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Let @ = (m + 1)p + . Then, using Re(x) to signify the real part of x, we have
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Here the numerator is

Re(ei”" - ef“("*'z)) = cosno — cos(n + 2)a
= cos[(n + Do — a] — cos[(n + Da + o

=cos(km — a) —cos(kmr +a) =0

where k = m +n + 2. To complete the proof, let p be a monic polynomial of degree
n. It can be expressed as

p=2""Up+anUp_1 +--- + aoUp

Hence, by the orthogonality relation,
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The subject of numerical integration can be studied further in Davis and Rabin-
owitz [1984], Krylov [1962], and Ghizetti and Ossiccini [1970].

PROBLEMS 7.2

1. Derive the Newton-Cotes formula for fol f(x)dx based on the nodes 0, 1, 2, and 1.

2. Prove (without using its error term) that Simpson’s rule, Equation (6), correctly integrates
all cubic polynomials.
3. Obtain Formula (6) from Formula (5) by a suitable change of variable.

@Ven'fy that the following formula is exact for polynomials of degree < 4:

4 1 1 1 3
fo f(x)dx~§6[7f(0)+32f(a)+ liZf(E) +32f(z) +7f(l)]

5. (Continuation) From the formula in the preceding problem, obtain a formula for
j;b f(x) dx that is exact for all polynomials of degree 4.
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6. (Continuation) Calculate In2 approximately by applying the formula in the preceding

problem to
bodt

0 11
Compare your answer {0 the correct value and com
7. Calculate fol ¢ dx to eight-decimal-place accuracy by use of the series in the text.

@ Find the formula :
ﬁfuwmeﬂm+mfm

t is exact for all functions of the form f(x) = ae” 4+ beos(mx /2).

pute the error

thal
9. Find a formula of the form .

2w
f Foydx = A fO) + Axf )
0

that is exact for any function having the form

f(x)=a+bcosx

Prove that the resulting formula is exact for any function of the form

Fy =Y lar cos(2k + D)x + by sinkx]

k=0

ee
Use the Lagrange interpolation polynomial to derive the formula of the form
‘ 1 2
[ fx)ydx =~ Af(—) + Bf(f)
0 3 3
Transform this formula to one for integration over [a, b].
11. Using the polynomial of lowest order that interpolates f (x) at x and x,, derive a numer-
ical integration formula for
.Y3
(x)dx
Do fiot assume uniform spacing. Here xp < x) < X2 < X3.
st 12. Derive a formula for approximating
3
f fx)dx
1
-_ in terms of f(0), f(2), and f(4). It should be exact for all f in ITj.
13. Determine values for A, B, and C that make the formula
‘ates 2
[ xf(x)dx ~ Af(0) + Bf(1) + Cf(2)
0
exact for all polynomials of degree as high as possible. What is the maximum degree?
14. Derive the Newton-Cotes formula for
1
f fx)dx
0
1 for based on the Lagrange interpolation polynomial at the nodes —2, —1, and 0. Apply this

result to evaluate the integral when f(x) =sinnx.
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| 15. Calculate

|
4

| 0= hot
E f (:\m,\ ) dx
0 X

to seven-decimal-place accuracy using a series.

16. We intend to use _j;)l plx)dx as an estimate of _f;,l flx)dx. where p is a polynomial of
degree n that interpolates f at nodes xo, Xy, ... x, in [0, 1]. Assume that | el <
M on [0. 1]. What upper bound can be given for the error lfnl flx)dx — ff: p(x)dx]if
nothing is known about the location of the nodes? Can you find the best upper bound?

17. Determine the composite numerical integration rule based on the simple right-side rect-

angle rule: s
I
j flydx = f(1)
0

Assume unequal spacinga = xp < X; < -0 <N = b.

18. Derive the composite rule for flf f(x)dx based on the midpoint rule

1
f Fiordy =2
=1

Give formulas for unequal spacing and equal spacing of nodes.

19. /(Continuation) The midpoint rule over the interval [x,41. X, is given by

Ykl
[ floydy = (e — X0 f(x)

Ji g

Determine the compaosite midpoint rule over the interval [a. b| with uniform spacing of
h=(bh-a)/nsuchthat x; = a+ih fori =0; 12wy 1 (n is even).

. i 1 7
20. Determine the integration rule for fu f(x)dx based on the Gaussian quadrature rule

]__l. f(.\')d,\'%f(f%) + f(%)

21. There arc two Newton-Cotes formulas for n = 2 and [a. b] = |0. 1]. namely.

! i
f f(x)d.rxrtf(0)+bf(;) Fefth
| 3

[ sec=es(8) (3 ()

)

Which is better?

22. Is there a formula of the form
I
[ ) dy = a[f(.m) + /‘(.\w]]
0

that correctly integrates all quadratic polynomials?

23. Prove that if the formula

! "
f flordy = ZA,_,"(.\',) (n is even)
=1

=0




