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an=0a=0

b.n=1lLaoa=0anda =1

c.n=2a=0anda=2

Formula (9) for f“(x) is often used in-the numerical solution-of differential-equations:

By adding the Taylor series for f(x + h) and for f(x — k), show that the error in this
formula has the form 3 %% a,,h*". Determine the coefficients ay, explicitly. Also derive

n=I|

the error term given in Equation (9).

Derive the following two formulas for approximating derivatives and show that they are
both O(h*) by establishing their error terms:

J0) % o (= F O+ 20+ 8L+ B) = 8 = )+ [ x — 20)

1
12h?

Derive the following two formulas for approximating the third derivative. Find their error

Fx) = [-f(x+20)+16f(x +h) =30f(x)+ 16f(x —h) — f(x — 2h)]

~7 terms. Which formula is more accurate?

1
f”’(x}zh—a[f(x-ﬂ—%)—-3f(x+2h)+3f(x+h)ff(x)]

1
20
(Continuation) Carry out the instructions in the preceding problem for the following
fourth-derivative formulas:

f(‘”as;—4[f(x+4h)—4f(x+3h)+6f(x+2h)—4f(x+h)+f(x)]

JUey = S e +20) = 2f(x +h) +2f(x — h) — fx - 2h)]

[ = h—{, [f(x+2h) —4f(x + h) +6£(x) —4f(x — k) + f(x — 2h)]

Show that in Richardson extrapolation,

16 1
D2,2)= EW(h/2) = EW(h)

@ Show how to use Richardson extrapolation employing x,, and x,2 if

L=x,+an ' +an +an>+--.
Prove or disprove:
a If L - Xy = O(n‘l), then L — (21’2" —_ Xn) — O(nfz).
b. If L —x, = O(n~"), then L — x,2 = O(n72).

Discuss the numerical consequences of this problem.

@Show how to use Richardson extrapolation if

L =@h)+ah +ash® +ash® + - -

@Suppose that L = lim,_,q f (h) and that L — f (k) = csh®~+coh®+- - .. What combination
o

f f(h) and f(h/2) should be the best estimate of L?

Using Taylor series, derive the error term for the approximation

1
flx) ~ E[—3f(x) +4f(x+h) = flx+2h)]




