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Section 17.1 Vector Fields
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Figure 17.1
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Figure 17.2 (a & b)
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Figure 17.2 (c)
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Definition Vectgr Fields in Two
Dimensions  F(x-x)=<3,_ /f> d=c

Let fand g be defined on a region R of R *. A vector field in

° * s a function F that assigns to each point in R a vector

(f(x,¥),g(x,»)). The vector field is written as G O
F(x,y) =(f(x,y),g(x,y)) or + K —
— e
F(x,y)=f(x,y)i+g(x )]

Avector field F=(f,g) is continuous or differentiable

on aregion Rof R * if fand g are continuous or

differentiable on R, respectively.
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Figure 17.3

Lengths of vectors increase
with distance from the origin.

Radial vector field
24x, a>= F = (2x,2y)
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' Tail of the vector
F(x, y)is at P(x, y).
Length of the vector
Cis 2|OP|.
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Figure 17.5

Channel flow v A
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Figure 17.6
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Figure 17.7

[Vectors have unit length.]

\T Radial vector field
r
PFmppr=?
A

Lengths of vectors decrease
with distance from the origin.
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Definition Radical Vectors Fields in
R Squared

Let r=(x,y). Avector field of the form F= f(x,))r,

where fis a scalar-valued function, is a radial vector field. Of
specific interest are the radial vector fields

F(x.y)=— ()

L

where p is a real number. At every point (except the origin), the
vectors of this field are directed outward from the origin with a

1

p-1°
r|

Magnitude of ‘F‘ —
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Definition Vector Fields and Radical
Vector Fields in R Cubed

Let f, g, and h be defined on a region D of R 3. Avector field in °

is a function F that assigns to each point in D a vector

3

<f(x v,2),2(x,y,2),h(x, y,z)> The vector field is written as 2

F(r,y.2) = (£ G, gy, p.2) or = R R
———
F(x.y.2) = f(x,9,2) i +g(x,y.2) j+h(x,7.2) k.
A vector field F = <f,g,h> is continuous or differentiable on a

3

region D of © -~ if f, g and h are continuous or differentiable on D,

respectively. Of particularly importance are the radical.vector fields

o)
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Figure 17.10

F =(0,0,1— x2 — y?),
ZT forx* +y> <1

x [Cylinderx2 +y2 = l] ’
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The vector field F = Vo is orthogonal
to the level curves of ¢ at (x, y).
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" Level curves |
cofz=e(x,y) |
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Definition Gradient Fields and
Potential Functions

Let @ be differentiable on a region of R or R*.

The vector field F =V is a gradient field and the function

@ is a potential function for F.
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Figure 17.13
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Section 17.2 Line Integrals
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The paraseter ¢ resides on the ¢-axis. As ¢
varies from a to b, the curve C in the xy-plane
is generated from (x(a), y(a)) to (x(b), y(b)).
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Definition Scalar Line Integral in
the Plane
Suppose the scalar-valued function fis defined on a

region containing the smooth curve C given by
r(t) =(x(1).y(®)).fora < t<b. The line integral of fover C s

[ £(x(0, 7(0)ds =lim Y f(xa:),y@

provided this limit exists over all partitions of [a, b].
When the limit exists, fis said to be integrable on C.
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Theorem 17.1 Evaluating Scalar Line
Integrals in R Squared

Let f be continuous on a region ¢ Ining a smooth
curve C :\r(t) =(x(1), (1)), for a <t < b\ Then
j £ ds =

C b
. = [ FG O ONF @) + y' (@) dr.= f@‘ﬂ)i‘m&“
C-ri®)s= <4<€c ) §ue), %(*t-l> a&t<h

)’Jfaw -%(Hﬂ) F (0] ac

k
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Procedure Evaluating the Line Integral
Integral coffds

(a parametric description of Czln the form

r(¢) =(x(®), (1)), for a<t<b.

2. Compute  |r'(0)]=yx'())* +y'(1)".

3. Make substitution for x and y in the integrand
and evaluate an ordinary integral:

r'(s)|dt.

ol
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Theorem 17.2 Evaluating Scalar Line
Integrals in R Cubed

Let_zf be continuous on a region containing a smooth

curve C:r(r)=(x(r),y(?),z(t)), for a<¢<b. Then
— b ‘. I
rr(t)‘dt = Sl'.f'(r(‘t‘v F(t)

_ j” L), (), 2K (@) + ¥'(0) +2'(¢)dt.

dt

[ £ ds=[ fee.y@).20))
A e
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Figure 17.19

F-T>0
zA pos.itiv§ contribution
to line integral

T is consistent with the
positive orientation of C.

F-T<O0
negative contribution
to line integral
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Definition Line Integral of a Vector Field

Let F be a vector field that is continuous on a
region containing a smooth oriented curve C
parameterized by arc length. Let T be the unit
tangent vector at each point of C consistent with
the orientation. The line integral of F over C is
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Different Forms of Line Integrals of
Vector Fields

The line integral jCF-T ds may be expressed in the following

forms, where F=(f,g,h) and C has a parameterization

r(t) (x(2), y(2),2(t)), for a<t<b:

( J,For (r)ﬂ—j (S ()X (1) + g(0)y'(0) + h(D)=' (1))
‘jfdx+gdy+hdz —IF -dr.

For line integrals in the plane, we let F=(f,g) and assume C
is parameterized in the form ¥(¢) = <x(t),y(t)>, for a<t<b.

Then LbF ' dt = j”( FOX' @) +g@)y'(2))dt = j fdx+gdy= j F.dr.

C
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= |F| cos (77— 6)
= —|F| cos 6

' Reversing the orientation of C
changes the sign of F - T at each

point on C.
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Work Dot m 2 For Freld

Figure 17.22 (a & b)

Constant force:
W = (|F| cos ) d

> TRt

.

Variable force:
b

W = ’ F\(.\') dx,
“a

whefe——
F(x) = |[F(x)| cos 6
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Figure 17.23

" Component of F in the |
direction of motion:

'F-T = [F|cos 6
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Definition Work Done in a Force Field

Let F be a continuous force field in a region D of © °.
Let C:r(r) =(x(¢), y(2),z(t)), for a<t<b, be asmooth

curve in D with a unit tangent vector T consistent
with the orientation. The work done in moving an
object along C in the positive direction is

W = [F-Tds = [ F-r'(tyar.
C
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Define Circulation

Let F be a continuous vector field on a region D of

R 3 and let C be a closed smooth oriented curve

in D. The circulation of Fon C is L;F'T ds, )" SZF At?

where T is the unit vector tangent to C consistent

with the orientation
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Example 6 et C be M unit curcle with cowikerclockuoisg ofientativh. Find U cipuldtion on C of the Jollvoig

vertur Jddy . (0) the diak eld F=0 o ) -7
& (b\-\ﬂlro’r&tm dd F=<y,x7 (jg S)<< é}%?-cﬂ: =

Figure 17.24 (a & b)
() S‘;ﬁgﬁ =D

I
:-Y«;g,w -<",,8>0‘9

Gr 3
O ot ot >ec-ant astodt
—Y<_§l—a~9‘w><g—m/~/‘

0

2N
| ':'9 fLJt—
VAR Fe
=0 T(t\z <th/ 9!:‘&\ .

‘t: O =21

On the unit circle, F = (x, y) On the unit circle, F = (—y, x)
is orthogonal to C and has is tangent to C and has
zero circulation on C. positive circulation on C.
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é‘“’”}"e ! 8 F- &? \,J\\em F=42 X —a> awd C:rt)= =(wt, Sm‘t wst7) ost <2,

:YZW <m~;t c,:bt wty s <—Suft 05>‘t‘ svd‘?fh‘

Flgure 17 2/5 (a &b) , -, -
[astswnm%%wf aI = KD = ﬂ&t

Projection of F on
unit tangent vectors | e 2[
of C -
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Fi 17.26 (a& b)
~3I__ <x' 4> <—;\= Ji) ~xep

‘?(ﬂ \ [_} ) l

'n =T X K points outward |
on curves oriented in the

' count kwise direction. | N Lo=o<Z
h=<0,0 | ST - 2

T ] >
F X
T
n ~

£ =<t qegr>

" F points outward on C.
F - n > 0 gives a positive
—, .
contribution to flux.

F - n <0 gives a negative
contribution to flux.
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. =<y K>
Definition Flux

Let F= <f,g> be a continuous vector field on a region R of ° °.

Let C:r(t)=(x(t), y(¢)), for a<t<b, beasmooth oriented

curve in R that does not intersect itself. The flux of the vector

field F across C is b .
> M,
g L_g\ :F(rttﬁo (3 /K)%

[Fonds=[ (/0y@-g0xo) )

where n = T Xk is the unit normal vector and T is the unit

tangent vector consistent with the orientation. If C is a closed
curve with counterclockwise orientation, n i utward normal
vector and the flux integral gives the Gutward fluxjacross C.
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Example & Fid the oadoard dzlux across He wit curcle. with aunterdockwist orientaion ~S-o~r

(b) F=<g, %>

Figure 17.27 (a & b) ={ pas=0

(0‘\ 9(9() >—E\_A$ C
)—,“,C.‘_.-\6 @)_ks@"(?&r

& =% Y (6) ' <y %0 nds
C

=F (CJ;%/%\;T) $ S

On the unit circle, F = (x, y) - On the unit circle, F = (—y, x)
is orthogonal to C and has is tangent to C and has
positive outward flux on C. - zero outward flux on C.
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Section 17.3 Conservative Vector
Fields
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T = <
S.-. r(—ﬂ,(octﬂ/é%)/%(ﬂ >/ R<t<h

Figure 17.28

\V‘ ’t\j t, € (0\/ b\ axd t‘itz e
) # )

C

p /_\

~Not closed, fimple)

s

C

><>C

@, ot simple\] :;/.@ not simple‘\:
\ J/ \. J/
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Definition Simple and Closed Curves

Suppose a curve C (in R > or R 3) is described parametrically by

r(¢), where a<r¢<b.Then Cis asimple curveif r(t)=r(z,)
forall ¢ andt,, with a<t <t <b; thatis, C never intersects

itself between its endpoints. The curve C is closed if Tr(a)=r(D);

that is, the initial and terminal points of C are the same (Figure 17.28).
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Figure 17.29

This curve cannot be contracted |
~ to a point and remain in R.

R

e

—_—

Comnected)

' not simply connected

‘Not connected, - Not connected,
- simply connected | not simply connected
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Definition Connected and Simply
Connected Regions

An open region Rin R * (or D inR?)

iIs connected if it is possible to connect any two
points of R by a continuous curve lying in R. An
open region R is simply connected if every closed
simple curve in R can be deformed and contracted
to a point in R (Figure 17.29).
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Definition Conservative Vector Field

A vector field F is said to be conservative on a region

(in R* or R’) if there exists a scalar function, ¢ such that

L/VA on that region. i } ok
LN

g > 'VX1F-: %_3—( % g%
(r /h
F(X,‘@=<‘%\X'E\\/8"SE\‘)°> e Ql Y a«g

{—;-:. A-:(DO |
F vg@v& 2207 = =0 A ij
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Theorem 17.3 Test for Conservative
Vector Fields

Let F=(f,g.h) be a vector field defined on a connected
and simply connected region D of R * where f, g, and h have

continuous first partial derivatives on D. Then F is a
conservative vector field D (there is a potential function

@ suchthat F=Ve )ifand only if

o _og o _oh _ . 3g_oh

oy ox oz ox oz Oy
For vector fields in R °>, we have the single condition gi = Z—g
34 X

—_—
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Procedure Finding Potential Functions
in R Cubed

Suppose F = <f,g,h> is a conservative vector field. ch that

F = Vg, use the following steps:

1. Integrate @_= f with respect to x to obtain @, which includes

an arbitrary function c(y,z).

2. Compute @, and equate it to g to obtain an expression for ¢ (y,z).
y

3. Integrate ¢ (y,z). with respect to y to obtain ¢(y,z). including an
y

arbitrary function d(z).

4. Compute @, and equateitto hto get d(z).

A simple procedure beginning with ¢ =g or ¢_=h may be easier in some cases.
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Y f_(_x\o\x —&(b\ -%0) o—o
Theorem 17.4 Fundamentals Theorem
for Line Integrals

Let Rbe aregionin R *orR° andlet ¢ bea
differentiable potential function definedon R. If F=V¢
(which means that F is conservative), then
B=r(b)
[F-Tds=[F dr=p(B)-p(4)= S)VS) dr

S C: Y&)—'—'{xﬁ)) a(ﬁ é(ﬂ) - = —
v (0)=A n&t <b ———— C | Al

for all pZ)ints A and Bin R and all pleiewse smootdq tw) rtt)AT
orie ted curves Cin R fro A to B. u
LORIOE %Ciwﬂ Y S?(“t‘)
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Definition Independence of Path

Let F be a continuous vector field with domain R. If

j F-dr = j F -dr for all piecewise-smooth curves
C C,

C,andC, in R with the same initial and terminal points,

then the line integral is independent of path.
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Theorem 17.5

Let F be a continuous vector field on an open connected

region Rin R . If jFodr Is independent of path, then F is
C

IS conservative; that is, there exists a potential function
@ suchthat F=VgonR.
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Figure 17.30

b C=CUC,

%th:wah+JF-ﬁ
C C, C,
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Theorem 17.6 Line Integrals on Closed
Curves

Let R be an open connected regionin ° *or° °.
Then F is a conservative vector field on R if and only if
j F-dr =0 on all simple closed piecewise-smooth

oriented curves Cin R.
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Section 17.4 Green’s Theorem
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Figure 17.31

(Paddle wheel at one 1

point of vector field.
. S/

/ . .
F = (—y, x) has positive
(counterclockwise)
\circulation on C.
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wi=8-1, , F=<t§> d | A )

Theorem 17.7 Green’: - @

Circulation Form §{ wFda={%-dr
R — C

Let C be a simple closed piecewise-smooth curve, oriented
counterclockwise, that encloses a connected and simply

connected region R in the plane. Assume F=(f,g),

where fand g have continuous first partial derivatives in
R. Then

circulation circulation

<~
Ights Reserved %&%z \
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Definition Two-Dimensional Cur

The two-dimensional curl of the vector field F=(f,g)

.. O
IS _ E_ Y Ifthe curl is zero throughout a region, the
KF = ox
vector field is | @)tatlonal n that reglon
Ekmplel U.<,: Green’ rm-t@m ~d,%7" A? where C
th w\& cu'c‘e Ohen—r—al CDW"E"C( — I -

C YSG—%}’&:\AA

Z o

|
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Theorem 17.8 Area of lane Regio
by Line Integrals R Amﬁh A
— <§<,3 o

Under the conditions of Green’s Theorem, the area of a
region R enclosed by a curve C is

__%@/x)'({'“
N \/ —_—
jx dyz—jy dx = _L(X dy\—y dx).
C C B c . * =
Examp)e?- Fd‘tﬂw’@ﬁﬂ'ﬁmdhfe% %:"ﬁ
AR)= Y Y=y ‘*@*"‘Q”Q““T\“b “‘t*t L

‘S-‘A&x \)SW‘E O\(&a;t\ tab oﬂ“tdt (tt)=

__L a;,( c,syhttwb J chﬁt =abi
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| wiFdy = § Fdr = § forgd | e Ton Tofal>
R

R °oR ) ﬁ V;\:: CE = CS))T:&?L@R‘
w“ —_— S
Definition Two-Dimensidnal Divergengeaﬁ y

UXE=3%" 5y
The two-dimensional divergence of the vector field :;a;i

] .. Of 0O
F=<f,gi IS f+ S Ifthe divergence is zero
N ox 0y

throughout a region, the vector field is source free on that
region._,, 3 3

V-F= <R/%g/g_%> <‘§./8/\\7 T %+ o ﬂ/
— [ 1 /JP h
=XE = Ok BH 32 | = < t\a‘ g'b/—Y;_ t\x/ E)C— {%I) VQE"W"VaDMﬁQ.
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T=<54/ Il n=<y -x"
Theorem 17.9 Greén’s Theorem—Flux
Form YAV FdA § nfh‘—'-ﬁ'? Aa-go\x
Let C be a simple closed pleceW|se -smooth curve, orlented
counterclockwise, that encloses a connected and simply connected

region R in the plane. Assume F = <f,g>, where fand g have dR

continuous first partial dﬂivatives in R. Then

‘na , , dA

C'f} | ox ay] ’ R
d | F/

R & Outward flux ~ Outward flux A B

gg *b)(m~
d A=
={ 7 A [ vy dr=e],

\Qwhere n is the outward unit normal vector on the curve.
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Exanple > Use Greens Thin To onpeld toeuard)tlux o =< >

GQNKIS ’(J\Q M;\JiWCIQ \
N W=\ xdy - C&x
Figure 17.34 S;Gi "> S §1 g d
Exmi\e 4 C: x+ '~ 4 orented | I

coimercloduie - L‘;'& |
{@f"s‘"‘g@"é &w f F=(ey )

4 1 |

] < C = c-a-)—Q- é—g~
sty /?\\// 3 )

_ <3‘ \ \2-( . _outwa across C. _ 2“-
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Eywa C,;‘d\ﬂlom\cﬂaa o]ﬂ}Z i : X
Maxwaé yg —&)AA

Figure 17.35 ¢

F = (y2, x? R T
> > 7 /— gz r%@-sw)
s /
‘ A\ 7 ° T' - rdrde
Y =2 (ge)g
A b3,
13 X ’§ rfhf

Circulation on boundary of R is negative.
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Example & Fncl'bh odoard. ‘Hux 0'(1 F= (4(}\ X A) across Hh bw&ﬁ (r]L
&Tr

R=fdl 1= =4 podas [+ [R5 4m+ ¥
F| ure 17.36 * R,

———
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Table 17.1

Conservative Fields F = ( f, g) Source-Free Fields F = (f,g)
dg  df _ af 0

ecurl=———=0 e divergence = — + _e =0
0x dy 0x dy

Potential function ¢ with Stream function s with
o g

0 )
F=Vo or f=—— 2 f= % _%

ox’ ady ady § ox

Circulation = f( F-:dr = 0 on all Flux = .f(, F-nds = 0onall closed

closed curves C. curves C.

Path independence

Path independence

/ F-dr = o(B) — ¢(A) /'F-nds = $(B) — (A)

C (
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Table 17.2

@ Pearson

Circulation/work integrals: /F- Tds = /F°dr = /fdx + gdy
“ “ ‘(~

C closed C not closed

F conservative (F = Vo)
%F-erO /F-dr=<p(B)—<p(A)
i.

i.

F not conservative Green’s Theorem Direct evaluation

. A p v b
%F-dr = // (g — fy) dA /F'dr = / (fx" + gv')dt
¢ R C o

Flux integrals: /F-nds = /fdy — gdx

C closed C not closed
F source free .
(f=.g=—¥) %F-ncls =0 /F'nds = y(B) — Y(A)
C C
F not source free Green’s Theorem Direct evaluation

b
fF‘l‘l ds = //(f\ + g,\‘) dA /F‘n(/S = / (f‘l B g-\") dt
( R b Ja
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Definition Divergence of a Vector Field

The divergence of a vector field F=(f,g,h) that is

differentiable on a region of R’ is

div F=V . .F = f f o)

ﬁa—@xﬁy@z

|If V F =0, the vector field is source free.

ro%uh maAl V.

]
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E"ﬂ”‘{?le' (@) = 4,2 b) F = <-a S P () F=<g,x27

7=9-F (a\vi’—"i* “5 UDWF“( \J’%\’( ;C\ “
Fgure 17.38 (a ?%‘ =
(@) V- F=3(- x\+—(*\+a—(%5—‘

\ // Radial field
\ | / V. 2

(V-F=3atall points =
vector field expands outward
- at all points.
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Theorem 17.10 Divergence of Radial
Vector Fields

For a real number p, the divergence of the radial vector field

\
r _ <.X,y,Z> o - 3_p F:I
‘r‘p (x2+y2+ 2)p/2 V- F= Mp :

Emmp\QZ(P"B VT: ! \ KXY = vk 2

P >r 4T TR= ooy |
Ffm ) l[i\\ \a\«-| =3 JX*‘W - 164§ " 2
X - lr]-«4 =< |yl

a (m\* S = [F[

IX Tl 2 2 3‘%" Xt 2 K+

F =

2 =~ r > 2 _ —
(el -x el [‘fL—-): _ 3*: 'VT: 7[5 |VP N “‘5

Y|’ ( I
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E3<amil>|e 3 F=<x, g7 ad Ci « aucle o{‘ radiuy 2 &W‘Zreclﬁiﬂ&m’ta%n
(a) At QU !j;’\V_F’ or %Kﬁw? wl\a? ) b Cmim (V‘H‘/‘\.

FlGuFe017.39 (g, Homa ool v 2 65

\ =b—’(-1+ﬂ] =L’—°‘+‘>(H)=57D A=<‘§ 3 h>
VF )‘\ or ba (\"S /]'X{>Q(()!'ql.).>(). F / g
and V- F > 0. VT;:: 3;"‘1‘_6_%*.3‘1

(Y 2Xx\> 0O

@Pearson Copyright © 2019, 2015, 2011 Pearson Education, Inc. All Rights Reserved Slide - 77


iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad


Definition Curl of a Vector Field

The curl of a vector field F=(f,g.h)

on a region of R °

VxF =curl F
oh 0g |. (8f _Oh).
8y 0Oz 0z  Ox

If VxF =0, the vector field is irrotational.
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- ~ — -
0 G'QI\U&Q Rotatin Vector Freld _\E = Qx where Tiz@‘/azﬂﬁj (=<4 2>

©=Uxf ¢ 9 i

Figure 17.41 Tl a0 ___<GL-}—G)3 )Q3Y-a'%;
. ) \A k ‘x\/a z Q\‘&—~cl,_x>
V_:E= dx 33, 9% \\// ZA

/
= 2-(0u / QZ/ ;> General

rotation field

2&)
=20 U -
I o a={(,—11)
F=aXr
VXF=12a

4-/,‘
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General Rotation Vector Field

The general rotation vector field is F=axr, where the

nonzero constant vector a={(q,,a,,a,) is the axis of
of rotation and r =(x,y,z). For all nonzero choices of a,

VxF|=2[a] and V-F=0. IfFis a velocity field, then

the constant angular speed of the field is

0 =[al =V xF|
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Theorem 17.11 Curl of a Conservative
Vector Field

Suppose F is a conservative vector field on an open
region Dof R °. Let F=Vg, where ¢ is a potential
function with continuous second partial derivatives on D.
Then VxF :vag’: 0: The curl of the gradient is the

zero vector and F is irro_tational., [‘L \

To=wx(vg)=| 6
smdaak VF o Py % |= <‘f~z§" 5
Q@MW&E}{L - I 3 3 [
vt ) - S 3\_\,3 3 >

N
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Theorem 17.12 Divergence of the Curl

Suppose F=(f,g,h) where f, g, and h have
continuous second partial derivatives. Then \V (VxF)= O\

L]
L]
—

g

The divergence of the curl is zero.
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Theorem 17.13 Product Rule for the
Divergence

Let u be a scalar-valued function that is differentiable on a

region D and let F be a vector field that is differentiable on D.
Then

L=y FruvD),
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Properties of a Conservative Vector
Field

Let F be a conservative vector field whose components have continuous
second partial derivatives on an open connected region D in

° . Then F has the following equivalent properties.

1. There exists a potential function @ such that (definition).
2. (J.F-dr = p(B)— p(A4))for all points A and B in D and all piecewise-

smaoth griented curves Cin D from A to B.

on all simple piecewise-smooth closed oriented
L 2 yx .t X=(@®O _
: ')(,4‘\\ =Q _ \
curves Cin D. Q—r azvgu‘g r(@>f\1& @\0 Sk

4. VxF =0 at all points of D, L\ X=G 08

& 0<ps
Ja r:al ?‘:&SmQO O<any
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Section 17.6 Surface Integrals

Represertation o "1 95,
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Eammérﬁzal Sw&a&i —F ( W, v \ = <%y \/ \é( w \h/ 2(u,V YV

Figure 17.43 L) eR

r(u, v) = (x(u, v), y(u, v), z(u, v))

VA

d

a

X

N

[A rectangle in the uv-plane is mapped to a surface in xyz-space.
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Figure 17. 44 =32 =&
(9 2)= Cacw ashd, 2 >

r(u, v) = {a cos u, a sin u, v) <A O < @ <2:“-

v A A

h

0 2T u
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thefes oc"+al+ 2'=q & P=a
———

r(lf/ 9) =< Q&:\SCBSG/ (LSESSI;@/ @@S)

Figure 17.46
osﬁéw/ 046-<2m

VA : J 2 2
2 r(u, v) = (a sin u cos v, @ sin u sin v, a cos u)
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S aLQ In“'e(cimjs oﬁ—- Scalaf-\/ajw& Fu&m S Y'(u v\ <x(u/v\ a\u,\,\ i'@,v\)
A
Q'HS r("V)) X\ \0‘ wdy ™y, v)eR
;IQ Ure 17. &7 v-\f“/ C : Fety= <Xt Jtb) 2t >

d tefd,b
1A yce%a = 9% (e j\rm\a\«% o

Z A
A
‘ \/V\j P(xk’ yk, Zk)
ds
r(u, v) = {x(u, v), y(u, v), z(u, v)) e / S
d+ %" <
P Parameterization / Sy
Ra }av
‘ ' Y
(@ V)] R, mapsto S,;
P ,\("/e v,) maps to P. )
. l )
LYJ
: Au : _
' -
a
uv-parameter plane - r ( u¥ v* AS
k) 'k R
AS >0 K 5§
0 N ~
W“‘ X V;/ AunAV
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Figure 17.48 .

rit)
Z A C;X tv
. > — e
— BN N ¥ Ay £) ()=
= 57 Nou, Uy o L - .
(ﬁku E‘i ) P(,X/\,. Vis <./\.) — ‘(‘({-)‘-‘(‘X’\f) Zﬁim?
- | |
[QIPRL W1 N

@ Pearson

Parallelogram in tange r N
X plane has ar@ XT@*’ u X v
1

Copyright © 2019, 2015, 2011 Pearson Education, Inc. All Rights Reserved

AWAV

|

Slide - 93


iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad


Definition Surface Integral of Scalar-Valued
Functions on Parameterized Surfaces

Let f be a continuous scalar-valued function on a smooth surface S

given parametrically by r(u,v) = <x(u,v),y(u,v),z(u,v)>, where u and

vvaryover R={(u,v):a<u<b,c<v<d}. Assume also that

0 ox o0y O
the tangent vectors t_ :@: ax,ﬁy,ﬁz and t L x, y’ -
- Ol ou Ou Ou e OV ov Ov Ov

are continuous on R and the normal vector tu xtv IS nonzero on R. Then

the surface integral of fover Sis

”f(x,y,z)dS = Hf(x(u,v),y(u,v),z(u,v)) dA.

t xt

If f(x,y,z)=1, this integral equals the surface area of S.
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EdeP}e > TFad Suud@ﬁ wrea ) ‘
‘1\ A %lmcﬂar with redus a>o and hecél\‘l' h (@‘Au&% ‘thcbrw‘ar encgg\

I
A(S)= i A“? o= § adv -

-5 Normal vector
.t - <‘“§W\u &mu S 24 (a cos u, a sin u, 0),

02w - by

magnitude = a
ﬁ
o) a
t\« \L_/L_/ ' > T —
1 wt = (omsu aSmu 0> |
4 tv (¢ )= ) |

h\ A(S\z2mrh +

= a\<ossujsmu/w

o
Y
< Q& ~

»\.‘
X

Cylinder: r(u, v) = {a cos u, a sin u, v),
O=u=2mandO=v=h
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(b) ﬁi?\\m fff s & A(S)=4Ta
ASH= S‘iJS g S 1- asme dydu

0 ‘o

Figure 17.50 . g“mau

= Q-2

-—

b
Sphere: ‘tf V=0 -)_’l'((1 [Cﬁb\k} = 4NQ

’ I'(Ll., V ) <(l sin U COS Vv, d sin # sin V, d COS Ll>

/—Gé.u\<77and0<1 <2 - R

- - <
-l-ur- {amsU cﬁsv/ aasusw/ ~A3wlUp
= ~ - ~N

= {~a8wmy S\ RSy (>N 0 >
£ = eemIM

B 2
> = 2 .2 2.2 _ S
£xt, =(romu ey amsny “ws”'u@wf V%
____V_ - / \/\ ormal vector,

. o
magnitude = g~ sin u
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Ewr\p’e > Fmi‘dxasuﬁam areq a'f‘bhﬂ inder Ir,0): (=4, 0= Sszwg
bg-\-(;,j&n-(;h‘;\anﬂ/& fa anc[ 2 =1H-2x qexc!%‘th’h?aml bD‘HDm Su.dzua/s)

_ Figure 17.51  ~'24on
YI.A;?V: (4&'5[&/ A.S.ﬁu/ 0> A(S\: gk ic“S: “4—&‘1&\/

v 2 S _
?qxvv‘:4 /Z=l6—2x=yz“- 868@2‘&\/1“
>0
=4 YWQ6-8®“> du
:\Cylinderr=4 O ~ H
= _ 4_[, Lu- gsmu]o
A T

Sliced cylinder is generated by
r(u, v) = {4 cos u, 4 sinu, ere
O0=u=2m,0=v=(6— 8cosu.
us6, V=2
@Pearson Copyright © 2019, 2015, 2011 Pearson Education, Inc. All Rights Reserved Slide - 97



iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad


Suz{évz In‘lj;fmjs o ﬁ’rapk S: z2=gW® a >, 4)eR

Figure 17.52 HJS *Hx %W{w
), Be07 e m o) [i0 35+ s

\—16—8009u %

Region of integration in the uv-plane is
R={uv):0=u=2m,
£ 9 O0=v=16 —8cosu}.
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Theorem 17.14 Evaluation of Surface Integrals
of Scalar-Valued Functions on Explicitly
Defined Surfaces

Let f be a continuous function on a smooth surface S given by
z=g(x,y), for (x,¥) in aregion R. The surface integral of f

over Sis

J[7Coy2)ds =[] f(rr.gCoyyz + 2] +1dA
S R IS

If f(x,y,2z) =1, the surface integral equal the area of the surface.
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Exarple 5 Fandthe area a{ 1 Sw&uﬁ Sthit Lot = da plane 2 =12-4%-2]

ey dbe Bargion R boned by o llips -+ 471 -
Figure 17.53 As)= {|1ds = {{ Jearez 4y
S R

=12 4= = SS Jrn «~4F¥(— 5\2 Ax«%

R
L / S is directly above R. — y A
e : i ﬂ%

/i/ 4\ =g w-2-

R 1s bounded by the ellipse
o)

2
-
Y o

Tab

Area of S = V26 « area of R.
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Example & Athin anircall shedl 15 described. %‘thsuﬁw -z:(,,&jl)% _K_Or 0<2<4
The a'ensﬁa w Pugn=8-2 8/@%, Wha Tetht mass f the ome?

Figure 175l4 y,\:gsi (8-2*)&5 = gé (8-()&62)3\)“?“%’:{‘%{ th%

A -2 A
%:%x(xzf 2)2=-‘i(x7'+\&2>‘“ : 7m =,F- g (8- (xz{_\az)z \cﬂx«lé]
| R
N JT:;—\AL \ : =4 “F = YZW 4@-r rdrd,
e W s ) )
ox ) — Xaaz y \

X X +\& /- \
Density function of
 sheetisp =8 — z.

-
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Table 17.3

Explicit Description z=g(x, y) Parametric Description
Surface Equation Normal Vector; magnitude | Equation Normal Vector;
(=20 =2 1)3| (=20 =20 1) | magnitude
ty X t3)t, X 4,
.
—rCylinder. x*+ vy = as, (x,3.0):a r= (acosu,asinu,v), |[(acosu,asinu,0):a
0=z=<h 0=u=22n0=s=v=| | ——
u=68 v=2— u=0 v
/ ~
Cone 2 = x2 4 y2 , r= (vcosu,vsinu,v), (vcosu,vsinu, —v); V2v

;)'_i:._"bh- . <'\-/:'-\./:‘~l):\/2 O=u=2rn0=v=h

— :P £t “ ];E,EI,II,? ‘
-
v, 2. 2 2 ’ Vi - ; " v . 2 > . .
Sphere Fry+Z=a | r / r= (a SIn U Cos v, (a*sin® u cos v, a* sin® u sin v,
by b} - P . X . " .
T=Aa=X -zz // “/~- asinusinv,acosu), a’ sin u cos u)ia-sinu

e 1y < c y < N T ——
- - O=su=n0=sv=27 t”zl — —
\(&-<2~$, tflil> ™ et
(R

: ) ) — ‘e 'S 2 ’
Paraboloid - X7+ v (2629, 1)1 Vit ) r= (vcosu,vsinu,v-), (2 cos u, 2% sinu, —v); vV + 402
0 < =X, 2V, ’ : : 0=u=2m0=v=vVh
¢

@Pearson Copyright © 2019, 2015, 2011 Pearson Education, Inc. All Rights Reserved Slide - 102


iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad


Tre)= <xtt\ 14, x> «Sor estsb §: r(u v) <xluv) §OV) 2(uv)> (v, v)ER

1= SO b 3oe) e Bk
Flgure 17.55 ”S . 3(,3, )R 5

R 1468 g00) [l & 4y

Stirt

C C
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Figure 17.56

4 :
Surfaces that enclose a region
are oriented so normal vectors

kpoint in th@ar?%lirection.

~

J

z="10s ) z

a:«g-(xj‘z‘:> y }
ardk

|

For other surfaces. the orientation
of the surface must be specified.
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- _ d
@ S)G‘:TBC)\S w K d=23
C

Figure 17.57 (a & b) [ER)ds
C

Unit normal n Unit normal n

F-n = |F|cos @ -n=F|

et 35
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:W(rwvﬁ E“Jf MV

Figure 17. 57 (c & d)

Unit normal n Unit normal n

No flow

through §
at P. F-n=0
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Definition Surface Integral of a
Vector Field

Suppose F = <f,g,h> is a continuous vector field on a region of © 3

containing a smooth oriented surface S. If S is defined parametrically as

S or(u,v)= <x(u,v),y(u,v) z(u, V)> for (u,v) inaregion R, then
2

}6:7 . HF ndsS=|[F-(t,xt,)d4,

or ox oy O :
eret, = — =< r Y Z> and t, = o _[ox & % are continuous on R,
x n ou ou Ou Ou ov ov dv v

the normal vector €, Xt is nonzero on R, and the direction of the normal

vector is consistent with the orientation of S. If S is defined in the form

S: z—s(xy)Sfor(xy)lnareglonRthen <’§3\(\7 (Z— ’3 ‘> JA

—_—

r(*a\ <x g,scxgv [[Fnas = “( fz/—gz +h)dA.
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Bange 7 T <0017 St 2 =4-2xY itk 1T ockait.
a—m&\u m’d&&mmumcl Ao across T surfoue S,

Figure 17.58 L W dg=-1 (0”0"("‘\9‘%

(=2, -1, 1)
points
downward

at all points

- of the plane. |

‘”’F-nd5=areaofR:4
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Section 17.7 Stokes’ Theorem
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Figure 17.59

(Circulation form
of Green's Theorem: Stokes' Theorem:
ffF-dr=”(v><F)-de §F-dr=”(VxF)-nds
c R C S

L 4 J -y
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Figure 17.60
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Theorem 17.15 Stokes’ Theorem

Let S be an oriented surface in  ° ° with a piecewise-
smooth closed boundary C whose orientation is consistent
with that of S. Assume F=(f,g,h) is a vector field

whose components have continuous first partial derivatives
on S. Then S)& EndsS

S S
_ ﬂ%ft;d‘a dudv

where n is the unit vector normal to S determi&eg' by the
orientation of S. Sy

jF-dr
C
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Figure 17.61'

S aS |
e flo <X L1 ade o o astaote
= wxF- (71_ 17 dx F-(ou>x<x 27
=& 3 N ' %. Sut f4cort)cﬁ
_ = v Axis of rotation
N 2401 ( '>&’<‘% x\: [ostlz (001 IO)J g)rch_ &T

F={z=x=x
_C V= 264,
35=C rtty=<eat 6k
0 <4 <0
Fa\}tt\zézsﬁ«t; 26T 0>

A= by = vlrds

< 3*“‘5@‘ B
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thv V\JS = 0 - fbsc b

Qc )é—ii et . 2 {4_(\- E‘Hl -u)}

4- * 4 , (684~ _ax) 94 dx
X - J
g-4x-24 .
‘ ' t R
‘ 2 ax }a 63
D<8$4 2X (2.0.0) . 0.4.0) :(-23+,/|.-;_x o>
6 =&-4x
C: ?‘(x) <0</4-n< 0% Ry 0=x=20==4_ 12
X, 2—0 a: 4 -,
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(a\ .S \s ‘th)iw’t c%‘&ﬂ ?aml)o\on&_ 2= 4.- —%Z‘M ,QM-S waiw\'th ?am])o‘mcﬂ‘z 3x+(\j

Figure 17. 63 L oy
“‘\5“15%fﬁtc>§ itk Doy 2= 4-%-3y, nopuod S;V\— n dS

() S vi@&sw&mk W \>w’t (b I—?\ — dwonward | {Outward normalJ = § E ) &?

vector for

(@) §| wF nds = {{wp- <x ea,oiﬁx Example 32
s R '
= [ <o 02> <2, La,zliwﬂ 32 %S E.-&
Inward normal AN A

_E “ &ct% :@ c [Ei(:r(:lrptizr% } “ YxF-n &S
: > Outward normal >

t/_-\k' z=3x ; y? ‘ £ [Eifrfpf?sc l“t—_’*e (=2 -2 >
V;H by a| ST Ay, M, 4

;3 y" Z x @43) ég 4-x=-34=2=3x*} ‘<’-"/43 12

‘<D 0 | ¥+ > = <t’)Dl>R La"<\ €>/)(L+as‘.—_&
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Tterpreting tht Gl

dredation  AB) a5 .
Figure 17.64 Ewn :F= x> wP=2g
L‘?F[}‘—L%& X V\>AS C=<%q,%7 R a=<99,\7
A(S) S AK) S P ~\
~ T @ F =<3 X0
- H 201 AS NS i
AS) < .
=_"_ L ((1ds F - 1.
=20 A (@ !
=>a-n p - -
= UXF-N ’ Average circulation
:\V;E & — S = 2|a| cos 0
— = (VXF) n

C
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Exam,ple 4 velocgy Freld _:/=<0) \—fxl) 07, 'fnr |x[21 and |21<1
(a) A paddle wheel ¢ plared @ P& 0.0Y, which of th cveindte, direction should -4l axis of
the u_n‘\al pirat ordoy ‘fvf th wheel 15 Sfﬂp T which derection does oF SfTH? At Qb3 007
Figure 17.65 (a &ab)A -
(
9

_ =<0 0 —2X
([,\ me ad @af‘\ VXN = 3 2 /) ?
X 3L V X v = (0,0, —2x)
“4 (Horizontal Ehanwv:)—( O F L] ()

(VXv)y-k=-2x>0,
forx <O
(counterclockwise
rotation)

v=1{0,1—x% 0)\_7
< =

Paddle wheel with vertical axis

i)ms clockwise, for x > 0, ahd (VA v) k= —2x < 0. forx > 0

ounterclockwise, for x ) )
(cJockwise rotation)
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Figure 17.66

2)
S:z=s(x,y)
£
e
—
X C

C’ is the projection of
C in the xy-plane.
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Theorem 17.16 Curl F = 0 Implies F Is
Conservative

Suppose V xF =0 throughout an open simply

connected region D of ° 3. Then ICF-a’r =0 on all

closed simple smooth curves Cin D, and F is conservative
vector field on D.

(%47 = [fve ads =
C S
S=C
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Section 17.8 Divergence Theorem
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Figure 17.68

A

/Flux form of

éCF-nds=

}C—’_\.

Green's Theorem

UdideA

Divergence Theorem:

JJF-ndS=flﬂdideV
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Theorem 17.17 Divergence Theorem

Let F be a vector field whose components have
continuous first partial derivatives in a connected and

simply connected region Din °° enclosed by an

oriented surface S. Then

[JFnas=[ffv.r av.

S D

where n is the outward unit normal vector on S.
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Figure 17.71
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'DDCI'“’”"L n, is the outward normal |
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Theorem 17.18 Divergence Theorem
for Hollow Regions

Suppose the vector field F satisfies the conditions of the
Divergence Theorem on a region D bounded by two

oriented surfaces S, and S,, where S, lies within S,.
Let S be the entire boundary of D(S=S,US,) and let

n, and n, be the outward unit normal vectors for S, and S,,

respectively. Then

jﬂv.F dV:ijF.n dsng.nz dS@_gF-@dS.
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Figure 17.73 (a & b)

Charge distribution
density ¢

4 N\ 'l I
Gauss' Law: Gauss' Law:
Flux of electric field across S Flux of electric field across S
due to point charge due to charge distribution ¢
|
=ffE-ndS=8% =”E-nds=8—0f”qdv
. S J \_ S D J
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Table 17.4

@ Pearson

Fundamental Theorem of i \ > '2,'
Caleulus [ 5eas =10) = sia) ’, ARGy ¢
Fundamental Theorem of :
Line Integral / Vf-dr = f(B) — f(A) ‘ 3
Green’s Theorem ¢
(circulation form) // (8 = f)dA = 7§ fdx + gdy

y: ¢
Stokes’ Theorem .

— //(V X F) ndS = %F-dr N

Divergence Theorem ,

///V-Fclv = //F-ndS

> p” - S |
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