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Section 16.1 Double Integrals over
Rectangular Regions
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Table 16.1

Derivatives |Integrals
F(x\=fl"\ X
Single variable: f(x) %) j:f(x)dx=13(x1 \a
S
everal variables:
S &S J]7Geyyad. [[ fx.y.2av
f(x,y)and f(x,y,z) Ox O %= |t — @
j@ < J;«x,auaxyx
QNI

@Pearson Copyright © 2019, 2015, 2011 Pearson Education, Inc. All Rights Reserved Slide - 3


iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad


oo [t
Figure 16.1 (a & b) N

A three-dimensional solid bounded by z = f(x, y) and a region R
in the xy-plane is approximated by a collection of boxes.

zl 4 3
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Figure 16.2

M

K %

k
\\
/(xk", y;) is a point in the kth L\jyjr& A \A
rectane hich has area AX
A, = AxkAyk.)
—————
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z = f(x, y) (2'</ 3 )

O ) R= [ig , E’_g
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Figure 16.3

= fx2 v A4,

T e T,

[Volume of kth box]
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Figure 16.4 (1.2
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Figure 16.4 o2

[Volume = lim ; £ 37) AA,‘} = f{ ’Y‘l"/a) JA
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Definition Double Integrals

A function f defined on a rectangular region R in the
xy-plane is integrable on R if EI%Z f(x",y)A4,

7 k=1
exists for all partitions of R and for all choices of (x”,y")

within those partitions. The limit is the double integral of f
over R, which we write

[[ G =tim £ 3,

R

—

—
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ﬂ.sm 3 MM@U&WL LQ’ é-zx %\)dx fﬁg

Figure 16.6

-

A slice at a fixed value of y has
area A(y), where 0 = y = 2.
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Theorem 16.1 (Fubini) Double Integrals
on Rectangular Regions

Let f be continuous on the rectangular region

={(x,y):a<x<b,c<y<d}. The double integral of f over

R may be evaluated by either of two iterated integrals:

j j £ (x,)dA j (j f(x,y) dx %dy [ 7o dy>dx
o

L0dd <

"y ? S)fmépﬂ jQWe" F k

i e12\7
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Emmple 3 Find A volume vf-tﬂﬂ iol_?g‘_l bound.ed.
| over o gien R =, 1] x 0,21,

Figure 16.7 (a & b)

Exanple 4 R:gﬁ:@,!}u} (x)
lxﬁ u\?_ XY e |=

a3 (J1 4y )< X

_ A

= Kb nggi{é}kéa 7= 4+ 9xy?
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Definition Average Value of a Function
over a Plane Region

The average va@ of an integrable function f over
aregion Ris
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Exargle & Fnd the avergac value of e guantily o5y =2-x-gj ver Relolr [0

R=11xy= =4 N
Figure 16.8 f <Z(.w @i

— B O _ Average value of *
% — Z - D ZI [ﬁgéryl)? is ze;). _y} =Sl Q-t(\?( i i_x_ )Oc.‘é
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Section 16.2 Double Integrals over
General Regions
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Figure 16.9
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Figure 16.10

z=f(x,y)

e Sa
7/ » > Wy .\‘
/ o
/ .
/ 27
< s / 3
,'{0/ A T
o= s
Volume of solid j f f(x,y)dA a
RO </ /0! 0
Clim 3, 0030 84, | .
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Figure 16.11
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kc»\
Figure 16.15 g\ﬁwzg}" x;t\)a\x}ﬂé
R C 3(3\

' x = g(y) ' x = g(y)
d4+ \/ d+
x = h(y)
R
x = h(y
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Theorem 14.2 Double Integrals over
Nonrectangular Regions

Let R be a region bounded below and above by the graphs of the

continuous functions y = g(x) and y = i(x), respectively, and by the

lines x = a and x = b (Figure 16.11). If fis continuous on R, then

[ feemda=[ [ f(xv)dy d.

R

Let R be a region bounded on the left and right by the graphs of the

continuous functions x = g(y) and x = h(y), respectively, and the

lines y = cand y = d (Figure 16.15). If fis continuous on R, then

g(y)

[[rCpda=["["" f(x.y) dx dy.
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Figure 16.13

The bounding curves

determine the limits

of integration in y.
YA

,
v =32

The projection of R
on the x-axis
determines the limits
of integration in x.
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Examp|a2 F‘V\cj‘dm \IO\lLMQ U"‘dﬂ SO\N(I bdw)'thﬂl!d)u& ‘S,‘(Xa\ 2+3— wdaf;ove o
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Figure 16.16

determine the limits

The bounding curves
of integra\tion in x.

y-axis determines the limits

The projection of R on the
of integration in y.
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txample 2 O‘Bt@e—th rﬁ'”‘  the 4((‘3 ?\ane Eouncﬂﬂ bctj -&fx a=8-°<) and Y=

2+ &84 =
Flgure1617m - 9 U i@‘”")‘h&

@ Pearson  Copyright © 2019, 2015, 2011 Pearson Education, Inc. All Rights Reserved  Side-26


iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad


14§ S
Flgure1618 333““5

EY
A 4 <KX R is bounded above and below,
_and on the right and left by curves.
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Exampld > Find the volume tr'f -di(L‘fe‘tmhe&ron nthe Pt oclait™ bounded %W F\atz
%7:c_ax-ba ard s cordnales (fx=0) J=¢, ard 2=0) Assume a, b,c >0.

Figure 16.19 - KC‘“"?&H_’ALM

:S’: @:b—@e ox-\o\&)c@ dx

/
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Figure 16.20

v A

ax + by = cor
T oax

= £
" b b
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Example 4 (I [pAT o 2\ (AT/p e | Re(YgX [T

f SO SHS ’Xc'é_ j § =

Figure 16 1 (a8 b) joF
@sw@cbxu Sxo> sESMu 4

yA dwzxdxu ° d A
\/_ Vi . I Vo 2
fo jy sin x? dx dy y{éﬁ‘}_élu Jo J;smx dy dx IFT’V:‘X
e 0LXXL Iw
T 4
{0<g<x
A
x=Vm
R
S > x=Vm
/ . g
Va * Va g

with respect to x

Integrating first
does not work. Instead...

... we integrate first
with respect to y.
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Figure 1?.22 b e
M Pambcyon

/Shadow of the solid
_in the xy-plane
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Examp’e 5 Fond the volume (rf-tl&sol i bounded % the fambo ic mcl'er Z=1+x*

w\&‘th{;‘w\es Z=C éj O.Nl 5"0
Figure 16.23

- °X

m@s&% 4

Z = |+K® 51 /_ 1\ ~
o ()( l—-a cufve C
% =4 "‘X |

-2 /Projection of C

X _ onto the xy-plane |
-2 2 v 2

l gtg-:A»‘)( X / y 4 )
- x=42 7T !
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Figure 16.25
2\

y
R }height =1

: Volume of solid = (area of R) X (height) A

G
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Area of Regions by Double Integrals

Let R be the region in the xy-plane. Then

area of R :”dA.
R
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Exam?le 6 Findthe area o-f the %Tm R bounded b&

5:9(2) Y=-%+12 ond &=4o<+\2.

Figure 16.26
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Section 16.3 Double Integrals In
Polar Coordinates
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Figure 16.27

Region of integration
{Ge,y): 2> + y* =9}
or {(r,0):0=r=3}
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e Polar- CooralTncE'E' (3‘2.2.)

Figure 16.2

Examples of
polar rectangles

YA
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Figure 16.29

[R={(r,O):OSaSer,a5953}]

=2 polar: (r*, 6%)
rectangular: (xk*, Ve
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Figure 16.30
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Theorem 16.3 Change of Variables for Double
Integrals over Polar Rectangular Regions

Let f be continuous on the region R in the xy-plane expressed
in a polar coordinates as R={(r,0):0<a<r<b,a<0<pfl},
where S —a <2x. Then fis integrable over R, and the

double integral of fover R is

([ dA:jjjjf(mose,rsine 'ﬁ

R
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0

0
Figure 16.31 _ ZW-S >

'l :E\"P&Z ZI

1l
O O
[
N =
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I
e )
-
\\ W =
- >
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gure 16:32——
M+e6ec§§ gy l

—

Intersection
curve C

\J =

ﬁ r x [Projection of C onto}

xy-plane: r = 1

®) Pearson

(- x_@r)

'xﬂ

S
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Example 3 Find the volume o -H\Q%Tvn beneath the swd?m 7= Oa +10 and aboye the annwlar
1

refon R={(6): 257s4 0<p<am§.

Figure 16.33 V'~ (3 £10)AA

2 -~
z=xy+10 | ‘—y 92:(\- V—C’L'b&-SVAS’(‘ lB)
2 ‘o "4

rdpdy

[R —((r0:2=r=40=0< 27,-}]
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o« More E@\

era\Polar Regions

N =
Figure 16.34

y T
8 ' Outer interval |

"Inner interval | 6 = Gon:
of integration: / ‘ g KI '
O =r=h@O) | | @\ =0=p)

=Y

R ={(r,0):0=¢20)=r=h0), a=0=p}

~
\

)
vy
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Theorem 16.4 Change of Variables for Double
Integrals over More General Polar Regions

Let f be continuous on the region R in the xy-plane
expressed in polar coordinates as

R={(r,0):0<g(0)<r<h®),a<0<p},

where 0< f—a<2xz. Then

([ £Gry)da=| ﬂ @(r cos 0, rsin H)F dr d@.}

—
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E)<amp|e 4 Wtk a5 Yerated M*eérﬁl " \m‘wr coordinale —%w “ 8“/9\ dA -gov—uu

Figure 16.3

u\{i(}ici—:w - {Ra(ciiial.linlfs ent§r the regic‘)ln R a; r= 2} :IBE WG
- and exit the region at r = 4 cos 0. - \'—
Y:LFC@B' y“g r=4cos0 N 9 S %(r/8> r&rCﬂQ

2 = 4 (050 T
>

s
wg=s O~

The inner and outer boundaries of R are
traversed as 6 varies from — % to %
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(b) The F%Tm nSde both Cureles a-} Purt (a) .

<3 0 Lr<4w>b

In R, radial lines begin at the
0 £\ <2 ot

origin and exit at » = 4 cos 6.

J

\
_ _ T
r=4cos 6 0=-3
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Figure 16.36 (c & d)

" In R,, radial lines begin at the |

In Ry, radial lines begin at the
_origin and exit at r = 2.

~origin and exit at r = 4 cos 6.

r=4cos 6

=Y

ST
Y
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Area of Polar Regions

The area of theregion R={(,0):0<g(0)<r<h(0),a <6</},

where 0<f-a<2rx, IS

A:Lj dA:jfj:;) r dr do.
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Figure 16.37

A r=\/§
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Figure 16.38

(xk" yk*» Z,:)

X
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Figure 16.39

Lines parallel
to z-axis exit
the region D
atz = H(x, y).

z=H(x,y)

z=0G(x,y)

<

Lines parallel
to z-axis enter
the region D

atz = G(x, y).

f f J f,y,2)dV jL( J;:iyy) by, 2) dz) dA
D \\R/ —
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Figure 16.40

rallel to y-axis

=Y

v = hix e
i ) %) Lines parallel to y-axis
b hOY H(x, v) enter Raty = g(x)
ij(x poavi || jf(x y,2) dz dy dx
a gy "Glx,
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Table 16.2

Integral Variable |Interval

<:inner) Z G(x.)) 7(x
Middle y (2()xy <h(x

Outer X @ X g@
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Theorem 16.5 Triple Integrals

Let f be continuous over the region
D={(x,y,2):a<x<b,g(x) <y <h(x),G(x,y) <z < H(x,y)},

where g, h, G, and H are continuous functions. Then fis
integrable over D and the triple integral is evaluated as the
iterated integral

I (T e T
D

———
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E@MP[Q | Fad—the mass D‘E‘\Mbbx The A&Sté s f%\x 3%\ Z Zz

1} dey dy <
Flgure1641 ‘ la > g °£
d

__ ol Z
i
is the base of the
ox in the .

by

2+

{M=L3J;2f;(2—z)dzdydx}
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Table 16.3

Integral Variable |Interval

Inner Z 0<z<1
Middle y 0<y<2
Outer X 0<x<3
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Figure 16.43 (a & b)

Middle integral:

x varies from 0 to 2.
Outer integral:

z varies from O to 6.

Inner integral:
y varies from
Oto4 — 2x.

ol (" a) e
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ure 16.44 (a & b) V (““'V% ? ?_”a dA
u\Twa\wm g §=x ‘ﬁg 24 Z e
w . 2

gfe;xzi 4x+4i 4-
o e | X = Tha

{Volume ﬂ(f e )J {R={(r,9)105r31,030527}}

X=YVash8
{% =rsm B
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Emmf[‘a 41:50w4 gz Xz ‘Zazzgs;h%ﬂx(%&i (M@H_‘jd r@m@ \
isﬁ,uj H=F<\_a, \E\Evmwwbd dw@am“&””f“ﬁ;ﬂ?
Figure 16.45 __ 0 Sﬁ&?&ﬁ"ﬂg ) ) pfarsxxly

R \o T R

<
The plane : :
xX=y R is a triangular
region in the yz-plane

z T
t i

The liney = z
in the yz-plane -~
X

\:\
X\
\ \ \\
- ‘ ‘/ \ —
m = -L
> V////]\ T "

052—6“\\—
Y p<XSZ
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Figure 16.46 (a & b)

4 \
=V N

@ Q Projection

of D on the
. xz-plane
Risa trlangular
region in the
xz-plane.

x y x T
Inner integral:
y varies from O to x.

y
Middle integral: x varies from O to z.
Outer integral: z varies from O to V.
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Definition Average Value of a Function
of Three Variables

If fis continuous on a region D of °°, then the average

value of fover D is

7 B Volume of D j“f(x y.2) dV.
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Section 16.5 Triple Integrals In
Cylindrical and Spherical
Coordinates
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Figure 16.47

\\\r
\‘P(r,O,
0=r<ow —
0=0=2m
-0 z7<<®

P* 1s the projection
of P onto the xy-plane.
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Table 16.4 (1.3

Name Description Example
Cylinder 0 2) a>0 :
(- ,Gi)., T

Cylindrical
ahall {(rez) 0<gsr<h)
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Table 16.4 2.3

Name

Description

Vertical half plane

{(r,0,2) 10=0,

Horizontal plane
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Z=ar

2

:.a x-;a
le 16.4 ofB)Qz;&(xL+ﬂi\ ¢

-~

Name | Description Example
Cone | {(r.0,z):z=ar},a#0 ’
-
/
@
2 =1+X
C

P
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txotmp[e f _\_Je,r\{:"(‘] and SIQE“l'CJ\ ‘d\ﬂ -S—o\‘mu& sels W %Lm&nmﬂ cwrah}lcd_
W Q= %UG%\ ““5‘ byS= %U,G%) Z2=1-r o<r<75
Figure 16.48 (a & b) ~2—~I]Q;\~P\ = -k

X
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Figure 16.49
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Transformations Between Cylindrical
and Rectangular Coordinates

Rectangular — Cylindrical Cylindrical — Rectangular
2 2 2
re=xty x=rcos6
tanf = 2. y=rsinf
X Z =z
Z =z

@Pearson Copyright © 2019, 2015, 2011 Pearson Education, Inc. All Rights Reserved Slide - 74



Figure 16.50 )

@ Pearson

cylindrical: (r, 6%, z*)
rectangular: (X%, y/*, z;*)

Base area = rk*ArAO

Approximate volume AV, = r*ArA6Az
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Figure 16.51
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Theorem 16.6 Change of Variables for
Triple Integrals in Cylindrical Coordinates

Let f be continuous over the region D, expressed in
cylindrical coordinates as

D={(r0,2):0<g(0)<r<h(0),a<0<B,G(x,y)<z<H(x,y)'

Then fis integrable over D, and the triple integral of f
over D is

”jf(x y,z)dV = j j J‘H(msersmg) (rcos@,rsind,z)d rdrdH

G(rcos@ rsin 0)

R A
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Figure 16.52 (a & b)

g{ﬁ\l/l-i-_rzdz y

(a)

In cylindrical coordinates,
integrate in z with —1 = z = 2;...
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Exanple 2 (suTtdipg cwdndlt gln) Yf SET Q‘Z‘ [ dafdy s
o L

Figure 16.52 (c) _i" 8= — d
_A[Q 3<Jﬂ)3‘2 oz;&gfx'zs | A—-‘ﬂi
<x<2r

2 z 2V22 ' -3 2
\A:=i€‘:(1 = % 28“)( j_.z«’;) j_\lmdzrdrd() o z ;u |
2 2
)(+a -8 O Srﬁ Sé . then integrate over R with |
— T <5< T 0<r<2\/§ -3s0s73.
> 07> ’
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Figure 16.53 (a & b)

g(f:_'z(S—z)dz)dA

Integrate first in z
with0=z=<4 — % ...
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Fxample 3 Fmd the mass o-f ﬂuzso\nl}) boundad bcu\ z=1-r*and 2=0.
] The Aer\s‘.é s -%[r) 9}%\ =t-7

Figure 16.53 (c) M= S’gk&ﬁ‘gv :%Q; (C2)a)y

1"15—"53& Tow i Kl
{% =\ 2 P f Kﬁ "22) 9A

_ = er=0 £ F ey
2 =90 N Té | ‘ﬁE = gg %(“ YL) ) iQ.v‘ )j &A

()

\
< 21T YU=~y2 ©
0 9 h 2 (2 [4—1 ‘&—‘—l:r O 2 l
Rk eowrm@  ar| fru-du [ 2dy
RNEY du= 21y
... then integrate over R 1

with0=r=2,0=0=27.
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EXamp‘e 4 FMJ-H& VD\Me O?WSD\ id D ‘)dwew'm ane Z = /x+ 7— and the

U/\vefiécl \mm]aolmcl, Z2=12~ ’X’a \[: Q)H 3_2_ O\A
Flgure 16.54 (a, b & 3)

A{\W‘ ’—’&%‘)ﬁz Xa r Jc\A
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— R SXLH
0 <Y<t

Seho - A S
(ﬂ\u.cova Coore 7"01;4 -4
4 L4510
—po<2<+00 0 s€g<C>

Figure 16.55
= [T
e:ardm« 0(\

Cg :OWC\ZM' Xl"\ﬁz
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O
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Figure 16.56

2N
-

. / — 1
X = psin ¢ cos 6 L

X y = psin ¢ sin 6
H_J
M
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Transformations Between Spherical and
Rectangular Coordinates

Rectangular — Spherical Spherical — Rectangular

X =Tp sin (E\cos 0

grz_‘p sin@\sin &
Z=p COS @

,02 — X2 + y2+22

Cse trigonometry to find

and @
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0 §15,99): = 24059
_Figure 16.57 (a & b)

{ =28 06 =202 2 2
" _L'S)_“—_S_i ‘)(2{—‘(\7'-(-(&&0\\:&
{X?:" x1 :TC' v N - —
7
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Table 16.5 (143

T
{(p,0.0)10=0,),9 7&0,5,%

Name Description Example
Sphere, {(p.0,0){p=a}a>0 4
radius a,
center iz N
(O, O, O) / a ¥

X |
Cone
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Table 16.5 o3

Name Description Example
Vertical half {(/0,(0, 9) -0=06 )
plane ‘é
A /‘
— s X X -—TOA )
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Table 16.5 3 of3)

Name Description Example
Cylinder, {(p,0.0):p=acscp,0< @<} 4
radiusa > 0 1
%Sk >
. | [
= Sh‘ s X
& =§meg = T .
Sphere, 0 :-p=2 0< <z :T
radius a > 0. {(p.0.0):p=2acosp,0<¢p< 2} )
center (0, 0, == oa‘)

@ Pearson
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Figure 16.58 @
n(zgsﬂ«ﬁ ash
S 5{—_5'@@83\7«@

) $ee g, 204y =1 )A
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Figure 16.59

. = h(gp, 0)
T Y
D G
p = g(p,0)
X y

8(e,0) = p = h(p, 0)
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Figure 16.60

\\.-A p—tl
\ >~ P h(e, )
p = 8le, 0)
> %
Yy
=P

Integrate first in p | X then integrate in ¢ and 6
with g(¢, 0) = p = h(ep, 0);... witha=e¢=b a=0=.
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Theorem 16.7 Change of Variable for
Triple Integrals in Spherical Coordinates

Let f be continuous over the region D, expressed in spherical
coordinates as

%,H)ﬂﬁ 2, < p<h(p,0),alp<ba<0<pf}.

Then fis integrable over D, and the triple integral of f over D
IS

[ fx.y.2)av = A“V

B (b ¢h(9.0) . ] : ) .
j jj f(psinpcosf, psinpsinf, pcose)p” sinp dp do cﬂ

g(9.0)

—

:sz&rcﬂg

@ Pearson  copyright © 2019, 2015, 2011 Pearson Education, Inc. All Rights Reserved  Siide-93



iPad

iPad

iPad

iPad


Exm\e 6 “ (xl+az*% \ chv where D »t wihe r@m " t oclant) betueon two spheres

(rg'm&ws | and 2 an"efreaf at the oiggon.
Flgure 16 61 (a & b)

= Mag(aaf S&wgchgch &S

1‘1

/

p varies from
inner sphere (p = 1)

- p=2 =2).
D 4 // Lto outer sphere (p = 2)

X
6 varies from
0=0t06=7.
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Exmnple lf Fn&‘d& volume ofﬂ\ﬂso“& rﬁ,m DMQJ&A V\SWJ!L‘TRQQ)?\Q ES_T%{

and U\slh‘tlﬂsfhere Li m o‘\[ i 06 P
9 Sk
Figure 16.62 (a) D 958 E §sig
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Figure 16.62 (b & c)

@ varies from
e=0top = %

L

p varies
from O to 4.

6 varies from
6=0to 6 = 2.
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Section 16.6 Integrals for Mass
Calculations
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Figure 16.63

[Center of massj [Center of mass ??j

[Circular disk) (Irregular shape]
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Figure 16.65

mx, + m Xy

m, + m 5
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ExaLmP‘e | Fm&‘dl?o'ﬁactwh JI‘H&%S S}\ %,16.67 baJances.

Figure 16.67

m, = 6
. o *—>
\ Xy = 1.1
Xy = 0.5

T G X M X

) W S “I*Mg’\‘m‘a_
S moo b
= N T Sij)(xxcix

ZW g S(K)cﬂy
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Definition Center of Mass in One
Dimension

Let © Dbe an integrable density function on the interval

[a,b] (which represents a thin rod~qr wire). The center of

mass is located at the point where the total

moment M and mass m are

M= ~xp(x)dx and m = f p(x)dx.
E)(amp\ 2

o athin 2-m bat 15 made. of analloy whose densily w R/ s §EI=1X
here 0= sé? nd the cenler: aﬁ-ﬂ&baro-f d ELS d
: W= R Q*"‘ Ydx = ,M_

fx(\ﬂ( Ydx "
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Figure 16.70 Mcr () x Sl
vy ™ -
%) KV'?’ Wx) o Lz_ i

. M-\. M - l
Density = p(x, y) y =\=—+ M, mvolves
(mass per unit area) distance from x-axis
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Definition Center of Mass in Two
Dimensions

Let 0 be an integrable area density function defined over a closed

bounded region Rin R *. The coordinates of the center

of mass of the object represented by R are

_ My:

Mx
X = =

m

L pter) daand y== [rpen as

m

where m = IjRp(x,y)dA is the mass, and M and M,

are the moments with respect to the y-axis and x-axis,
respectively. If p is constant, the center of mass is called

the centroid and is independent of the density.
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Figure 16.71
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Examp\e4- Fnd—ﬁqwerrgmass%-d\&rei‘u@u\ar?ﬁﬁR—xay 1ex<) o<a<|73

wdj\ac!ensarg ARER
2- dx &=
Figuye 16.72 fide by’ Q @‘ “‘“&3\

|

Mge**x |- 3)%)

\

\
M= | ey

—I

(0, 1) plx,y) =2 —y

L.
(—1,0) (1,0)y *
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Figure 16.73

o involves distances

ane

@Pearson Copyright © 2019, 2015, 2011 Pearson Education, Inc. All Rights Reserved Slide - 110


iPad

iPad

iPad

iPad


Definition Center of Mass in Three
Dimensions

Let o be an integrable density function on a closed

bounded region Din °°*. The coordinates of the center

of mass of the region are

X = Aiyz = ;Ilj;jxp(x,y,z)dV, = A/::Z = ;wyp(x,y,Z)dV, and

—

—

r=o2 o ([fzetc:20av

~—

where mszp(x,y,z)dV is the mass, and M _,M_, and M

are the moments with respect to the coordinate planes.
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