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2.

The polynomial p of degree < n that interpolates a given function f atn + 1 prescribed
nodes is uniquely defined. Hence, there is a mapping f +> p. Denote this mapping by L
and show that

Lf = if(xi)gi
i=0

Show that L is linear; that is, Llaf +bg)=aLf + blLg.

- {Continuation) Refer 1o the preceding problem and define another mapping, G, by the

formula

Gf =) fx)e
i=0

Prove that Gf is a polynomial of degree at most 2n, that Gf interpolates f at the nodes,
and that Gf is nonnegative whenever f is nonnegative.

- (Continuation) Prove that the mapping, L, in Problem 6.1.2 (above) has the property that

Lq = g for every polynomial g of degree at most .

5. (Continuation) Prove that Do oli(x) =1forall x.
6. (Continuation) Prove that if P is a polynomial of degree < n that interpolates the function

fatxg, x, ... x, (distinct points), then

FO) = p() =Y 1£(0) = £ (x)
i=0

- Prove that the algorithm for computing the coefficients ¢ in the Newton form of the

8.

interpolating polynomial involves n2 long operations (multiplications and divisions).

Discuss the problem of determining a polynomial of degree at most 2 for which p(0),
p(1), and p'(£) are prescribed, £ being any preassigned point.
Prove that if g interpolates the function Satxg, x, ..., Xn—i and if A interpolates [ at
X1, X2, ..., Xp, then the function

Xo —

8+ 2" 0(0) — )]
Xn — Xo

interpolates f at X0s X1, ..., x,. Notice that 4 and & need not be polynomials.

. Prove that the coefficient of x* in the polynomial p of Equation (9) is

i)’i ﬁ(xi —x;)7
=0 j=0

J#i

- Prove that for any polynomial g of degree <, — 1,

i‘I(Xi) IiI(Xi -x)"'=0
i=0 j=0

J#

. Determine whether the algorithm

X < a,b,
fori = 1tondo

X = (x+a, )b
end do




e
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computes
X = Z a; H bj
i=0 j=0

13. Prove that if we take any set of 23 nodes in the interval {—1, 1] and interpolate the func-
tion f(x) = coshx with a polynomial p of degree 22, then the relative error |p(x) —
FEO/1f ()| is no greater than 5 x 10719 on [—1, 1.

/14 Let p be a polynomial of degree < n — 1 that interpolates the function f(x) = sinhx
2/ at any set of n nodes in the interval [—1, 1], subject only to the condition that one of the
nodes is 0. Prove that the error obeys this inequality on [—1, 1]:

2"
lpx) — fOl = ;;,If(X)I

15. What is the final value of v in the algorithm shown?

V€= Ci—q =
for j =i tondo
v <« vx +¢j
end do
What is the number of additions and subtractions involved in this algorithm?

16. Write an efficient algorithm for evaluating

n i

u:Z d;

i=1 j=1

17. Suppose that p is a polynomial of degree greater than n that interpolates f at n+ 1 nodes.
What can you discover about f(x) — p(x)?

18. Prove or disprove: If » is a divisor of m, then each zero of T}, is a zero of T,,.

19. Find a polynomial that assumes these values:

R T N
132 -4]s

* |
v |

20. Prove that for x > 1, T,(x) = cosh(n cosh™! x). Hinz: Imitate the proof of Theorem 3 on
Chebyshev polynomials.

21. Write the Lagrange and Newton interpolating polynomials for these data:
x | 2 0 3
Y IR ERE
Find the Lagrange and Newton forms of the interpolating polynomial for these data:
x || 210 1
fo | o] 1] =1

Write both polynomials in the form a + bx + cx? to verify that they are identical as
functions.
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23. Consider the data
N I I
o || (=) | o | (1)

What are the Newton interpolation polynomial and the Lagrange interpolation polynomial
for these data?

24. The formula for the leading coefficient in 7, is 2"~!. What is the formula for the coeffi-
cient of x"~*? What about x"~'?

25. Find the interpolating polynomial for the table

x|’ 1| 3, 2| 6
R
26. The equation x — 97" = 0 has a solution in [0. 1]. Find the interpolation polynomial on

xg = 0,) = 0.5.x; = 1 for the function on the left side of the equation. By setting
the interpolation polynomial equal to 0 and solving the equation, find an approximate

solution to the equation.
’If we interpolate the function f(x) = "' with a polynomial p of degree 12 using 13
” nodes in [—1. 1], what is a good upper bound for |f(x) = p(x)lon[~1,1]?
28. Let p; be the polynomial of degree < & such that py(x;) = y; for 0 < i < k. Prove that
pr = pi—y if and only if pe_y (x) = wy.
29. Devise a method for solving an equation f(x) = 0 that gives the correct root in n + 1
steps if £~ is a polynomial of degree » in a neighborhood of the root sought. Here f!
is an inverse function: f~'(f(x)) = x.

30. Prove the following: If g is a function (not necessarily a polynomial) that interpolates a
function f atnodes xg. x;, ..., 2 ¥n—1, and if 4 is a function such that A(x;) = 8, (0 <i <
n), then for some c the function g + ch interpolates f at xg. x, ..., Xy,

31. Refer to the Lagrange interpolation process and define

n
-yl
w; = H(XA —‘/\])
-0

J#E

Show that if x is not a node, then the interpolating polynomial can be evaluated by the

formula . .
pix) = {Z Yiwi(x — x,-)“’]/{z w;(x — xi)"'}
i=0 i=0

This is called the barycentric form of the Lagrange interpolation process.

32. (Continuation) Show that the evaluation of p in the preceding problem is stable in the
sense that if the w, are incorrectly computed, we still have the interpolation property:
limen p(x)= v (0 <k <n).

33. Let E be an (n + 1)-dimensional vector space of functions defined on a domain D. Let
Xo. X1, ..., x, be distinct points in D. Show that the interpolation problem

flx) =y (0<i<n) fek

has a unique solution for any choice of ordinates y; if and only if no element of E other
than 0 vanishes at all the points xg. x1, .. .. x,.




336 Chapter Six

Approximating Functions

3. Let f € C"{a. b). Prove that if xo € (a.b) and if Xy, Xa, x, all converge to xg, then
Sl xi. o v, ] will converge to f™(xy)/n'.

4. Prove thatif f is a polynomial of degree k. then for s > k.
f [-\‘0- RYRINIRPEN \-n] =0
@Prove that if p is a polynomial of degree at most #, then

" =1

6. fShow that the divided differences are linear maps on functions. That is, prove the equation
(af +Bg)vg. xp. ... .. vl =af[xg. xp. .0 ]+ Bglxg, xy. ..., x,]
7. The divided difference fixy. v;]is analogous to a first derivative, as indicated in Theorem

4. Does it have a property analogous to ( fg)’ = fg+ ren

8. Using the functions ¢; defined in Section 6.1 {(p. 312) and based on nodes xo, x, . . .. X,
show that for any f.

n " =1
Z S (v) = Z Flxo.xoo o0 x] n(.r —-x,)
i=0 =0 =0

9. (Continuation) Prove this formula:

f[,\'(). RY RPN 2y 'n] = Zf(rl) H(X’ _-\'j);l
Jj=0

1=0
J=i

10. Compare the efficiency of the divided difference algorithm to the procedure described in
Section 6.1 (p. 31 1) for computing the coefficients in a Newton interpolating polynomial.
1. Use Cramer’s rule in matrix theory to prove that

2 n—1 . 2
oxo x5 0 x) fxp) L x x5 - x}
3 _ 2
R R o ofa Loy xp -
f [xo. X ... v,] = . - .
2 — 2
Loy vy o 0 fla U xp 0 &8

12. For the particular function f(x) = x". m ¢ N, show that

! L _H L ifn=m
Sl = { 0 ifn>m
13. Prove the Leibniz formula
(fellxg vy )= Z Sflra,xy, ..o ulgloe xeern ooy Xn]
k=0

Hint: See Problem 6.2.7 (above).

14. Write the equation in Problem 6.2.9 (above) in this form:

Sflxg.xp oo v, = Za,f(.\',) where o, = H(x, — .r,)"[
=0

=0
J#




Divided Differences
Prove that if the x;’s are ordered thus:
Xo <Xy <Xp<- <X

then the ;s alternate in sign.
15. (Continuation) Prove that

S - 1 ifr=0
;aix,. =1 and ;ai—[o fn>0
16. Let f(x) = 1/x and prove that
foo xi . oxm) =D A
i=0

@ Find the Newton interpolating polynomial for these data:
‘ x 1] o] 2
fo || 3 | ]3] s

18. Prove that if f is a polynomial, then the divided difference f[xo, x1, ..., X is a polyno-
mial in the variables xg, X1, ..., X,.
9,) Show that if « is any function that interpolates f at xo, X1, ..., Xn—t, and if v is a function
that interpolates f at xy, xa, ..., X», then the function

[(x, — x)u(x) + (x — x0)v(x)] /(xa — x0)

interpolates f at xo, X, ..., X4.

20. (Continuation) Consider the array

X0 Yo ap bo <o
X o»n a b
X2 Y2 a

X3 )3

in which, for some fixed x, the a;, b;, and ¢; are computed by the formulas
a;i = [(xip1 — Xy + & = x)Yist) /Kipr = %)
b; = [(xi42 — X)a; + (x = x)ais1) [ (Xiv2 — %)
ci = [(xig3 — 0)b; 4+ (x — x)biv1] / (Xig3 — xi1)

Show that cp is the value of the cubic interpolating polynomial at x.

21. (Continuation) Generalize the algorithm suggested in the preceding problem to compute
pu(x) for any n. This is known as Neville’s algorithm.

22. Determine the Newton interpolating polynomial for this table:
x 0|1 | 2 | 7

I
y st 3] 1] a0

23. The polynomial p(x) =2 — (x + 1) +x(x+1) — 2x(x + I)(x — 1) interpolates the first
four points in the table:




