
6.1

9. LetF (x) = g(x) +
x0 − x
xn − x0

[g(x) − h(x)]. We know that g(x0) = f(x0), h(xn) = f(xn), and

g(xi) = h(xi) = f(xi) for 1 ≤ i ≤ n− 1. Hence

F (x0) = g(x0) +
x0 − x0
xn − x0

[g(x0)− h(x0)] = g(x0) +
0

xn − x0
[g(x0)− h(x0)] = g(x0) = f(x0),

F (xi) = g(xi) +
x0 − xi
xn − x0

[g(xi)− h(xi)] = g(xi) +
x0 − xi
xn − x0

[0] = g(xi) = f(xi), for 1 ≤ i ≤ n− 1 and

F (xn) = g(xn) +
x0 − xn
xn − x0

[g(xn)− h(xn)] = g(xn)− [g(xn)− h(xn)] = h(xn) = f(xn)

14. f (n)(x) = coshx when n is odd and f (n)(x) = sinhx when n is even. Let M = Max(sinhx, coshx)
for −1 ≤ x ≤ 1. Then M < 2. Also |x| ≤ | sinhx| = f(x). By Theorem 2, we have

|p(x)− f(x)| = | 1
n!
f (n)(ξx)x

∏n−1
i=1 (x− xi)| ≤

1

n!
M |f(x)|2n−1 ≤ 2n

n!
|f(x)|

22. Lagrange: p(x) = 0 · x(x− 1)

2
+ 1 · (x+ 2)(x− 1)

−2
+ (−1) · x(x+ 2)

3
= −5x2

6
− 7x

6
+ 1,

Newton: p(x) = 0 +
1

2
(x+ 2)− 5

6
x(x+ 2) = −5x2

6
− 7x

6
+ 1. They are same.

27. f (n)(x) = ex−1 = f(x) and f(x) ≤ 1 for −1 ≤ x ≤ 1. By Theorem 2, we have

|f(x)− p(x)| = | 1
13!

f (13)(ξx)
∏12

i=0(x− xi)| ≤
1

13!
· 1 · 213 =

213

13!

6.2

5. Plug p(x) in f(x) on equation (10) on page 329.

6. We will prove this by induction on the number of nodes k. For k = 2, (αf + βg)[x0, x1] =
(αf + βg)(x1)− (αf + βg)(x0)

x1 − x0
=
αf(x1)− αf(x0) + βg(x1)− βg(x0)

x1 − x0
= αf [x0, x1] + βg[x0, x1].

Assume that this is true for k = n− 1. When k = n, we have

(αf + βg)[x0, x1, ..., xn] =
(αf + βg)[x1, ..., xn]− (αf + βg)[x0, ...xn−1]

xn − x0
=
αf [x1..., xn] + βg[x1..., xn]− αf [x0, ...xn−1]− βg[x0, ...xn−1]

xn − x0
=
αf [x1..., xn]− αf [x0, ...xn−1] + βg[x1..., xn]− βg[x0, ...xn−1]

xn − x0
= αf [x0..., xn] + βg[x0..., xn]

17. p(x) = 3 +
1

2
(x− 1) +

1

3
(x− 1)(x− 3

2
)− 2(x− 1)(x− 3

2
)x

19. LetF (x) =
(xn − x)u(x) + (x− x0)v(x)

xn − x0
. We know that u(x0) = f(x0), v(xn) = f(xn), and

u(xi) = v(xi) = f(xi) for 1 ≤ i ≤ n− 1. Hence

F (x0) =
(xn − x)u(x) + (x− x0)v(x)

xn − x0
=

(xn − x0)u(x0) + 0

xn − x0
= u(x0) = f(x0),

F (xi) =
(xn − xi)u(xi) + (xi − x0)v(xi)

xn − x0
=

(xn − xi)f(xi) + (xi − x0)f(xi)
xn − x0

=
(xn − x0)f(xi)

xn − x0
= f(xi),

for 1 ≤ i ≤ n− 1 and

F (xn) =
(xn − xn)u(xn) + (xn − x0)v(xn)

xn − x0
=

0 + (xn − x0)v(xn)
xn − x0

= v(xn) = f(xn)

1


