6.5 B-Splines: Basic Theory 375

6. Verify Formula (16) for derivatives of splines.
rove that o
) f BX(x)dx = fipens — 4
s k+1

8. Prove thatif 3 ;o ¢; B (x) = 0 for all x, then ¢; = 0 for all .
9. Define functions of s by the formula
UKs) = (tig1 = ) tisa = 8) -+ (tiek — 8)
For k = 0, let U?(s) = 1. Prove that
UK VA + UR () [1 = V@] = (x = U9

10. (Continuation) Prove that

Y U )BT )

i=—co

Y UKHe)BIx) = (x —5)

11. (Continuation) Prove Marsden’s Identity:

i Uts)Bt(x) = (x — s)*

i=—co

12. (Continuation) Prove that every polynomial of degree < k is expressible in the form
zz—oo Ci B:c
13. Using the notation in the text, prove that B? is given by the formulas

B,? (x)=

yiv!
VE= Vi, (V- 1+
(1= VA1 - Viy)
0

x € [ti, tig1)
X € [fig1, tiv2)
XE [tiy2, tit3)

elsewhere

Vi)

14. Verify these two equations:

BO

0
Bi+l

Liya — ligl

tiy1 — &

= 2Bfl _ 2Bil+|

liva — b

dx

tiva — liyl
15. Prove that

sup leil

o0
Z ¢iBf (x)
—oo<x<0o|;

1=—00

< sup

—o0<i<oo

16. Prove that if sup; |f;41 — &| < m, then

g

/1

dx <m i lci

i=—00

17. Find an upper bound for

('] 2
Z ciBf (x)] dx

[==—00
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Another similar example is

X 2 0 x2k+1
=Y 3
/0 ¢ g(Zk-{-l)k!()

PROBLEMS 6.7

. Show that 3 22 axx* and 32 @y (x — ¢)* have the same radius of convergence. For p

as a natural number, what about } ;% a,x**7?

. (Ratio test) If lim,_, oy |An41/A,| < 1, then Y eeq Ax converges. Use the test to show that

the cosine series in Equation (1) converges for all real x.

- (Ratio test, continuation) If lim,_, o, |A,41 /A, > 1, then Z;’_’;o Ay diverges. Use this

fact together with the preceding problem to find the radius of convergence of

D (DA — 1)k
k=0

. Find the radius of convergence of

00
Zk!xk
k=0

I f(x) = Zf‘;n ap(x — ¢)* and if the radius of convergence is r, then f possesses deriva-

tives of all orders in the interval |x — ¢| < r. Furthermore,

(m \ o _ akk! k—n
f (X):g(k—n)!(xAVC) (|x~c|<r)
Use Theorem 2 on radius of convergence to prove this.

Find a power series for

2/”_,2
_— e ' dt
VE

Note: This function is known as the error function and is denoted by erf(x). It plays a
role in statistics.

. Find a power series for the function

f(x):f!er_ldt
0 !

Use the series you have obtained to compute £(1) with three significant figures. (In this
example, that means two decimal places.) Finally, prove that the sum of all the terms you
did not include is so small that it will not affect the answer. Cultural note: The function f
is an important one in applied mathematics. For further information, consult Abramowitz
and Stegun [1964, chap. 5].

8. Show that the function f(x) = 37}, x* /(k!2*) solves the differential equation y’ = xy.
. Letag = 1 and a, = a,_1/[2(n + 1)] for n > 1. What is the radius of convergence of

Yo axk?

. (Continuation) Let f(x) be the function whose series is in the preceding problem. What

is the power series for f’(x)? A recurrence relation for the coefficients suffices,




)

at

is

at

A function related to the dilogarithm is defined by '
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11. Using the ratio test (see Problems 6.7.2-3, p. 390), prove that if 1im, 0 |ax J@n41] €Xists
or is 400, then it is the radius of convergence of Yogdl — o)t

12, Letag = 1 and @y = [2+ (=1)")a, for n > 1. What is the radius of convergence of
S mx—C)
13. 1f 7 and ' are the radii of convergence of 372, agx* and Y50 bex*, respectively, what
is the radius of convergence of 3 poq(ax + b)x*?

*In(l — 1)
fx)=- — dt (—oo<x<1)
0

Find the Maclaurin series for f and determine its radius of convergence. How would you
compute f(—2)? What about £(0.001)?

15. Obtain a series for In x by integrating the series in Equation (2).

16. Show how the series for sinx can be obtained in two ways by differentiating or by inte-
grating the series in Equation (1).

17. Obtain a power series for tan™" x as follows: Start with (I + x)7 = 0 (=x)*, replace
x by x2, and then integrate the terms in the resulting equation. Compare this method to
the alternative procedure of computing the successive derivatives of tan~" x and obtaining

the Taylor series.

18. Criticize the following analysis and correct it:

X1 —cost *[1 cost & (= k!
~—rd = _—— — — — -—
[0 t : _[} [r t ] ! j; [r ; (2k)! %

o) ko 2k
(—Dx
N "; 2K (26!

Hint: There are several errors.

19. Find the Maclaurin series for the function
*1 —cost
7 = / e
0 t

Cultural note: This function is sometimes called the cosine integral and is denoted by
Cin{x). The nomenclature has not been standardized.

20. Find the Maclaurin series for the Fresnel integral:

o(x) = f sinf? dt |
0 !

21. (Reciprocal function) Suppose f(x) = 3 oo gaxx®, with ag = 1. Then, in some neigh-
borhood of 0, 1/f(x) is well defined. Assume a series 3 -, byx* for the reciprocal func- 1
tion, and determine recursively the b’s from the fact that the product of the two series i
isl.

22. (Continuation) Use the result of the preceding problem to find the Maclaurin series for

x/(e" —1).



