) *)
A )Y x* X H-
X 2x _ ° ok
= 0 — e—x é


iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad


‘%\X\) ,(x\ / «-Vy'('x\: (-%’(x\y = e&_

oy 2E b
Table 15.3403) 3%, 5y

@@)2«0&! “
£y =Ly ey

Notation 1 Notation 2 What we say ...

of ( )f d squared f dx squared
6x(6xj ox 2 (J:*).f :fﬂ orf=x-x
o[ of _f d squared f dy squared
5 5 —Qléz (f‘)‘ =f}3.- orf-y-y
o(of) &f .xel f-y-x
) = 1
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Theorem 15.4 (Clairaut) Equality of
Mixed Partial Derivatives

Assume fis defined on an open setD of R *, and that /, and f,, are
continuous throughout D. Then fxy = fyx at all points of D.

®
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3 ‘?H -ihm dor. at %, = L5 Jﬁ{”‘t;"o/ ’m/_

Definition Differentiability

The function z=f(x, ¥) is differentiable at (a, b) provided

f.(a, b) and f (a, b) exist and the change Az = f(a+Ax,b+ Ay)— f(a,b) equals

3 :t(znrow. (X, )[X‘)%\
Az = f (a,D)Ax+ f,(a,D) Ay + &Ax + &,)Ay,

where for fixed aand b, ¢ and ¢, are functions that depend only on ?

Ax and Ay, with (g,,&,) = (0,0) as (Ax,Ay) —(0,0). A function is differentiable

0
on an open set R if it is diffegentiable atgvery point of R. 2= e
$x1 - [y + ) KX X
—> 0
=& ‘Q‘

> oo
R0 ) - [ )+ ox ta) () Sy ] )

d

o
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Theorem 15.5 Conditions for
Differentiability

Suppose the function f has partial derivatives @

defined on an opén set containing (a, b), with  f and /|

continuous at (a, b). Then fis differentiable at (a, b).
—_—
®
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Theorem 15.6 Differentiable Implies
Continuous

If a function fis differentiable at (a, b), then it is continuous at

(a, b). ‘t Wd:

v
bl dres ad antnily (%

hso ¢
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Figure 15.34
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3xy
2 + y2

A fy) =

£,0.0) = £,0.0) = 0.

f1s not continuous
at (0, 0), even though
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Section 15.4 The Chain Rule

By Llaw).
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Jz 0z
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Theorem 15.7 Chain Rule (One
Independent Variable)

Let z be a differentiable function of x and y on its domain,
where x and y are differentiable functions of t on an interval

I. Then #13 2"("*18\\0
d%_);}_éi B%'\C!;H_ ’)(‘:S.L/Vlzt
d€ T 2ox &k éa CoIa’z 0z dx Oz dy % 8=(3'f’+4-\§

=10 (X% 1 dt ox dt @y dt
‘(/3\ 8t - ot

110 *“&\) 2 SG%M\ 3
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W=—i(x/a/%\ . 6:\\@_\
Figure 15.37 L2 =pit)

X
dx
dt
O O o
[ [ [

dt ox dt dy dt 0z dt
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W= X -39 +20 x=2ast  du - ax. x'-6]- 4
Exanple | W= X-2§
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Figure 15.38 3=t =.25-z(-jf)-éa-ws’t
+3e3“- >t st

= ~fstet —24sut@l +ite

{At (V2.V2, 16), J

2
= = —16.
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y

dz is the rate of
dt
change of zas C

is traversed.
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Theorem 13.8 Chain Rule (Two
Independent Variables)

Let z be a differentiable function of x and y, where x and y
are differentiable functions of s and t. Then

Oz 0z Ox 828)/ d@z 828)6_'_@8_)/

Os  Ox Os 8)/ Os ot oOx ot Oy ot

%‘STM&Cﬁsla\ 2{; WX @5(23) %:—z%xSw(za]

#H22

x=5+ ¢ T ) Bt,-ﬂ_ . T
ié s+t L k“‘t)/ oo )

2L = astmn i) -0 (611) SR8 Sk
}S ,)_0 g{.at) 9«7(9« )_;1
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Figure 15.41 2t
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Figure 15.42 d
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Theorem 15.9 Implicit Differentiationaﬁ

Let F be differentiable on its domain and suppose

F(x,y) =0 defines y as a differentiable function of x% ?
X

ample 5
iE)Prowded F, #0. | E;:g\ -jéﬂﬁ@ 37" Oi

o=y [4+x4 )

4 +mad 4 -
0=%XF[",}D | d 3
SF & oF = K&»(Xa\-rzw‘gsja—[\’a‘b}ﬂ;)

= —. . — % S!-& 3: ™ +Xo (x )
X & W Q a ’ae&(xa)-(\
= x(;s(ta) {-ZNB
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Section 15.5 Oirectionai Derivatives
and the Gradient
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Theorem 15.10 Directional Derivative

Let f be differentiable at (a, b) and let u=(u,, u,)

be a unit vector in the xy-plane.

The directional derivative of fat (a, b) in the
direction of u is

ff N
D, f(a,b)=(f.(a.b), f,(a,b))-(u,,u,).

@Pearson Copyright © 2019, 2015, 2011 Pearson Education, Inc. All Rights Reserved Slide - 77


iPad


Eanple | 2=1w ;|)_-'-Qx*+2<klz)+2_ _l—?l='1|-—<l 1> _\’,;-L<|)_J_57

(a\fD*‘ﬂ 2) = ( 7 —-‘~<| \ >= (— A +2-0 :<~l'x
Figure 15 48 %" ¢ OV&
DT 23*<z 2y T4 A3y = (?_ | +2- hr\ V‘f@z_)—(—- 25

(b) wferffe"'d o 4 z—4(x +2y%) +2 -2;(3 47];)“ z—4(x2+2y2)+2

Plane Q
containing
uorv
perpendicular
L to xy-plane |

intersection curve C in the direction intersection curve C in the direction

The line in Q tangent to the The line in Q tangent to the
of u has slope D f=~ 2.47. of v has slope D_f =~ —0.98.
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Theorem 15.11 Directions of Change

Let f be differentiable at (a, b) with Vf(a,b) #0.

1. fhas its maximum rate of increase at (a, b) in the direction of the

gradient . The rate of change in this direction is

Vf(a,b)| .

2. fhas its maximum rate of decrease at (a, b) in the direction of

@\ The rate of change in this direction is —|Vf(a,b)| .
* g | |

3. The directional derivative is zero in any direction orthogonal to

V£ (a,b) . -
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Theorem 15.12 The Gradlent and Level
Curves

Given a function f differentiable at (a, b), the line tangent to
the level curve of fat (a, b) is orthogonal to the gradient

Vf(a,b) , provided Vf(a,b) # 0.

Remw) o Lessm 12 %(x/ H)

—
P o
—
/

Wﬂ L Qe curve
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r(t\:<\ At y \‘):t>z=2 4X‘+:)_a\8 =0
' Level curve I- 2)(
:<\)\>“\‘t—b() for z = 2 a- -.g_
s i

VLD =(3) —=
C——" u:(\J -2 >

t-Vf=0 o
Vfis orthogonal to level curves.} A —
[ 2>+ <L 7> =
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o Fonetions “&ﬂfﬂ@ VUT&,\"\@/S :?(X/\a/%\
Figure 15.55 ) x;%'ﬁ7

Ball is released
at (3,4, 61). f

C: path of

steepest

descent on Py
surface

Projection of path of

steepest descent on
3

_4x
xy-plane, y = 27

is orthogonal to
level curves.
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Definition Gradient and Directional
Derivative in Three Dimensions

Let f be differentiable at (a, b, ¢) and let u=(u,,u,,u,)
be a unit vector. The directional derivative of fat (a, b, ¢) in
the direction of u is

f(la+hu,b+hu,,c+hu,)— f(a,b,c)
. :

D, f(a,b,c)= %mg

provided this limit exists

The gradient of f at the point (x, y, z) is the vector-valued
function

V(% p,2) = (%, 3.2), [, (%, ,2), fu(x, ,2))
= f.(x,»,2)i+ f,(x,y,2)j+ f.(x,y, 2k
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Theorem 15.13 Directional Derivative
and Interpreting the Gradient

Let f be differentiable at (a, b, ¢c) and let u =<u1,u2,u3> be a unit vector.

The directional derivative of fat (a, b, ¢) in the direction of u is
D f(a,b,c)=Vf(a,b,c)-u

=(f.(a,b,c), f,(a,b,c), f.(a,b,c))-(u,uy,us).
Assuming Vf(a,b,c)#0, the gradient in three dimensions has the following
properties.
1. fhas its maximum rate of increase at (a, b, ¢) in the direction of the
gradient Vf(a,b,c), and the rate of change in this directionis  |V/(a,b,c)|.
2. fhas its maximum rate of decrease at (a, b, ¢) in the direction of
~Vf(a,b,c), and the rate of change in this direction is —|V/(a,b,c)|.
3. The directional derivative is zero in any direction orthogonal to Vf(a,b,c).
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Bangle 8 g, 2)= K2 v 421 Quel sugiue g =
(6\\ %:’W\c‘ ‘V‘S‘ ol ?(2,0,0\/ &(0},\]3:/0)} R(ojg}')/ Glno( 5(‘;‘,&) |

(b) I\jl al;!l;gamg‘zs 08 d\wejf- ﬂ‘s\' 'SL J\‘d\ﬁcufec\'l\owd ff 'd&gmc(b.ﬁs i;(a)?

Level surface of f(x, y, 7) = x> + 2y + 47> — |
fle,y,2) =3 ,

AV£(0,0, 1) = (0,0, 8)

VAL 1. 3) = (2.4.4)

X
V/(2,0,0) = (4,0, 0) / y

VF(0,V/2,0) = (0, 4V2,0)
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Section 15.6 Tangent Planes and
Linear Approximation
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Figure 15.58 (102

YA YA
y = f(x) N\ = 8@)
! !
! !
! !
/ ! — !
! !
! !
! !
: > ; >
a X b X
@diﬁerentiable at g not differentiable at
a = tangent line b = no tangent
at (a, f(a)) line at (b, g(b))
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Figure 15.58 (202

ZA - 4
Z =f(x’y)

z2=gYy)

é (a,b)
x
)’
[ differentiable at g not differentiable at
(a, b) == tangent (¢, d) == no tangent
plane at (a, b, f(a, b)) plane at (¢, d, g(c, d))
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Figure 15.59 (1012
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Figure 15.59 o2

... it appears more
like a plane.
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°T@{q¢n’f Planes t surdacs <[/53ffl‘ —Z=—L(x,3,) £ 2-5810,,3):0
- —

Qwel? F(x)a/—z-_>:0’
e TODT e

Figure 15.60 (a & b)
= TFHR)= Kb Fleb) ebo)

VE(P,) VF(P,) normal to tangent plane

A £ \

Fx,y,2)=0 N\

Tangent vector r'(7)

—
/’,j{r(t): (x(1r), v(1)., z(1))

0 (a, b/ C_)

_—

C

Vector tangent to C Tangent plane formed
at P is orthogonz byJdangent vectors
oSy = () o X0 d b z’&—eﬁhmm\,«{“/
0= ? — N/
~———

surface passing through P,

0 = B0 ko) +E B) (44) T 5 0) o=

——
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Definition Equation of the Tangent
Plane for Fof x, yand z=0

Let F be differentiable at the point £, (a, b, ¢) with VF(a, b, ¢)#0. The plane

tangent to the surface  F(x,y,z)=0 at F,, called the tangent plane, is the plane

passing through P, orthogonalto VF(a,b,c).

An equation of the tangent plane is

F.(a,b,c)(x—a)+ F,(a,b,c)(y—D)+ F_(a,b,c)(z—c)=0.
N~ e —
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Exmplel F(X3—2_\--—+—- y2 -1=0

] . - _ P \
) Find e?mﬁm plang ftwah sta:t 4 =). h= V-F(
(((l:\ At u)lli"é P_fﬁs_on-tdﬂ lgsmclh;qz;aﬁeﬁf f'am honzm 2\( _li %> I

Flgure 15. {9, 5

3 6 f
V\‘:<o/0 cC > :<o)£’,?>
A
_ 2% 2y ) _&i —
“vf-—<7)<}?/z%> 0“<0/’f;f><)‘34% $->

VI//V{:? vF(0.4.3) _ w ) + ?(2__}\

//?%Tanoent plane
[ ac(0.4.3)
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Tangent Plane for z=fof xand y

Let f be differentiable at the point (a, b). An equation of the

plane tangent to &'he surface z= f(x,))

at the point

(a.b, f(a,b)is  FxY)=2 --f(x,g)z 0

V=« f‘ o

= f(a,b)x—a)+ f,(a,b)(y -

b) @719)&

0= <--§ (ah\ és(fila\ 17 (X~ d- B 2 tﬁd'o)) KJY(

{}"@\@—a)

=2- Ji(m - (a by (x-a) - {lcaw (4-b)

2= ’J"(Q B\_\_-{‘ @b) (x-a\-k’f (& b} (3 l,)

d=T4)

!
f
J

| (U

{\;(a b) + wg_@ﬁ(a b) + <x-a g b)
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Example 2 Fid an ef«ﬂh}m rf—ﬁa?'m -|-n6e/rt To the Pambo,ou‘d
| %q‘ﬂ,mzaz-%«z- 452 oilz,'.,'é\.

Figure 15.62 %zif(z,n\»fvf(z,q' (x-2, 'a_\>
Ta@eﬂ‘ Ham ot (a4 ) fT’y&,\H<-6><,~83>\M° -2 Y17

) 7 =32 3% — 4y’
y N -

(a) Lwi W<Wi 4 = /6 — (,2/87 ¢ X2, g~\>
FRH=0 \ =12 (x-2) - 8 (Y1)
VE(abe) <0, 4b 2~ P=p

(b Fosg 2y 2 g)=e \

@ i— = ’?ﬁ&/a \ X Tangent plane Y

at (2,1, 16)
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‘ dﬁu\’lzu Af?mmeai"TE"_ e‘%s'a\f:, L)

Fgure 15 63 e ——

(@, b. f(a, b))
-“_—“L,— 4

|
|
%/7% ‘\
\ :

Tangent line X
linear approximation T_‘d“t—‘e“‘ Plim? ‘
at (a, f(a)) linear approximation

at (a, b, f(a, b))

F= f{a/b){-&((a,h\ Q(-a\ “+ ﬁy& (q)b) (&‘ b)
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Definition Linear Approximation

Let f be differentiable at (a, b). The linear approximation to the surface z= f(x, »)

at the point (a,b, f(a,b)) is the tangent plane at that point, given by the equation
L(xay) = ]Fx(aab)(x o a) + fy(aab)(y _b) + f(aab) Y 4

For a function of three variables, the linear approximationto w= f(x, y,z) atthe

point (a,b,c, f(a,b,c)) is given by

L(x,y,z) :fx(a,b,c)(x—a)+fy(a,b,c)(y—b)+fz(a,b,c)(z—c)+f(a,b,c),./
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Examiﬂe 3 ‘s‘\x/a) = /xiaz (&) Fnd the Qu:fzaf aﬂ)ﬂjx ’Kﬂﬂdﬁmdﬁ\m a (—lj 2/|)
(b) Use the Vinar aﬂthech?«dz ‘H—M"J’ 2,:)
Flgure 15.64 o) Lk g)= 1 *riw\)-i(ﬁ-z\
'%“ 1\”\11” 10
_,_2_:‘ ) Of-
-g-[.\ 2)= -&'(x*—‘& zx\ﬁ : (b) ‘H‘OI‘Z \> L(l 2. \)

2] 4
= \*\'ftf,oj/ﬁ f(z"_zJ

&l 2, 1)
I ‘l-‘r} oo§>-~x0|
N S /Tangent plane
g N (1.2, D)
y
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CTD?ﬁw'H/AJB ) AY {

X A2
Figure 15.65

Z

>—

EREa

= LXy) —Ja,

(x,y’f(x,y))\ f)(a >JX+~F ab)d
\ Linear approximation (‘J Cg
(3, 3. Lx, ) —— 4 / 3

dz = change in L on

,b,f(a, b | the tangent plane
(@ 0o BN ~ | Az = change in fon
" the surface
z=f(x,y) |
I [ T\ dZ LAZ
1 | S
| ~o

| @h| A

e E
Ax = dx /Ll ﬁ
/ — Py =(a+dx,b+dy)
X Ay = dy
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Definition The differential d z

Let f be differentiable at the point (x, y). The changein z= f(x, )
as the independent variables change from (x, y) to  (x+dx, y +dy)

is denoted Az and is approximated by the differential dz:

Az = dz = f (x,y)dx+ f,(x,y)dy.

EXMP'Q 4 2= ‘Y_(X/H ) =9(zfa" _%'y\ k_\J L\ - % , Q%H(—\» 2\:—%
AEme’.mailE ~the chage w2 when Ay = ’0‘73 ()= 0.57

wdep vaiables e\‘mem @To (-1).,73, |.f4—)
Adz' X Ji‘ :ﬂ_&(&‘})d’( -l—“%(-\/ 236’3

= ii_xo,o7 - si,x (—0&95)
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Example 6 A Comi?ana Manu(fdwes Cd rfmﬂlfcaﬁ alum7nwn @‘IB V‘Téch $raud/fciﬂ_;«/§ .

—

T‘\e-llubes e C'esTénea[TE hw/e an oui‘STc'e raJu]s o‘f r.:/o% a ;,%,H "f ,‘._. Coem,
a thickness 0% t=o 1. The man L“w'% (338 f\'DJMdZS Fubes with a maximun emor rf

Figure I 5-66{0—.0 m G\:d\.u adius and ‘le?}‘ﬁ’ and a mewy\mro-f—
V (r/ L\lf\: T\'l\‘t (ZF-TB +70.0008 Cm wth-t}ﬂdwﬁ ,
Use d:rs-\wu“l\dl‘(f erh\le_r ot e r= 10 cm Cl
—tht maximum enmor nth P =\/r(¢a/ go/ ) .‘5 ’_[-

ume of atebe. T 4\ Vdh
V (|O)KD) 0-'\: 2 —t\(w;o.'n(;“ N h( N
Ve “):ﬂt()'r.t)’(m @0:0"77’" Jr\/t( ) *J’E
i }\ . /;f o h = 50 cm
\/’c 20 (r ts\(:)b/j;b?) om = 10Tx D,Of'l' L??TT;(O‘O_(
O Y _‘\770‘[()(0(000}/
—_~r -

ool v =00l
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Section 15.7 Maximum/Minimum
Problems

A s a0 mx < o) 2 ey Yxe0
L = Fy< oo X&)

4 ‘ @, 1)
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Figure 15.67

[Local maximum and
z A absolute maximum
onD

Local maximum

Local minimum ' | gcal minimum and
absolute minimum
onD
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Definition Local Maximum / Minimum
Values

Suppose (a, b) is a point in a region R on which fis defined. If  f(x,y) < f(a,b)

for all (x, y) in the domain of fand in some open disk centered at (a, b), then

f(a,b) isalocal maximum value of f. If  f(x,y)2 f(a, b)

[ “——

for all (x, y) in the domain of fand in some open disk centered at (a, b), then

f(a,b) is alocal minimum value of f. Local maximum and local minimum

values are also called local extreme values or local extrema.
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Ficst Derivactive Test

Theorem 15.14 Derivatives and Local

Maximum / Minimum Values
®)

If f has a local maximum or minimum value at (a, b) and the partial derivatives

@fx andf, existat (a, b),@ fx(a,b)=fy(a,g)t<;- h h.>
- / <h h,
JO =Rk beth)
o \ -
0=g =g )|,
- (C(/b) ) <kl, l/\4>
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Definition Critical Point

An interior point (a, b) in the domain of fis a critical point of fif either

1.@;» =fy<a,b>@

2. at least one of the partial derivatives (f, and f, does not exist at (a, b).

Examp|e | Fad errtical 1,0-.,;‘3 O‘S. ,S_(x Y\ = XY («-;2)(8"'5)
§ 2 3ge0) [t o] = 280N =0 g, g r )
.S_ _X("“Z-)[g{% “'éﬂ x(x-2) klaJr‘)) =) = X= =0 =2 ora

J
0,0, ,0), (0,-2) (,-2) (,73)
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Definition Saddle Point

Consider a function f that is differentiable at a critical point (a, b). Then fhas a
saddle point at (a, b) if, in every open disk centered at (a, b), there are points (x, y)

for which  f(x,»)> f(a,b) and points for which f(x,») < f(a,b).

Slide - 114
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W\/wax ’%(X/ \A \

— cr;'i Fcou( ﬁg‘fk (a, b)
-ve‘Z(q,M: 0,07
or Y‘Sz(a,b) DNE

Figure 15.68

The hyperbolic paraboloid

{z = x% — y? has a saddle J

point at (0, 0).
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Theorem 15.15 Second Derivative Test

Suppose that the second partial derivatives of f are continuous throughout

an open disk centered at the point (a b), where f.(a,b)=f (a,b)=0. Let

Hx
. fxx(x y)fyy(x ¥) =S (s y) -_&;x d —Z— GlEcﬁmma/Tl_ ‘Tf ‘K_
g Ty

| D(a,b) >ﬂ\:mq&x'x(a b)EOS then'f has a local maximum value at (a, b).

2. If |D(a,b)>0@ndf (a,b)>0, thenfhasa local minimum value at (a, b)

3. |If B(a,b) <0, then fhas a saddle pomt_at (a, b). AJZ(X H ) =K _(.z]

4. If Q(a,b):O, then the test |S£1conclu3|ve‘. (0 D\ @

s By
4 >0

-D=
@ pearson \' -%6(: -
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Example 2 Usethe Secnd Derivalug Test o class?dzd thy errfical foTn"'S of X
! ﬂ—(x/a \= /xl—'r ).al-— 4-x +4-a +6

Figure 15.69

z=x2+2 —4dx+4y+6 Zﬂ

%

Local minimum at (2, —1)
where f_ = j; =0
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Example > Classify the eritical poinls of "/3\3 (x—zykga-i),
EX f? ~ _g_'x _ é_a@ +> ?_g\*x -:g_a—&(ﬂ;) Xa= Z(X-I)[ﬂ-}ﬁ'\‘ Zl]

— “Jfg = x (x2) (21 +>) —KTA;‘ = 2% (x-2) =2 (x-) (Zn %)
T s AR

(x, y) D(x,y) [ Conclusion

" (0,0) //:3;\ l ([/ :E‘.'a(d-d:e}ﬁint
P

(2,0) \ :y U \saddle point

(15_2) S >0 <© Local maximuE’
2 -0\ 2

(0, -3) 36\ | addle poi
\ Y <A /873
(2, -3) 36 ) v

( Saddle point

i
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Figure 15.70 (a & b)

Saddle points at (0, —3), YA

L0), (2, —3), . ) )
(0,0), (2 ), and (2, 0) Saddle P% @ K’lddle point
® f * >

0 ' X

1 Local
maximum

X

One local maximum | \
surrounded by four z=xyx—2)(y +3)
~saddle points.

Ve

Y

Saddle point @ ﬁlle point
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Examp\e4— (Inomc\uswe TZ’—S‘\'S\ Aﬂ; 51‘& SDY ayd m"'e,rl;F‘r —the %uﬂ—g
@ fep=2x4ze 4 SR = (00)
Flgure 15.71 %% 4\(\§ =
Z &m%\ '—e’(a

= 0—0 =)

Local minimum at (0, 0),

but the Second Derivative
Test is inconclusive.

@Pearson Copyright © 2019, 2015, 2011 Pearson Education, Inc. All Rights Reserved Slide - 120


iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad


(b) Fixg)=2-%4"

Figure 15.72

A

test fails to detect
saddle point at (0, 0).

{Second derivative }
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Definition Absolute Maximum / Minimum

Values %\obqk

Let fbe defined on a set Rin R * containing the point (a, b). If f(a,b)= f(x,y)

for every (x, y) in R, then f(a,b) is an absolute maximum value of fon R. If

f(a,b)< f(x,y) forevery (x, y)in R, then f(a,b) is an absolute minimum value

of fon R.
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Exampfe 5 A slnﬁm Comra% handlles re@qu’a/r boxes mv.JeCP e swn af the ngﬂ\
and he‘@}d_ O'Y"tp&boxcgoes not~ e/xcezcl 76 . Fing |t cha uu %ﬂ kab'demﬁéX[ vafwne

99%9 15\/7_.30( ) 2 XAt %ﬁé ( \/w )

I 7/ — :2:74-"‘—%v=ﬁ

\/
o Abs. max volume ADbs. min occ
occurs when at all points on

V
x=y=32 ) t the, boundary. &)
]

S[lmcxxv(x,‘é))\

N

Y (f6-2x- )
Volume V = xy(96 — x — y) ﬁ DV 2% )
\/a = x(ﬂ{ -?—g*’(\:% 4> a

» or (X+2Y=%4

@Pearson Copyright © 2019, 2015, 2011 Pearson Education, Ine? All Rights Reservet JSlide - 12

RN
\\

x+y=96 Domain



iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad


Procedure Finding@Maximum /

Minimum Values on Closed Bounded Sets

Let f be continuous on a closed bounded set R in Q 2. To find the absolute

maximum and minimum values of fon R:

1.  Determine the values of f at All critical pomts in/R.
2. Find the maX|mumj.n-d-m.lﬂl_rTWmc f on the boundary of R.
3. The greatest function value found in Steps 1 and 2 is the absolute maximum

value of fon R, and the least function value found in Steps 1 and 2 is the
absolute minimum value of fon R.
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Exaple 6 Fmd th obsolife_max and vim. vabues of oo g\=24 -8 "Q;’f 24+ 160

o overﬂﬁﬁ%ulaf rfﬁTov\ K :{("/ﬂ‘\ o;xf < Dsa Lf_lx. '

Figure 15.74

(N Wu/ax Nﬁxf‘&\
(3‘,3)6 R fl,y)=xy — 8x —y> + 12y + 160 Z)
R R aiad =

=2Y-12
=X - ‘\‘(2—:0$X g
&6 )—a =2-F)=4

(4,8)
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Figure 15.75

flx,y) =xy — 8x — y> + 12y + 160

Values of f over Cj:
g3(y) = —2x* + 25x + 115

- 160

Values of fover Cj:
g (y) = —yz + 12y + 160

Values of fover C;:
g1(x) = 160 — 8x
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Figure 15.76

(4. 8.192) J
' Abs. max on R -
(6.25. 8.75, 193.125)_.\&5_0- 6‘192 || A0S 'Fx X % \ v,

occurs at (0, 6)

8 (0.0, 160) 4}

Abs. min on R | L/ y Floy) = xy — 8x — y2 4 12y + e —
occurs at (15, 0) . ' - :
N €0, 15115
(15.0,40)®
v (15,0)

Cé*. 4.8)
(6.25,8.75)\ ® (0, 6)
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Exanple 8 le 8 Fd-the absoldle max. and wim. values :rf- :‘Q‘(x/&\z. 4 - x> 5: i
M‘dlﬂofenc].‘sh Rz%(x,a\ L\T ___4@()(*;3)

X+ 2'<
J"’ >4 -\ =
Eiatais Tprren=e (K/‘d\—l-(%éo}

// JVB i de ahs 2 2
AR L R B s

2 &
g = m =0 u
A= Tylo0) = -2 <0 X

fog)=41=3
Exanpk 1 Fnd the pornts) ontheplang %+ +%=P(i_/°/2

Qo (x4 2) o er)wz
d= [y g+ -4

win dx Y 2y=ma dlg 2224 )

/)(-I—Ln-(-i:z

piR
= W %..1)%6 + x+za t2)
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Section 15.8 Lagrange Multipliers
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Figure 15.79

Find the maximum and minimum
values of z as (x, y) varies over C.

7
~

Constraint
X curve
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Theorem 15.16 Parallel Gradients

Let f be a differentiable function in a region of R * that contains the smooth curve C

given by g(x,y) = 0. Assume that f has a local extreme value on C at a point

P(a,b). Then Vf(a,b) is orthogonal to the line tangent to C at P. Assuming

Vg(a,b) #0, it follows that there is a real number 4 (called a Lagrange multiplier)

suchthat Vf(a, b)=41 Vg (a, b).

—
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Procedure Lagrange Multipliers: Absolute Extrema
on Closed and Bounded Constraint Curves

Let the objective function fand the constraint function g be differentiable on a region of

R* with Vg(x,y)#0 onthecurve g(x,y) =0. To locate the absolute maximum and

minimum values of f subject to the constraint g(x,y) =0, carry out the following steps.

1. Find the values of x, y, and A (if they exist) that satisfy the equations

Vf(x, y)=AVg(x, y) and g(x,y)=0-s

—

2. Evaluate f at the values (x, y) found in Step 1 and att@ndpoints}f the constraint
curve (if they exist). Select the largest and smallest corresponding function values.
These values are the absolute maximum and minimum values of f subject to the
constraint.
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Figure 15.81 (a & b)

2\
foyy=x2+y*+2 )

Function values
corresponding to

At maximum and
minimum points,
the level curve is
tangent to the

constraint curve.
Level curve
flx,y) =10
Level curve .
_ 14 Constraint curve

@ Pearson

Maximum and minimum
values of foccur at

points of C where the

level curve is tangent

to the constraint curve. |y

constraint curve C.

Level curve
flx,y) =10

Level curves of
b fy) =at i+

Level cur?/f
f(xa }’) = ?

Constraint curve

C:glx

Copyright © 2019, 2015, 2011 Pearson Education, Inc. All Rights Reserved

) =x2+xy+y>—4=0

Slide - 136


iPad

iPad


Procedure Lagrange Multipliers: Absolute Extrema
on Closed and Bounded Constraint Surfaces

Let fand g be differentiable on a region of ° * with —g(x,y,z)n 0 on the surface

g(x,y,z)=0. To locate the absolute maximum and minimum values of f subject to the constraint

g(x,y,z) =0, carry out the following steps.
1. Find the values of x, y, z, and A4 that satisfy the equations

Vf(x, y,z)=AVg(x, y,z) and g(x,y,z)=0

2. Among the values (x, y, z) found in Step 1, select the largest and smallest
corresponding function values. These values are the absolute maximum and

minimum values of f subject to the constraint.
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Figure 15.83
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~

-
Find the points

Q on the cone
for which |PQ|

3 1S a minimum.

J
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Figure 15.84

Level curves of
utility function

U=5.0

U=40

U=3.0

1 - U=2.0
U=1.0

| | | | | | : >

1 7 {
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Figure 15.85

Utility maximized
here, subject
to constraint.

U=4
U=3

1 - N sz
MR M —

1 4 7 {

Constraint curve
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