
Slide - 1

Calculus Early Transcendentals
Third Edition

Chapter 17
Vector Calculus
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Section 17.1 Vector Fields
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Figure 17.1
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Figure 17.2 (a & b)
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Figure 17.2 (c)
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Definition Vector Fields in Two 
Dimensions
Let f and g be defined on a region R of 2.° A vector field in

2° is a function F that assigns to each point in R a vector

( , ), ( , ) .f x y g x y The vector field is written as

( , ) ( , ), ( , )F  orx y f x y g x y=

( , ) ( , ) ( , ) .x y f x y g x y= +F i j

A vector field ,F f g= is continuous or differentiable

on a region R of 2° if f and g are continuous or

differentiable on R, respectively.
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Figure 17.3
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Figure 17.4

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad



Slide - 9Copyright © 2019, 2015, 2011 Pearson Education, Inc. All Rights Reserved

Figure 17.5
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Figure 17.6
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Figure 17.7
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Definition Radical Vectors Fields in 
R Squared
Let , .x yr = A vector field of the form ( , ) ,f x y=F r

where f is a scalar-valued function, is a radial vector field. Of 
specific interest are the radial vector fields

,
( , ) ,rF

r rp p

x y
x y = =

where p is a real number. At every point (except the origin), the 
vectors of this field are directed outward from the origin with a

Magnitude of
1

1 .F
r p-

=
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Figure 17.8
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Definition Vector Fields and Radical 
Vector Fields in R Cubed
Let f, g, and h be defined on a region D of 3.° A vector field in 3°
is a function F that assigns to each point in D a vector

( , , ), ( , , ), ( , , ) .f x y z g x y z h x y z The vector field is written as

( , , ) ( , , ), ( , , ), ( , , )x y z f x y z g x y z h x y z=F or
( , , ) ( , , ) ( , , ) ( , , ) .x y z f x y z g x y z h x y z= + +F i j k

A vector field , ,F f g h= is continuous or differentiable on a

region D of 3° if f, g and h are continuous or differentiable on D,

respectively. Of particularly importance are the radical vector fields
, ,

( , , ) ,rF
r rp p

x y z
x y z = =

where p is a real number.

iPad

iPad

iPad

iPad

iPad

iPad



Slide - 15Copyright © 2019, 2015, 2011 Pearson Education, Inc. All Rights Reserved

Figure 17.9
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Figure 17.10
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Figure 17.11
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Definition Gradient Fields and 
Potential Functions
Let j be differentiable on a region of

The vector field F j=Ñ is a gradient field and the function

j is a potential function for F.
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Figure 17.12
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Figure 17.13
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Figure 17.14
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Figure 17.15

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad



Copyright © 2019, 2015, 2011 Pearson Education, Inc. All Rights Reserved Slide - 23

Section 17.2 Line Integrals
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Figure 17.16

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad



Slide - 25Copyright © 2019, 2015, 2011 Pearson Education, Inc. All Rights Reserved

Definition Scalar Line Integral in 
the Plane
Suppose the scalar-valued function f is defined on a
region containing the smooth curve C given by
( ) ( ), ( ) ,  t .t x t y t a b= £ £r for The line integral of f over C is

,0 1
( ( ), ( )) lim ( ( ), ( ))

k k

n

k
kC

f x y d f x t y st t ts * *

D®
=

= Dåò

provided this limit exists over all partitions of [a, b]. 
When the limit exists, f is said to be integrable on C.
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Figure 17.17
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Theorem 17.1 Evaluating Scalar Line 
Integrals in R Squared
Let f be continuous on a region containing a smooth
curve : ( ) ( ), ( ) ,rC t x t y t= for .a t b£ £ Then

( ( ), ( )) ( )r 
b

a
c

f d f x t y t t ds t¢=ò ò

2 2( ( ), ( )) ( ) ( ) .
b

a
f x t y t x t y t dt¢ ¢= +ò
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Procedure Evaluating the Line Integral 
Integral c of f d s
1. Find a parametric description of C in the form
( ) ( ), ( ) ,t x t y t=r for .a t b£ £

2. Compute 2 2( ) ( ) ( ) .r t x t y t¢ ¢ ¢= +

3. Make substitution for x and y in the integrand 
and evaluate an ordinary integral:

( ( ), ( )) ( ) .
b

a
c

f d f x t y t t dts ¢=ò ò r 
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Figure 17.18
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Theorem 17.2 Evaluating Scalar Line 
Integrals in R Cubed
Let f be continuous on a region containing a smooth

curve : ( ) ( ), ( ), ( ) ,rC t x t y t z t= for .a t b£ £ Then

( ( ), ( ), ( )) ( )r 
b

a
c

f d f x t y t z t t ts d¢=ò ò
2 2 2( ( ), ( ), ( )) ( ) ( ) ( ) .

b

a
f x t y t z t x t y t z t dt¢ ¢ ¢= + +ò
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Figure 17.19
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Definition Line Integral of a Vector Field
Let F be a vector field that is continuous on a 
region containing a smooth oriented curve C
parameterized by arc length. Let T be the unit 
tangent vector at each point of C consistent with 
the orientation. The line integral of F over C is

.F T 
C

ds×ò
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Different Forms of Line Integrals of 
Vector Fields
The line integral

C
ds×ò F T may be expressed in the following

forms, where , ,F f g h= and C has a parameterization

( ) ( ), ( ), ( ) ,r t x t y t z t= for :a t b£ £

( ) ( ( ) ( ) ( ) ( ) ( ) ( ) )F r
a a

b b
t dt f t x t g t y t h t z t dt¢ ¢ ¢ ¢× = + +ò ò

C

f dx g dy hdz= + +ò .F r
C

d= ×ò
For line integrals in the plane, we let ,f g=F and assume C

is parameterized in the form ( ) ( ), ( ) ,t x t y t=r for .a t b£ £

Then ( ( ) ( ) ( ) ( )) .
b b

a a
C C

dt f t x t g t y t dt f dx g dy d¢ ¢ ¢× = + = + = ×ò ò ò òF r F r 
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Figure 17.20
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Figure 17.21
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Figure 17.22 (a & b)
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Figure 17.23
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Definition Work Done in a Force Field
Let F be a continuous force field in a region D of 3.°

: ( ) ( ), ( ), ( ) ,rLet C t x t y t z t= for ,a t b£ £ be a smooth
curve in D with a unit tangent vector T consistent 
with the orientation. The work done in moving an 
object along C in the positive direction is

( ) .F T F r
b

a
C

W ds t dt¢= × = ×ò ò
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Define Circulation
Let F be a continuous vector field on a region D of

3° and let C be a closed smooth oriented curve

in D. The circulation of F on C is ,F T 
C

ds×ò
where T is the unit vector tangent to C consistent

with the orientation
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Figure 17.24 (a & b)
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Figure 17.25 (a & b)
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Figure 17.26 (a & b)
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Definition Flux
Let ,F f g= be a continuous vector field on a region R of 2.°

: ( ) ( ), ( ) ,Let C t x t y tr = for ,a t b£ £ be a smooth oriented

curve in R that does not intersect itself. The flux of the vector 
field F across C is

( ( ) ( ) ( ) ( )) ,
b

a
C

dS f t y t g t x t dt¢ ¢× = -ò òF n 

= ´n T kwhere is the unit normal vector and T is the unit

tangent vector consistent with the orientation. If C is a closed 
curve with counterclockwise orientation, n is the outward normal 
vector and the flux integral gives the outward flux across C.
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Figure 17.27 (a & b)
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Section 17.3 Conservative Vector 
Fields
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Figure 17.28
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Definition Simple and Closed Curves
Suppose a curve C (in 2 3 )or° ° is described parametrically by

( ),r t where .a t b£ £ Then C is a simple curve if 1 2( ) ( )r rt t¹

for all 1 2 ,t tand 1 2 ;with a t t b< < < that is, C never intersects

itself between its endpoints. The curve C is closed if ( ) ( );a b=r r

that is, the initial and terminal points of C are the same (Figure 17.28).
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Figure 17.29
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Definition Connected and Simply 
Connected Regions
An open region R in 2 3( )D or  in ° °

is connected if it is possible to connect any two 
points of R by a continuous curve lying in R. An 
open region R is simply connected if every closed 
simple curve in R can be deformed and contracted 
to a point in R (Figure 17.29).
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Definition Conservative Vector Field
A vector field F is said to be conservative on a region

2 3( )in  or ° ° if there exists a scalar function j such that

j=F Ñ on that region.
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Theorem 17.3 Test for Conservative 
Vector Fields

, ,f g h=FLet be a vector field defined on a connected
and simply connected region D of 3,° where f, g, and h have

continuous first partial derivatives on D. Then F is a 
conservative vector field D (there is a potential function
j such that F j=Ñ ) if and only if

, , .f g f h g h
y x z x z y
¶ ¶ ¶ ¶ ¶ ¶

= = =
¶ ¶ ¶ ¶ ¶ ¶

 and 

For vector fields in 2 ,° we have the single condition .f g
y x
¶ ¶

=
¶ ¶
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Procedure Finding Potential Functions 
in R Cubed
Suppose , ,F f g h= is a conservative vector field. To find j such that

,F j= Ñ use the following steps:

1. Integrate x fj = with respect to x to obtain ,j which includes

an arbitrary function ( , ).c y z

2. Compute yj and equate it to g to obtain an expression for ( , ).
y
c y z

3. Integrate ( , ).
y
c y z with respect to y to obtain ( , ).c y z including an

arbitrary function ( ).d z

4. Compute zj and equate it to h to get ( ).d z

A simple procedure beginning with  or y zg hj j= = may be easier in some cases.
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Theorem 17.4 Fundamentals Theorem 
for Line Integrals
Let R be a region in 2 3or ° ° and let j be a

differentiable potential function defined on R. If F j=Ñ

(which means that F is conservative), then

( ) ( ),F T F r
C C

d d B As j j× = × = -ò ò

for all points A and B in R and all piecewise-smooth 
oriented curves C in R from A to B.
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Definition Independence of Path
Let F be a continuous vector field with domain R. If

1 2

rrF F
C C

d d× = ×ò ò for all piecewise-smooth curves

1 2CandC in R with the same initial and terminal points,

then the line integral is independent of path.
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Theorem 17.5
Let F be a continuous vector field on an open connected

region R in 2.° F rIf
C

d×ò is independent of path, then F is

is conservative; that is, there exists a potential function
j such that j=F on .Ñ R
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Figure 17.30
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Theorem 17.6 Line Integrals on Closed 
Curves
Let R be an open connected region in 2 3.or ° °

Then F is a conservative vector field on R if and only if

0
c
d× =ò F r on all simple closed piecewise-smooth

oriented curves C in R.
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Section 17.4 Green’s Theorem
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Figure 17.31
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Theorem 17.7 Green’s Theorem-
Circulation Form
Let C be a simple closed piecewise-smooth curve, oriented 
counterclockwise, that encloses a connected and simply
connected region R in the plane. Assume , ,f g=F

where f and g have continuous first partial derivatives in
R. Then
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Definition Two-Dimensional Curl
The two-dimensional curl of the vector field ,F f g=

is .g f
x y
¶ ¶

-
¶ ¶

If the curl is zero throughout a region, the

vector field is irrotational on that region.
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Theorem 17.8 Area of a Plane Region 
by Line Integrals
Under the conditions of Green’s Theorem, the area of a 
region R enclosed by a curve C is

1 ( ).
2C C C

x dy y dx x dy y dx= - = -ò ò ò  
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Definition Two-Dimensional Divergence
The two-dimensional divergence of the vector field

,F f g= is .f g
x y
¶ ¶

+
¶ ¶

If the divergence is zero

throughout a region, the vector field is source free on that 
region.
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Theorem 17.9 Green’s Theorem—Flux 
Form
Let C be a simple closed piecewise-smooth curve, oriented 
counterclockwise, that encloses a connected and simply connected

region R in the plane. Assume ,,f g=F where f and g have

continuous first partial derivatives in R. Then

where n is the outward unit normal vector on the curve.
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Figure 17.34
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Figure 17.35
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Figure 17.36
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Table 17.1
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Table 17.2
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Section 17.5 Divergence and Curl
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Definition Divergence of a Vector Field
The divergence of a vector field , ,F f g h= that is

differentiable on a region of 3° is

.f f f
x y z
¶ ¶ ¶

=Ñ× = + +
¶ ¶ ¶

F Fdiv 

If 0,FÑ× = the vector field is source free.
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Figure 17.38 (a & b)
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Theorem 17.10 Divergence of Radial 
Vector Fields
For a real number p, the divergence of the radial vector field

2 2 2 2

, ,
( )p p

x y z
x y z

= =
+ +

rF
r

is 3 .p
p-

=F
r

Ñ ×
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Figure 17.39
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Definition Curl of a Vector Field
The curl of a vector field , ,f g h=F that is differentiable

on a region of 3 s i°

curl´ =F F Ñ

.h g f h g f
y z z x x y

æ ö æ ö¶ ¶ ¶ ¶ ¶ ¶æ ö= - + - + -ç ÷ç ÷ ç ÷¶ ¶ ¶ ¶ ¶ ¶è øè ø è ø
i j k

,´ =F 0 If Ñ the vector field is irrotational.
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Figure 17.41

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad



Slide - 82Copyright © 2019, 2015, 2011 Pearson Education, Inc. All Rights Reserved

General Rotation Vector Field
The general rotation vector field is ,= ´F a r where the
nonzero constant vector 1 2 3, ,a a a=a is the axis of
of rotation and , , .x y z=r For all nonzero choices of a,

2´ =F aÑ and 0.× =FÑ If F is a velocity field, then
the constant angular speed of the field is

1 .
2

w = = ´a FÑ



Slide - 83Copyright © 2019, 2015, 2011 Pearson Education, Inc. All Rights Reserved

Theorem 17.11 Curl of a Conservative 
Vector Field
Suppose F is a conservative vector field on an open
region D of 3.° Let ,j=ÑF where j is a potential
function with continuous second partial derivatives on D.
Then :j´ = ´ =F 0Ñ Ñ Ñ The curl of the gradient is the

zero vector and F is irrotational.
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Theorem 17.12 Divergence of the Curl
Suppose , ,f g h=F where f, g, and h have

continuous second partial derivatives. Then ( ) 0 :× ´ =FÑ Ñ

The divergence of the curl is zero.
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Theorem 17.13 Product Rule for the 
Divergence
Let u be a scalar-valued function that is differentiable on a 
region D and let F be a vector field that is differentiable on D. 
Then

( ) ( ).u u u× = × + ×F F FÑ Ñ Ñ
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Properties of a Conservative Vector 
Field
Let F be a conservative vector field whose components have continuous 
second partial derivatives on an open connected region D in

3 .° Then F has the following equivalent properties.

1. There exists a potential function j such that j=F (definition).Ñ

2. ( ) ( )C d B Aj j× = -ò F r for all points A and B in D and all piecewise-

smooth oriented curves C in D from A to B.

3. 0
c

dr× =ò F on all simple piecewise-smooth closed oriented

curves C in D.

4. ´ =F 0Ñ at all points of D.
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Section 17.6 Surface Integrals
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Figure 17.43
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Figure 17.44
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Figure 17.45
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Figure 17.46

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad



iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad



Slide - 92Copyright © 2019, 2015, 2011 Pearson Education, Inc. All Rights Reserved

Figure 17.47
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Figure 17.48
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Definition Surface Integral of Scalar-Valued 
Functions on Parameterized Surfaces
Let f be a continuous scalar-valued function on a smooth surface S

given parametrically by ( , )u v =r ( , ), ( , ), ( , ) ,x u v y u v z u v where u and

v vary over {( , ) : , }.R u v a u b c v d= £ £ £ £ Assume also that

the tangent vectors , ,u
x y z

u u u u

¶ ¶ ¶ ¶
= =
¶ ¶ ¶ ¶

rt  and , ,v
x y z

v v v v

¶ ¶ ¶ ¶
= =
¶ ¶ ¶ ¶

rt  

are continuous on R and the normal vector u v´t t is nonzero on R. Then
the surface integral of f over S is

( , , ) ( ( , ), ( , ), ( , )) .u v
S R

f x y z dS f x u v y u v z u v dA= ´òò òò t t

If ( , , ) 1,f x y z = this integral equals the surface area of S.
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Figure 17.49
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Figure 17.50
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Figure 17.51
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Figure 17.52
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Theorem 17.14 Evaluation of Surface Integrals 
of Scalar-Valued Functions on Explicitly 
Defined Surfaces

Let f be a continuous function on a smooth surface S given by
( , ),z g x y= for ( , )x y in a region R. The surface integral of f

over S is

2 2( , , ) ( , , ( , )) 1 . x y
S R

f x y z dS f x y g x y z z dA= + +òò òò

( , , ) 1,f x y z =If the surface integral equal the area of the surface.
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Figure 17.53

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad



Slide - 101Copyright © 2019, 2015, 2011 Pearson Education, Inc. All Rights Reserved

Figure 17.54
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Table 17.3

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad



Slide - 103Copyright © 2019, 2015, 2011 Pearson Education, Inc. All Rights Reserved

Figure 17.55
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Figure 17.56
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Figure 17.57 (a & b)
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Figure 17.57 (c & d)
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Definition Surface Integral of a 
Vector Field
Suppose , ,f g h=F is a continuous vector field on a region of 3°
containing a smooth oriented surface S. If S is defined parametrically as

( , ) ( , ), ( , ), ( , ) ,u v x u v y u v z u v=r for ( , )u v in a region R, then

( ) ,
S R

dS dAu v× = × ´òò òòF n F t t 

, ,
x y z

u u u u u

¶ ¶ ¶ ¶
= =
¶ ¶ ¶ ¶

r
t where  and , ,

x y z
v v v v v

¶ ¶ ¶ ¶
= =
¶ ¶ ¶ ¶

r
t  are continuous on R,

the normal vector u v´t t is nonzero on R, and the direction of the normal

vector is consistent with the orientation of S. If S is defined in the form

( , ), ( , )z s x y x y=  for  in a region ,thenR

( ) .x y
S R

dS fz gz h dA× = - - +òò òòF n 
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Figure 17.58
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Section 17.7 Stokes’ Theorem
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Figure 17.59
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Figure 17.60

iPad

iPad

iPad

iPad



Slide - 112Copyright © 2019, 2015, 2011 Pearson Education, Inc. All Rights Reserved

Theorem 17.15 Stokes’ Theorem
Let S be an oriented surface in 3° with a piecewise-

smooth closed boundary C whose orientation is consistent
with that of S. Assume , ,f g h=F is a vector field
whose components have continuous first partial derivatives 
on S. Then

( ) ,
C S

d dS× = ´ ×ò òòF r F nÑ

where n is the unit vector normal to S determined by the 
orientation of S.
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Figure 17.61
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Figure 17.62
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Figure 17.63

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad



Slide - 116Copyright © 2019, 2015, 2011 Pearson Education, Inc. All Rights Reserved

Figure 17.64
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Figure 17.65 (a & b)
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Figure 17.66
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Figure 17.67 (a & b)
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Theorem 17.16 Curl F = 0 Implies F Is 
Conservative
Suppose ´ =F 0Ñ throughout an open simply
connected region D of 3.° Then 0

C
d =ò F r× on all

closed simple smooth curves C in D, and F is conservative 
vector field on D.
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Section 17.8 Divergence Theorem
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Figure 17.68
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Theorem 17.17 Divergence Theorem
Let F be a vector field whose components have 
continuous first partial derivatives in a connected and
simply connected region D in 3° enclosed by an
oriented surface S. Then

,
S D

dS dV× = ×òò òòòF n F  Ñ

where n is the outward unit normal vector on S.
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Figure 17.69
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Figure 17.71
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Figure 17.72
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Theorem 17.18 Divergence Theorem 
for Hollow Regions
Suppose the vector field F satisfies the conditions of the 
Divergence Theorem on a region D bounded by two
oriented surfaces 1 2 ,S S and where 1 2. lie  within sS S
Let S be the entire boundary of 1 2( )D S S S= ! and let

1 2n n and be the outward unit normal vectors for 1 2 , and S S

respectively. Then

2 1

2 1 .
D S S S

dV dS dS dS= = -òòò òò òò òòF F n F n F n    Ñ × × × ×
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Figure 17.73 (a & b)
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Table 17.4
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