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Section 16.1 Double Integrals over 
Rectangular Regions
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Table 16.1
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Figure 16.1 (a & b)
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Figure 16.2
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Figure 16.3
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Figure 16.4 (1 of 2)
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Figure 16.4 (2 of 2)
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Definition Double Integrals
A function f defined on a rectangular region R in the

xy-plane is integrable on R if
0 1

lim ( , )
k k

n

k
k

f x y A* *

D®
=

Då
exists for all partitions of R and for all choices of ( , )

k k
x y* *

within those partitions. The limit is the double integral of f 
over R, which we write

0 1
( , ) lim ( , ) .

k k

n

k
kR

f x y dA f x y A* *

D®
=

= Dåòò
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Figure 16.5
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Figure 16.6
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Theorem 16.1 (Fubini) Double Integrals 
on Rectangular Regions
Let f be continuous on the rectangular region

{ }( , ) : , .R x y a x b c y d= £ £ £ £ The double integral of f over

R may be evaluated by either of two iterated integrals:

( , ) ( , ) ( , ) .  
d b b d

c a a c
R

f x y dA f x y dx dy f x y dy dx= =òò ò ò ò ò
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Figure 16.7 (a & b)
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Definition Average Value of a Function 
over a Plane Region
The average value of an integrable function f over 
a region R is

1
( , ) .

area of R

f f x y dA
R

= òò 
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Figure 16.8
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Section 16.2 Double Integrals over 
General Regions
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Figure 16.9
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Figure 16.10
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Figure 16.11
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Figure 16.15
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Theorem 14.2 Double Integrals over 
Nonrectangular Regions
Let R be a region bounded below and above by the graphs of the

continuous functions ( ) ( ), and y g x y h x= = respectively, and by the
lines x = a and x = b (Figure 16.11). If f is continuous on R, then

( )

( )
( , ) ( , ) . 

b h x

a g x
R

f x y dA f x y dy dx=òò ò ò
Let R be a region bounded on the left and right by the graphs of the

continuous functions ( ) ( ), and x g y x h y= = respectively, and the

lines y = c and y = d (Figure 16.15). If f is continuous on R, then

( )

( )
( , ) ( , ) . 

d h y

c g y
R

f x y dA f x y dx dy=òò ò ò
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Figure 16.13
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Figure 16.14
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Figure 16.16
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Figure 16.17
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Figure 16.18
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Figure 16.19
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Figure 16.20
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Figure 16.21 (a & b)
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Figure 16.22
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Figure 16.23
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Figure 16.25
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Area of Regions by Double Integrals
Let R be the region in the xy-plane. Then

.area of 
R

R dA= òò



Slide - 36Copyright © 2019, 2015, 2011 Pearson Education, Inc. All Rights Reserved

Figure 16.26
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Section 16.3 Double Integrals in 
Polar Coordinates
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Figure 16.27
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Figure 16.28
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Figure 16.29
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Figure 16.30
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Theorem 16.3 Change of Variables for Double 
Integrals over Polar Rectangular Regions
Let f be continuous on the region R in the xy-plane expressed
in a polar coordinates as { }( , ) : 0 , ,R r a r bq a q b= £ £ £ £ £

where 2 .b a p- £ Then f is integrable over R, and the

double integral of f over R is

( , ) ( cos , sin ) .   
b

a
R

f x y dA f r r r dr d
b

a
q q q=òò ò ò
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Figure 16.31
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Figure 16.32
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Figure 16.33
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Figure 16.34
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Theorem 16.4 Change of Variables for Double 
Integrals over More General Polar Regions

Let f be continuous on the region R in the xy-plane 
expressed in polar coordinates as

{( , ) : 0 ( ) ( ), },R r g r hq q q a q b= £ £ £ £ £

where 0 2 .b a p< - £ Then

( )

( )
( , ) ( cos , sin ) .

h

g
R

f x y dA f r r r dr d
b q

a q
q q q=òò ò ò   
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Figure 16.35
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Figure 16.36 (a & b)
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Figure 16.36 (c & d)
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Area of Polar Regions
The area of the region {( , ) : 0 ( ) ( ), },R r g r hq q q a q b= £ £ £ £ £

where 0 2 ,b a p< - £ is

( )

( )
.   

h

g
R

A dA r dr d
b q

a q
q= =òò ò ò
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Figure 16.37
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Section 16.4 Triple Integrals
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Figure 16.38
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Figure 16.39
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Figure 16.40
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Table 16.2
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Theorem 16.5 Triple Integrals
Let f be continuous over the region

{ }( , , ) : , ( ) ( ), ( , ) ( , ) ,D x y z a x b g x y h x G x y z H x y= £ £ £ £ £ £

where g, h, G, and H are continuous functions. Then f is 
integrable over D and the triple integral is evaluated as the 
iterated integral

( ) ( , )

( ) ( , )
( , , ) ( , , ) .   

b h x H x y

a g x G x y
D

f x y z dV f x y z dz dy dx=òòò ò ò ò
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Figure 16.41
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Table 16.3
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Figure 16.42
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Figure 16.43 (a & b)
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Figure 16.44 (a & b)
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Figure 16.45

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad



Slide - 65Copyright © 2019, 2015, 2011 Pearson Education, Inc. All Rights Reserved

Figure 16.46 (a & b)
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Definition Average Value of a Function 
of Three Variables
If f is continuous on a region D of 3,° then the average
value of f over D is

1
( , , ) .

Volume of D

f f x y z dV
D

= òòò 
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Section 16.5 Triple Integrals in 
Cylindrical and Spherical 
Coordinates
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Figure 16.47
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Table 16.4 (1 of 3)
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Table 16.4 (2 of 3)
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Table 16.4 (3 of 3)
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Figure 16.48 (a & b)
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Figure 16.49
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Transformations Between Cylindrical 
and Rectangular Coordinates

Rectangular → Cylindrical
2 2 2

tan

r x y
y
x

z z

q

= +

=

=

Cylindrical → Rectangular

ins
cosx r

y r
z z

q
q

=
=
=
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Figure 16.50

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad



Slide - 76Copyright © 2019, 2015, 2011 Pearson Education, Inc. All Rights Reserved

Figure 16.51
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Theorem 16.6 Change of Variables for 
Triple Integrals in Cylindrical Coordinates
Let f be continuous over the region D, expressed in 
cylindrical coordinates as

{( , , ) : 0 ( ) ( ), , ( , ) ( , )}.D r z g r h G x y z H x yq q q a q b= £ £ £ £ £ £ £

Then f is integrable over D, and the triple integral of f 
over D is

( ) ( co , )

( ) ( co , )

s sin

s sin
( , , ) ( co , , )s in .s

h H r r

g G r r
D

f x y z dV f r r z dz r dr d
b q q

a

q

q q q
q q q=òòò ò ò ò
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Figure 16.52 (a & b)
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Figure 16.52 (c)
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Figure 16.53 (a & b)
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Figure 16.53 (c)
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Figure 16.54 (a, b & c)
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Figure 16.55
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Figure 16.56
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Transformations Between Spherical and 
Rectangular Coordinates

Rectangular → Spherical

2 2 2 2    
Use trigonometry to find

 and 

x y zr

j q

= + +

Spherical → Rectangular

sin s
s

co

co
in sin
s

  
  
  

x
x
z

j
j

r q
r q
r j

=
=
=
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Figure 16.57 (a & b)
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Table 16.5 (1 of 3)
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Table 16.5 (2 of 3)

iPad

iPad



Slide - 89Copyright © 2019, 2015, 2011 Pearson Education, Inc. All Rights Reserved

Table 16.5 (3 of 3)
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Figure 16.58
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Figure 16.59
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Figure 16.60
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Theorem 16.7 Change of Variable for 
Triple Integrals in Spherical Coordinates
Let f be continuous over the region D, expressed in spherical 
coordinates as

{( , , ) : 0 ( , ) ( , ), , }.D g h a br j q j q r j q j a q b= £ £ £ £ £ £ £

Then f is integrable over D, and the triple integral of f over D 
is

( , ) 2

( , )

( , , )

( sin cos , sin sin , cos ) in .s

D

b h

a g

f x y z dV

f d d d
b j q

a j q
r j q r j q r j r j r j q

=òòò

ò ò ò
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Figure 16.61 (a & b)
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Figure 16.62 (a)
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Figure 16.62 (b & c)
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Section 16.6 Integrals for Mass 
Calculations
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Figure 16.63
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Figure 16.65
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Figure 16.67
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Definition Center of Mass in One 
Dimension
Let r be an integrable density function on the interval
[ , ]a b (which represents a thin rod or wire). The center of

mass is located at the point ,Mx
m

= where the total

moment M and mass m are

( ) ( ) . and 
b b

a a
M x x dx m x dxr r= =ò ò
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Figure 16.70
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Definition Center of Mass in Two 
Dimensions
Let r be an integrable area density function defined over a closed

bounded region R in 2.° The coordinates of the center

of mass of the object represented by R are

1 1( , ) ( , ) , and y x

R R

M M
x x x y dA y y x y dA

m m m m
r r= = = =òò òò

where ( , )
R

m x y dAr= òò is the mass, and  and y xM M

are the moments with respect to the y-axis and x-axis,
respectively. If r is constant, the center of mass is called

the centroid and is independent of the density.
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Figure 16.71
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Figure 16.72
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Figure 16.73
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Definition Center of Mass in Three 
Dimensions
Let r be an integrable density function on a closed

bounded region D in 3.° The coordinates of the center
of mass of the region are

1 ( , , ) ,yz

D

M
x x x y z dV

m m
r= = òòò

1 ( , , ) , andxz

D

M
y y x y z dV

m m
r= = òòò

1 ( , , ) ,xy

D

M
z z x y z dV

m m
r= = òòò

where ( , , )
D

m x y z dVr= òòò is the mass, and , ,  and yz xz xyM M M

are the moments with respect to the coordinate planes.
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Figure 16.74
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Figure 16.75
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