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Section 15.1 Graphs and Level 
Curves
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Definition Function, Domain, and Range 
with Two Independent Variables
A function ( , )z f x y= assigns to each point (x, y) in a set D in

2° a unique real number z in a subset of .°
The set D is the domain of f. The range of f is the set of real 
numbers z that are assumed as the points (x, y) vary over the 
domain (Figure 15.1).
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Figure 15.1
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Figure 15.2
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Figure 15.3
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Figure 15.4
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Figure 15.5

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad



Slide - 9Copyright © 2019, 2015, 2011 Pearson Education, Inc. All Rights Reserved

Figure 15.6
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Figure 15.7
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Figure 15.8
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Figure 15.9
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Figure 15.10
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Figure 15.11
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Figure 15.12 (a & b)
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Figure 15.13 (a & b)
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Definition Function, Domain, and Range 
with n Independent Variables
The function 1 1 2( , ,..., )n nx f x x x+ = assigns a unique real number 1nx +

to each point 1 2( , ,..., )nx x x in a set D in .n° The set D is the domain

of f. The range is the set of real numbers 1nx + that are assumed

as the points 1 2( , ,..., )nx x x vary over the domain.
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Figure 15.17
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Figure 15.18 (a & b)
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Section 15.2 Limits and Continuity
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Figure 15.19 (a & b)
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Figure 15.20
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Definition Limit of a Function of Two 
Variables
The function f has the limit L as ( , )P x y approaches 0 ( , ), P a b
written

0( , ) ( , )
lim ( , ) lim ( , ) ,

x y a b P P
f x y f x y L

® ®
= =

if, given any 0 , e > there exists a 0d > such that

| ( , ) |f x y L e- <

whenever (x, y) is in the domain of f and

2 2
00 | | ( ) ( ) .PP x a y b d< = - + - <
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Figure 15.21
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Theorem 15.1 Limits of Constant and 
Linear Functions
Let a, b, and c be real numbers.

1. Constant function
( , ) ( , )

( , ) lim
x y a b

f x y c c c
®

= =  : 

2. Linear function
( , ) ( , )

( , ) : lim
x y a b

f x y x x a
®

= =

3. Linear function
( , ) ( , )

( , ) : lim
x y a b

f x y y y b
®

= =
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Theorem 15.2 Limit Laws for Functions 
of Two Variables
Let L and M be real numbers and suppose

( , ) ( , )
lim ( , )

x y a b
f x y L

®
=  and

( , ) ( , )
lim ( , ) .

x y a b
g x y M

®
=

Assume c is a constant, and n > 0 is an integer.

1. Sum
( , ) ( , )
lim ( ( , ) ( , )) . 

x y a b
f x y g x y L M

®
+ = +

2. Difference
( , ) ( , )
lim ( ( , ) ( , )) .

x y a b
f x y g x y L M

®
- = -

3. Constant multiple
( , ) ( , )
lim ( , )

x y a b
cf x y cL

®
=

4. Product ( , ) ( , )
lim ( , ) ( , ) 

x y a b
f x y g x y LM

®
=

5. Quotient
( , ) ( , )

( , )lim , 0
( , )x y a b

f x y L
M

g x y M®
= ¹provided 

6. Power
( , ) ( , )
lim ( ( , )) .n n

x y a b
f x y L

®
=

7. Root 1 1

( , ) ( , )
lim ( ( , )) ,n n

x y a b
f x y L

®
= where we assume L > 0 if n is even.
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Figure 15.23

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad



Slide - 36Copyright © 2019, 2015, 2011 Pearson Education, Inc. All Rights Reserved

Figure 15.24
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Figure 15.25
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Figure 15.26
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Figure 15.27
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Procedure Two-Path Test for 
Nonexistence of Limits
If ( , )f x y approaches two different values as (x, y)
approaches (a, b) along two different paths in the domain of f,

( , ) ( , )
lim ( , )

x y a b
f x y

®
then does not exist.
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Definition Continuity
The function f is continuous at the point (a, b) provided

1. f is defined at (a, b).

2.
( , ) ( , )
lim ( , )

x y a b
f x y

®
exists.

3.
( , ) ( , )
lim ( , ) ( , )

x y a b
f x y f a b

®
=
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Figure 15.28
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Figure 15.29
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Theorem 15.3 Continuity of Composite 
Functions
If ( , )u g x y= is continuous at (a, b) and ( )z f u=
is continuous at ( , ), g a b then the composite function

( ( , ))z f g x y=  is continuous at (a, b).

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad



Slide - 45Copyright © 2019, 2015, 2011 Pearson Education, Inc. All Rights Reserved

Section 15.3 Partial Derivatives
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Figure 15.30 (a & b)
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Figure 15.31
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Figure 15.32 (1 of 2)
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Figure 15.32 (2 of 2)
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Definition Partial Derivatives
The partial derivative of f with respect to x at the point 
(a, b) is

0

( , ) ( , )( , ) lim .x h

f a h b f a b
f a b

h®

+ -
=

The partial derivative of f with respect to y at the 
point (a, b) is

0

( , ) ( , )( , ) lim .y h

f a b h f a bf a b
h®

+ -
=

provided these limits exist.
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Table 15.3
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Theorem 15.4 (Clairaut) Equality of 
Mixed Partial Derivatives
Assume f is defined on an open set D of 2

xy yxf f, and that  and  are°

continuous throughout D. Then xy yxf f=  at all points of D.
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Definition Differentiability
The function ( , )z f x y=  is differentiable at (a, b) provided

( , ) ( , )  and  x yf a b f a b exist and the change ( , ) ( , ) equalsz f a x b y f a bD = + D + D -

2( , ) ( , ) ,x yz f a b x f a b y x ye eD = D + D + D + D1  

where for fixed a and b, 1 2 and e e are functions that depend only on

 and , withx yD D 1 2( , ) (0,0) ( , ) (0,0). as x ye e ® D D ® A function is differentiable

on an open set R if it is differentiable at every point of R.
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Theorem 15.5 Conditions for 
Differentiability
Suppose the function f has partial derivatives  and x yf f

defined on an open set containing (a, b), with  and x yf f

continuous at (a, b). Then f is differentiable at (a, b).
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Theorem 15.6 Differentiable Implies 
Continuous
If a function f is differentiable at (a, b), then it is continuous at 
(a, b).
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Figure 15.34
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Section 15.4 The Chain Rule
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Figure 15.36
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Theorem 15.7 Chain Rule (One 
Independent Variable)
Let z be a differentiable function of x and y on its domain, 
where x and y are differentiable functions of t on an interval 
I. Then

.dz z dx z dy
dt x dt y dt

¶ ¶
= +
¶ ¶
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Figure 15.37
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Figure 15.38
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Figure 15.39
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Figure 15.40
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Theorem 13.8 Chain Rule (Two 
Independent Variables)
Let z be a differentiable function of x and y, where x and y 
are differentiable functions of s and t. Then

.z z x z y z z x z y
s x s y s t x t y t
¶ ¶ ¶ ¶ ¶ ¶ ¶ ¶ ¶ ¶

= + = +
¶ ¶ ¶ ¶ ¶ ¶ ¶ ¶ ¶ ¶

 and 

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad



Slide - 67Copyright © 2019, 2015, 2011 Pearson Education, Inc. All Rights Reserved

Figure 15.41
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Figure 15.42
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Theorem 15.9 Implicit Differentiation
Let F be differentiable on its domain and suppose
( , ) 0 F x y = defines y as a differentiable function of x.

Provided 0.yF ¹

.x
y

Fdy
dx F

= -
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Figure 15.43
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Figure 15.44
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Section 15.5 Directional Derivatives
and the Gradient
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Figure 15.45
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Theorem 15.10 Directional Derivative
Let f be differentiable at (a, b) and let 1 2,u u=u  
be a unit vector in the -plane.xy

The directional derivative of f at (a, b) in the 
direction of u is

1 2( , ) ( , ), ( , ) , .x yD f a b f a b f a b u u= ×u
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Figure 15.48
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Figure 15.49
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Figure 15.50
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Theorem 15.11 Directions of Change
Let f be differentiable at (a, b) with ( , ) .f a bÑ ¹ 0

1. f has its maximum rate of increase at (a, b) in the direction of the

gradient ( , ) . f a bÑ The rate of change in this direction is

( , ) . f a bÑ

2. f has its maximum rate of decrease at (a, b) in the direction of

( , ) . f a b-Ñ The rate of change in this direction is ( , ) . f a b- Ñ

3. The directional derivative is zero in any direction orthogonal to

( , ) . f a bÑ
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Figure 15.51 (a & b)
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Figure 15.52
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Theorem 15.12 The Gradient and Level 
Curves
Given a function f differentiable at (a, b), the line tangent to 
the level curve of f at (a, b) is orthogonal to the gradient
( , ) ( , ) . , provided   f a b f a bÑ Ñ ¹ 0
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Figure 15.54

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad



Slide - 88Copyright © 2019, 2015, 2011 Pearson Education, Inc. All Rights Reserved

Figure 15.55
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Definition Gradient and Directional 
Derivative in Three Dimensions
Let f be differentiable at (a, b, c) and let 1 2 3, ,u u u=u
be a unit vector. The directional derivative of f at (a, b, c) in
the direction of u is

1 2 3

0

( , , ) ( , , )( , , ) lim .
h

f a hu b hu c hu f a b cD f a b c
h®

+ + + -
=u

provided this limit exists

The gradient of f at the point (x, y, z) is the vector-valued 
function

( , , ) ( , , ), ( , , ), ( , , )x y zf x y z f x y z f x y z f x y zÑ =

( , , ) ( , , ) ( , , )x y zf x y z f x y z f x y z= +i j+ k.
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Theorem 15.13 Directional Derivative 
and Interpreting the Gradient
Let f be differentiable at (a, b, c) and let 1 2 3, ,u u u=u be a unit vector. 

The directional derivative of f at (a, b, c) in the direction of u is
( , , ) ( , , )D f a b c f a b c=Ñ ×u u

1 2 3( , , ), ( , , ), ( , , ) , , .x y zf a b c f a b c f a b c u u u= ×

Assuming ( , , )f a b cÑ ¹ 0, the gradient in three dimensions has the following
properties.
1. f has its maximum rate of increase at (a, b, c) in the direction of the
gradient ( , , ),f a b cÑ and the rate of change in this direction is ( , , ) .f a b cÑ

2. f has its maximum rate of decrease at (a, b, c) in the direction of
( , , ),f a b c-Ñ and the rate of change in this direction is ( , , ) .f a b c- Ñ

3. The directional derivative is zero in any direction orthogonal to ( , , ).f a b cÑ
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Figure 15.57
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Section 15.6 Tangent Planes and 
Linear Approximation
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Figure 15.58 (1 of 2)
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Figure 15.58 (2 of 2)
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Figure 15.59 (1 of 2)
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Figure 15.59 (2 of 2)
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Figure 15.60 (a & b)
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Definition Equation of the Tangent 
Plane for F of x, y and z = 0
Let F be differentiable at the point 0 ( , , ) ( , , ) .P a b c F a b cÑ ¹ 0   with   The plane

tangent to the surface 0( , , ) 0 , at F x y z P= called the tangent plane, is the plane

passing through 0P orthogonal to ( , , ).F a b cÑ

An equation of the tangent plane is

( , , )( ) ( , , )( ) ( , , )( ) 0.x y zF a b c x a F a b c y b F a b c z c- + - + - =

iPad
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Figure 15.61
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Tangent Plane for z = f of x and y
Let f be differentiable at the point (a, b). An equation of the

plane tangent to the surface ( , )z f x y= at the point

( , , ( , ))a b f a b  is

( , )( ) ( , )( ) ( , ).x yz f a b x a f a b y b f a b= - + - +
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Figure 15.62
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Figure 15.63
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Definition Linear Approximation
Let f be differentiable at (a, b). The linear approximation to the surface ( , )z f x y=  

at the point ( , , ( , ))a b f a b is the tangent plane at that point, given by the equation

( , ) ( , )( ) ( , )( ) ( , ).x yL x y f a b x a f a b y b f a b= - + - +

For a function of three variables, the linear approximation to ( , , )w f x y z=  at the

point ( , , , ( , , ))a b c f a b c is given by

( , , ) ( , , )( ) ( , , )( ) ( , , )( ) ( , , ).x y zL x y z f a b c x a f a b c y b f a b c z c f a b c= - + - + - +
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Figure 15.64
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Figure 15.65
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Definition The differential d z
Let f be differentiable at the point (x, y). The change in ( , )z f x y=  

as the independent variables change from (x, y) to ( , )x dx y dy+ + 

is denoted zD and is approximated by the differential :dz

( , ) ( , ) .x yz dz f x y dx f x y dyD » = +
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Figure 15.66
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Section 15.7 Maximum/Minimum 
Problems
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Figure 15.67
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Definition Local Maximum / Minimum 
Values
Suppose (a, b) is a point in a region R on which f is defined. If ( , ) ( , )f x y f a b£

for all (x, y) in the domain of f and in some open disk centered at (a, b), then

( , )f a b is a local maximum value of f. If ( , ) ( , ) f x y f a b³

for all (x, y) in the domain of f and in some open disk centered at (a, b), then

( , )f a b is a local minimum value of f. Local maximum and local minimum

values are also called local extreme values or local extrema.
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Theorem 15.14 Derivatives and Local 
Maximum / Minimum Values
If f has a local maximum or minimum value at (a, b) and the partial derivatives

 and x yf f exist at (a, b), then ( , ) ( , ) 0.x yf a b f a b= =
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Definition Critical Point
An interior point (a, b) in the domain of f is a critical point of f if either

1. ( , ) ( , ) 0,  orx yf a b f a b= =

2. at least one of the partial derivatives x yf f and does not exist at (a, b).
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Definition Saddle Point
Consider a function f that is differentiable at a critical point (a, b). Then f has a 
saddle point at (a, b) if, in every open disk centered at (a, b), there are points (x, y)

for which ( , ) ( , )f x y f a b> and points for which ( , ) ( , ).f x y f a b<
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Figure 15.68
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Theorem 15.15 Second Derivative Test
Suppose that the second partial derivatives of f are continuous throughout
an open disk centered at the point (a, b), where ( , ) ( , ) 0.x yf a b f a b= = Let

( )2( , ) ( , ) ( , ) ( , ) .xx yy xyD x y f x y f x y f x y= -

1. If ( , ) 0 ( , ) 0, and xxD a b f a b> < then f has a local maximum value at (a, b).

2. If ( , ) 0 ( , ) 0, and xxD a b f a b> > then f has a local minimum value at (a, b).

3. If ( , ) 0,D a b < then f has a saddle point at (a, b).

4. If ( , ) 0,D a b = then the test is inconclusive.
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Figure 15.69
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Table15.4
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Figure 15.70 (a & b)
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Figure 15.71
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Figure 15.72
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Definition Absolute Maximum / Minimum 
Values
Let f be defined on a set R in 2° containing the point (a, b). If ( , ) ( , )f a b f x y³

for every (x, y) in R, then ( , )f a b is an absolute maximum value of f on R. If

( , ) ( , )f a b f x y£ for every (x, y) in R, then ( , )f a b is an absolute minimum value

of f on R.
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Figure 15.73
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Procedure Finding Absolute Maximum / 
Minimum Values on Closed Bounded Sets
Let f be continuous on a closed bounded set R in 2.° To find the absolute

maximum and minimum values of f on R:

1. Determine the values of f at all critical points in R.

2. Find the maximum and minimum values of f on the boundary of R.

3. The greatest function value found in Steps 1 and 2 is the absolute maximum 
value of f on R, and the least function value found in Steps 1 and 2 is the 
absolute minimum value of f on R.
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Figure 15.74
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Figure 15.75
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Figure 15.76
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Section 15.8 Lagrange Multipliers
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Figure 15.79
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Theorem 15.16 Parallel Gradients
Let f be a differentiable function in a region of 2° that contains the smooth curve C

given by ( , ) 0.   g x y = Assume that f has a local extreme value on C at a point

( , ).P a b Then ( , )f a bÑ is orthogonal to the line tangent to C at P. Assuming

( , ) ,g a bÑ ¹ 0 it follows that there is a real number l (called a Lagrange multiplier)

such that ( , ) ( , ).    f a b g a blÑ = Ñ
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Procedure Lagrange Multipliers: Absolute Extrema 
on Closed and Bounded Constraint Curves
Let the objective function f and the constraint function g be differentiable on a region of

2 ( , ) with R g x yÑ ¹ 0 on the curve ( , ) 0.g x y = To locate the absolute maximum and

minimum values of f subject to the constraint ( , ) 0, g x y = carry out the following steps.

1. Find the values of x, y, and l (if they exist) that satisfy the equations

( , ) ( , ) ( , ) 0.f x y g x y g x ylÑ = Ñ =      and    

2. Evaluate f at the values (x, y) found in Step 1 and at the endpoints of the constraint 
curve (if they exist). Select the largest and smallest corresponding function values. 
These values are the absolute maximum and minimum values of f subject to the 
constraint.
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Figure 15.81 (a & b)
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Procedure Lagrange Multipliers: Absolute Extrema 
on Closed and Bounded Constraint Surfaces

Let f and g be differentiable on a region of 3 ( , , )g x y z 0 with — π° on the surface

( , , ) 0.g x y z = To locate the absolute maximum and minimum values of f subject to the constraint

( , , ) 0, g x y z = carry out the following steps.

1. Find the values of x, y, z, and l that satisfy the equations

( , , ) ( , , ) ( , , ) 0      and    f x y z g x y z g x y zlÑ = Ñ =

2. Among the values (x, y, z) found in Step 1, select the largest and smallest     
corresponding function values. These values are the absolute maximum and 
minimum values of f subject to the constraint.
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Figure 15.83
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Figure 15.84
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Figure 15.85
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