Lecture Note I:
Mathematical Models of Continuum Mechanics

Zhigiang Cai*
September 3, 2004

In this chapter, we shall introduce mathematical models for Darcy’s flow in porous
media, elastic equations of solids, for incompressible Newtonian fluid flow, and Maxwell’s
equations in electromagnetic.

Let Q be a bounded, open, connected subset of ¢ (d = 2 or 3) with a Lipschitz
continuous boundary 9€2. Denote n = (nq, ..., ng) the outward unit vector normal to
the boundary. We partition the boundary of the domain €2 into two open subsets ['p
and I'y such that 9Q =Tp ULy and T'p N Ty = 0.

0.1 Notation

For a scalar function f(x) with x = (21, ..., z4) € Q, define its gradient as a row vector
af of
Vf=(=—, .., =—).
/ (851;1 8:cd)
For a vector function v = (vy, ..., vg), define its divergence by
ov;
V- -v=
V= Z 7.

and its curl for d = 3 by

Ovs  Ove Ovy  Ovg Ovy  Ovy
Vxv = ( — , — , — )
61'2 8I3 8$3 8x1 8x1 81’2
For d = 2, by identifying %2 with the (x;, z3)-plane in R3, the curl of v = (vy, vy)
means the scalar function

8?)2 8’01
VUxy = —2 — 21
xv 8ZE1 8902
For convenience, we define its formal adjoint by
af af
Vi = (=, —=).
f= 9y’ (9331)
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For a vector function v = (vy, ..., vg), define its gradient as a d x d tensor

81}1 82)1
Oz, drg
S (avi)
Vv = : " : =13 :
x.

avd avd J/ dxd

0xy 0xg4
For a tensor function 7 = (7;;),. 4, let T; = (71, ..., Tiq) denote its it"-row for i =
1, ..., d, and define its divergence, normal, and trace by

Vir=(V-711,...,V-7y), n-t=(n-7q,..,0n-74), and trT:Zd:m,
i=1
respectively. Finally, denote the Laplacian of scalar and vector functions by
52 f
Af=V-(Vf)= ;a_xf and  Av = (Avy, ..., Avy)
respectively. Below we list some useful identities.
Vx(Vxv), d=3,

AV +V(V V) :{ vLTxv), de2 (0.1)

V- (Vv)'=V(V-v), (0.2)

V- (Vxv)=0, and Vx(Vv)=0. (0.3)

1 Darcy’s Flow in Porous Media

Let f be a given source/sink term, k (scalar or anisotropic tensor) the permeability,
and p the fluid viscosity. Darcy’s flow in porous media occupying a region {2 consists
in finding a velocity vector field u = (uy, ..., uq) and a pressure p that satisfy the
conservation of mass:

V-ou=f inQ, (1.4)
Darcy’s law (the constitutive equation):
k
u=——Vp in (), (1.5)
w
and boundary conditions:
p=0 onl'p and n-u=0 only. (1.6)

For simplicity, here we assume that the boundary conditions are homogeneous.



2 Elastic Equations

Let f = (fi, ..., fi) be a given body force and g = (g1, ..., ga) be the given traction.
Denote by p the density, u = (uq, ..., ug) the displacement field, and o = (Uij)dxd the
stress tensor. In a Lagrangian frame, motion of the elastic body is governed by the

conservation of mass:

dp

— -u=20 2.7

5 TPV u=0, (2.7)
and by the balance of linear momentum:

0%u

The above system is closed by using the constitutive equation that expresses a
relation between the stress and the strain tensors:

oc=Cye(u) or €(u)=A\o (2.9)

where C, and A, = C;l are the elasticity and the compliance tensors of fourth-order,
respectively. Define the linearized strain tensor by

(Vu+ (Vu) ) = (ez](u))dxd with €;(u) = > \ax, + )

€(u) = %

For an isotropic elastic material, the elasticity and compliance tensors have the follow-
ing simple expressions:

Cre(u) = A (tre(u))d + 2pe(u) (2.10)

and

1 A
Ao = % (0’ T 2u(tra‘)5> , (2.11)

where & = (6;;)axa is the identity tensor, and positive constants A and p are the Lamé
constants such that p € [u1, 2] with 0 < p; < pg and A € (a,00) with a > 0.
Materials are said to be nearly incompressible or incompressible when A is very large
or infinite, respectively.

When the elastic body reaches equilibrium state, we then have the following stress-
displacement system:

{A,\o'—e(u) =0 in Q (2.12)

—V.-o = f in €,

where f is scaled by multiplying p. In general, we have the following clamped and
traction boundary conditions

u=0 onl'p and n-o=g only. (2.13)



A simple calculation gives that

V- (Cre(u) =pAu+ A+ p)V (V- u)

and that
n-(Cre(u)) =A(V-u)n+2un-e(u).

Now, eliminating the stress in (2.12), we then get the displacement formulation:

—pAu—A+p)V(V-u) = £ in
u =0 on Ip, (2.14)

AMV-u)n+2un-e(u) = g on Dy

3 Incompressible Newtonian Flow

Let f = (f1, ..., fq) be a given external body force defined in a domain Q and g =
(g1, ..., ga) be the given traction. Let u(x, t) = (uy, ..., ug) be the velocity vector
field of a particle of fluid that is moving through x at time ¢, and let o = (04;)dxa
be the stress tensor field. In an Eulerian frame, motion of fluids is governed by the
conservation of mass:

Dp
— V-u=0 3.15
R (3.15)
and by the balance of linear momentum:
Du
— — V.o =pf 3.16
P 7 o = pf, (3.16)

where the material derivative is defined by

D 9 0 K 9
D—t—a—i-u-v-&—i-;uia—wi.

For Newtonian fluids, one has the following constitutive equation

1
o=-pd+2u (e(u) - a(tr e(u))é) : (3.17)
where p is the hydrostatic pressure, p is the viscosity parameter and
1
e(u) = 3 (Vu+ (Vu))

is the deformation rate tensor. When fluids are incompressible, then the density is con-
stant. Hence, the conservation of mass in (2.7) implies the incompressibility condition

V-u=0. (3.18)



Scale u and f by multiplying p and let v = 1/p, we then get the stress-velocity-pressure
formulation for incompressible Newtonian fluid flow:

g—l:+u-Vu—V-0' = f in Qx(0,7),
oc+pd—2ve(u) = 0 in Qx(0,7), (3.19)

Vu = 0 in Qx(0,7).
System (3.19) is supplemented with the following boundary and initial conditions
u=g ondQx(0,7) and u(x,0)=v" inQ (3.20)

where g = (g1, -+, ga) is given and satisfies the compatibility condition

/ n-gds=20
o0

and u® is given initial velocity. Using identity (0.2) and the incompressibility condition
in (3.18) give that

2V -€(u) =Au.
Now, differentiating and eliminating the stress in the above system leads to the well-
known incompressible Naiver-Stokes equations:

8—u+v-Vu—yAu+Vp = f in Qx(0,7),

ot (3.21)
V-u = 0 in Qx(0,7)

with the boundary and initial conditions in (3.20).
In (3.19), taking the trace of the second equation and using the third equation we
have that

1
p= —Etra', (3.22)

which is commonly used in continuum mechanics to define the hydrostatic pressure.
Using (3.22) we eliminate the pressure in the second equation of (3.19) to obtain the
following constitutive equation:

Ao =¢€(u) in Qx(0,7), (3.23)

where A o is the scaled deviatoric stress:

1 1
AO’ZE(G—E('CI"O')(S).

Note that the trace of this equation yields the incompressibility condition in (3.18).
This and the momentum equation define the stress-velocity formulation for incompress-
ible Newtonian fluid flow problems:

a—u—f—u-Vu—V-cr = f in Qx(0,7)

ot (3.24)
Ao —€(u) = 0 in Qx(0,7)

with the boundary and initial conditions in (3.20).



4 Maxwell’s Equations

Maxwell’s equations consist of a set of fundamental equations governing macroscopic
electromagnetic phenomena. For general time-varying fields, the original Maxwell’s
equations in a “stable” medium can be written as

.
8(5? +oE—-VxH = J inQx(0,7),
H
_a(gt )L VxE = 0 max (0, 7). (4.25)
V- (EE) = (q in €} X (07 T)7
\ V. (uH) = 0 inQx(0,7),

where  C R3. Here, we shall assume that © is a bounded and simply connected
domain with a piecewise smooth boundary; below, we allow I' to be decomposed into
I' = T'; Uy, where either I'y or I's can be empty. The electric and magnetic fields
are given by E and H, respectively. The constitutive tensors €, u, and ¢ denote the
dielectric permittivity, magnetic permeability, and conductivity, respectively, of the
medium; J and ¢ are given functions specifying the applied current and charge. The
symbols Vx and V- denote the curl and divergence operators.
Boundary conditions are given by

nxE=0 and n-(pH)=0 only x (0,7) (4.26)
for a perfectly conducting wall I'; and
nxH=0 and n-(cE)=0 onIyx (0,7) (4.27)

for a perfectly magnetic wall I's, where n is the outward unit normal to the boundary
I'. Initial conditions are specified by

E(z, 0) = E¢o(z) and H(z, 0) = Ho(z) in Q, (4.28)
where Ey and Hy are the initial electric and magnetic fields satisfying

V-(uHp)=0 inQ and n-(uHp) =0 onl}.



Lecture Note II:
Variational Problems for Elastic Equations

Zhigiang Cai*
October 19, 2004

In this chapter, we shall introduce elementary properties for some functional spaces
and abstract theory for variational problems, and establish well-posedness of elastic
equations.

1 Sobolev Spaces

Assume that the boundary 99 of the domain Q C R¢ is sufficiently smooth (for instance
a Lipschitz continuous boundary). Denote the space of square integrable functions on
Q by

@) = {o] [ [of'do = ol < +o0).
Let
d
a=(aq, ..., ag) with |o| = Zai,
i=1
be multiple index and denote the |a|-th derivative of v in the sense of distributions by

olely

D% = ———.
Ozt - - - 0x*

For integer m > 0, define Sobolev spaces by
H™Q) = {v| D € L*(Q) ¥ |a| < m},

with the semi-norm

oo =| > 1050

laf=m
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and the norm

lollma = { > IID%0]50

laj<m

Denote by D(£2) or C§°(£2) the space of infinitely differentiable functions having a
compact support in {2 and

D(Q) = {¢]a : ¢ € D(O) for some open subset Q C O/ C R}

Let HJ'(Q) be the closure of D(2) in the || - |lmo. We shall denote by L3(f2) the
subspace of L?(f2) having zero mean value.
We shall need to consider functions that vanish on a part of the boundary. We

partition the boundary of the domain €2 into two open subsets I'p and I'y such that
Q) =TpUTly and I'p NT'y = ). One defines a subspace of H'(Q) by

H&D(Q) ={ve H(Q)|v=0onTp}.

When I'p = 09, then Hj 5(Q) = Hg(2); when I'p = (), then Hj () = H'(Q). We
use H[)’lD(Q) and H~2(99) to denote the dual of Hj () and H?2(09) with standard
dual norms:

< 0, Y >000
191]1/2,00

, and H<Z5H—1/2,BQ: sup
0£PEH S (69)

P
Iloo= sp DY)
otpem) @) 1Yl

respectively,

Theorem 1.1 Suppose that the domain 2 has a Lipschitz boundary and that p € [1, o]
18 a real number. Then

1 1
[v]l0.00 < Clvllgq [[0]7 - (1.1)

1.1 Poincaré Inequality

Consider the following two subspaces of H'():
HAp() = {v e H'(Q)|vl, =0} and H(Q) = {ve H'(Q)] /vdm —0}.
Q

We have the following Poincaré Inequality: there exists a positive constant C' such
that
[vlloe < Clulie (1.2)

for either all v € Hg 5 (Q2) when mes (I'p) # 0 or all v € HY(Q).



1.2 Integration Formulas

d

Denote the product space L2(2)¢ = [] L*(Q2) with the standard product norm
i=1

d >
[vlloe = (Z HUi||(2),Q> :
=1

Then, set
H(div; Q) = {v e L*(Q)?*|V-veL*N)}

which is a Hilbert space under the norm

VI

Vllo.e = (IvIl5a + IV - vIIE0)

It is easy to check the following integration formulas:

oV -vdr= [,on-vds Vv e H(div; Q);
fﬂg—;}wdx:—/vg;u d:(:—i—/ vwn,; ds Vo, we HY (Q);
i o 0 20

Jo(V-vVwde = — [,v-Vwdz + [,o(n-v)wds VveH(Q)"YweH(Q).

2 The Lax-Milgram Theorem

A bilinear form, a(-, -), on a linear space V' is a mapping a : V' x V' — R such that
alau + Bu, w) = aalu, w) + fa(v, w) and a(u, av + fw) = aa(u, v) + Falu, w)

for all u, v, w € V and o, f € R. It is symmetric if a(u, v) = a(v, u) for all u, v € V.
Assume that (V, (-, -)y) is an inner-product space, one then has the following
Schwarz Inequality

|(u, v)v| < (u, )i (v, v)} (2.3)
The equality holds if and only if v and v are linearly dependent.
A bilinear form a(-, -) on a normed linear space (H, || - ||g) is continuous if there

exists a constant C such that
la(u, v)| < Clullg[Jv]lg Vu,veH
and coercive on a subspace H; C H if there exists a > 0 such that

a(v, v) > alp|3} VveH.



Theorem 2.1 (Lax-Milgram Theorem) Given a Hilbert space (V, (-, -)v), assume
that a(-, -) : V x V — R is bilinear, continuous, and coercive and that f(-) : V. — R
18 linear and continuous. Then there exists a unique solution uw € V' such that

a(u, v) = f(v) YVoveW

Homework: prove the Lax-Milgram theorem.

3 Variational Formulation for Elastic Equations

Consider the following elastic equation:

Ayo—€u) = 0 in Q,
(3.4)
—V.-o = f in €,
with boundary conditions
u=0 onlp and n-o=g only. (3.5)

To derive variational formulation, let us first define multiplication of two tensors
A= (aij)dxd and B = (bij)dxd:

d

A:B= Zaijbi]‘.

ij=1
It is easy to check that if A is symmetric and B is skew-symmetric (B' = —B), then
A:B=0. (3.6)

In particular, since Vv may be decomposed into its symmetric and skew-symmetric
parts

1
Vv=c¢v)+ 5 (Vv —(VVv))
we then have that for symmetric o
oc:Vv=o0:€).

Now, multiplying the second equation of (3.4) by a test vector function v, integrating
over the domain {2, and using integration by parts and the traction boundary condition
in (3.5) give

(f,v) = (—V-a,v):(a,VV)—/@Q(H-O')-Vds

= (o, e(v))—/FNg-vds—/FD(n~a)~Vds.
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If mes(I'p) # 0, then the variational form is to find u € Hj 5 (Q2)? such that
alu, v) = f(v) ¥ v e HL ()" (3.7)
where the bilinear form is given by
a(u, v) = (Creé(u), €(v)) =2u (e(u), €(v)) + A(V-u, V-v)

and the linear form is given by

f(v)=(f, V)—i—/r g-vds.

In the remaining of this section, we restrict ourself in two dimensions because of
proofs of Korn’s inequalities. For the pure traction problem, i.e., I'y = 0f2, the elastic
equations have many solutions in H'(2)¢. To find a unique solution, we introduce the
space of infinitesimal rigid motions (i.e., the kernel of €) in R*:

RM ={v|v=(a,b)+c(x2, —x1), a, b, c € R}.

Homework: define RM in R3.

Define

~

H(Q)zz{veHl(Q)2|/vdx:()and /vada::O},
Q Q

then )
Hl(Q)2 = Hl(Q)2 @ RM.

In particular, for any given v € H'(Q)?, there exists a unique pair (z, w) € FII(Q)2 X
RM such that
v=z+w with w=(a,b)+c(xe, —x1) (3.8)

where

= d d b) — dz. .
2|Q|/V><v r and (a, |Q|/ ¢ (x2, —21)) da (3.9)

Since the domain is bounded, it is then easy to show, by using (3.9), that
[wllhie < Clviie
and, by the triangle inequality, that
Izll10 = [V =wlhie < [[Vlie +[[Wlhe < Cllviie.

Hence,
zlle + [[Wlie < Clivihe (3.10)
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Homework: derive (3.9) and prove (3.10).
Now, the variational problem is to find u € H*(2)¢ such that
a(u, v) = f(v) VveH(Q)? (3.11)

with the linear form given by

f(v) =(f, V)+/ g - vds.

o0

that satisfies the following compatibility condition
f(v)=0 VveRM. (3.12)

To establish the well-posedness of variational problems (3.7) and (3.11) by using
the Lax-Milgram theorem, main task is to show the coercivity of the bilinear form in
appropriate spaces. To do so, we need the following fundamental inequalities, called
Korn’s inequalities.

Theorem 3.1 (Second Korn Inequality) There exists a positive constant C such
that X
Iviha < Cllev)loa ¥V veH (Q)?. (3.13)

Theorem 3.2 (Korn’s Inequality) There ezists a positive constant C' such that
IVlie < C (IVlloo + le™llog) Vv e H (Q)*. (3.14)
Theorem 3.3 (First Korn Inequality) There exists a positive constant C' such that
Vlhe < Cle)lloa Vv e Hyp()" (3.15)

In order to prove the validity of Korn’s inequalities, we need the following useful
lemma (see [2]).

Lemma 3.1 There exists a positive constant C' such that for all ¢ € L*(Q), there is a
v € HY(Q)? satisfying

Viv=qginQ and |v]ia <Clqlloq-

If furthermore, q¢ € L3(Q), we may assume that v € H} ().

Note that the skew-symmetric part of gradient of vector field may be represented
by the curl of the vector field

(vV—(vV)t):%(va)x with X:((l) _01).

N | —
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Hence,
Vv:e(v)—l—%(VV—(Vv)t) :e(v)—l—%(Vx V) X. (3.16)

Proof of Second Korn Inequality: For any v € H(Q)?, it follows from the fact
that (Vv, V1t w) =0 for any w € H}(Q)? and (3.16) that

IVvlta = (Vv,Vv)=(Vv,Vv-V'w)
= (e(v),Vv—-V'w)+ %((Vx v)x, Vv —V'w)
= (e(v),Vv—Vw)+ %(Vx v, Vxv—-V-w).
Since Vx v € L3(Q), by Lemma 3.1 one can choose w € Hj(2)? such that
Vow=VxvinQl and [wlio<C[Vxvloe <Clv[ie.
Therefore, by the Cauchy-Schwarz, triangle, and Poincaré inequalities we have that
IVvita = (e(v), Vv =Viw) < [le()ollVVv—Vwlog
< Cllellogl[viiie < ClleM)loalIVvlog.

Dividing by ||V vl|joo on both sides of the above inequality yields the second Korn
inequality in (3.13). This completes the proof of Theorem 3.1.

Homework: show that (Vv, V*w) = 0 for any w € H}(Q)? and that x : Vv =
Vxvandx:Viw=V-w.

Proof of Korn’s Inequality: For any v € H!'(2)?, we have
v=z+w with ze H(Q)? weRM.
The second Korn inequality gives
I1z[l10 < Cle(z)]o.0 = Clle(v)lloo- (3.17)

Since RM is a finite dimensional space, then it follows from the fact that all norms
defined on RM are equivalent, the triangle inequality, and (3.17) that

[wlho < Cllwlloa < C ([vloa + lzlloe) < C ([[Vloa + le(v)lloq) -

Now, (3.14) is then a consequence of the triangle inequality and above two inequalities.



Another Proof of Korn’s Inequality: We shall prove the validity of Korn’s in-
equality (3.14) by contradictory argument. To this end, assume that (3.14) does not
hold. This implies that there exists a sequence {v,} C H'(Q)? such that

1
Valie =1 and Jvalloq + lle(va)lloa < . (3.18)
For each n, by (3.8) and (3.10) let
Vo =2, + W, with ||z,||10+ [[Wall1o < C|Vallia =C, (3.19)

where z, € H'(Q)? and w,, € RM. Since €(w,) = 0, using the second Korn inequality
in (3.13) and (3.19) we have

1
Clizallie < lle(za)llon = le(va) — e(wa)llon = e(va) oo < -

Hence,
lim ||z,]/1.0 = 0. (3.20)

It follows from (3.19) that {w, } C RM is a bounded sequence in H*(Q2). Since RM is
a three dimensional space, {w,,} has a convergent subsequence {w,, } in H'(€2)?: there
exists w € RM such that

lim w,, =w in H'(Q)

J—00
By (3.20), this gives
jli—>r£lo Vn; = Jlggo (an + Wn]‘) - jli_)rgo Wn; =W in H' (Q)2

Now, by (3.18), |[Vy,[[1,0 = 1 implies
[wllie =1,

and || vy, [Jo,.0 < 1/n; implies
[wllogn = 0.

This is contradictory and, hence, completes the proof of Korn’s inequality (3.14).
Proof of First Korn Inequality: The same proof by contradiction yields that there
exists w € RMN H; ;,(€2)? such that ||w|,o = 1. But the facts that w € RM and that

w = 0 on I'p imply that w = 0 in €. This is contradictory and, hence, completes the
proof of the first Korn inequality in (3.15).

Homework: furnish details of this proof.



Theorem 3.4 The variational problem in (3.7) has a unique solution u € Hj ()%

The variational problem in (3.11) has a unique solution u € H'(Q)2. For both problems,
the solution satisfies the following a priori estimate:

lullia +A7 V- uloq < C (If]-10 + llgll-1/20y) (321)
IfI'p = 0Q or I'y = 092, then the above estimate may be improved as follows:
[ullie + AV - ulloe < C ([fll-1,0 + lgll-1/2ry) ; (3.22)

and, moreover, when the boundary is either sufficiently smooth or convex polygon, then
the solution u is in H*(Q)? satisfying

[ullz0 + AV - ullie < C ([flog + lIgllyzry) - (3.23)
Proof: It is easy to show that the linear form is continuous

F1 < (e + llgll-iary) Ve Vv e Hy p(Q)*

SO < (Il + llgll-1200) IVIhe ¥ ve A
and that the bilinear form is continuous
la(u, v)| S CA+1) vl lvle Yu, veH; (Q)?orVu, ve H'(0)
It follows from (3.15) and (3.13) that the bilinear form is coercive:
(v, v) 2 a (Ve + AV - VIE0) = a VI (3.24)

for any v € Hy ,(2)* or any v € H'(Q)2. Now, the Lax-Milgram theorem implies that
both problems in (3.7) and (3.11) are well-posed.
To prove the a priori estimate in (3.21), choosing v = u in (3.7) gives

a(u, w) = f(u) <|[f[1plulie+lgll-/zry [allizry

< (Ilfll-vp + llgll-1/2ry) IVl
Now, (3.21) follows from (3.24).

We only prove (3.22) for I'p = 0% since the proof is similar when I'y = 09Q2. By
Lemma 3.1 and the fact that V- u € L3(f2), there exists a w € HJ(2)? such that

V-w=V-uinQ and |wlio<C|V-ulogq.
Now, choosing v = w in (3.7), using the Cauchy-Schwarz inequality, and (3.21) give

MV-ulfe = f(w) = 2u(e(u), e(w))
< [0 [Iwlie +2u le()lloq le(w)llog
< Cffll-ro IV - ulloo-
Hence,
MV -ualfloe < Clf]-10,
which, together with (3.21), implies (3.22). For the proof of (3.23), see [1]. [ |



4 Finite Element Approximation Based on Displace-
ment Model

Let V;, C V be a finite element space satisfying

inf ||[v— [0 < Ch° V)10,
evy

where V' is either Hj ,(Q)? for mes(Igp) # 0 or HY(Q)? otherwise. Finite element
approximation is to find u € V}, such that

a(up, v) = f(v) Vvey, (4.25)
It follows from Cea’s Lemma and the approximation property that

lu—uplio < CA+A) inf |Ju—9¢|iao<C(1+ )R |V]|si10-
d)th

Note that this error bound depends on A!!! Non-confirming finite element, the
reduce integration, or the perturbed Stokes equations lead to finite element approxi-
mations being uniform in A. These three approaches are equivalent in some sense. See
2] for some references.
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Homework
1. Define curl operator in four dimensions.
Compute A, = Cy .
Prove the Lax-Milgram theorem.
Define the space of infinitesimal rigid motions in three dimensions.
Derive (3.9) and prove (3.10).
Show that (Vv, Vtw) =0 for any w € H(Q)%
Show that x : Vv = Vx v and that x : Viw =V - w.

e B o B

Furnish details of proof of the first Korn inequality.
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Lecture Note I1I:
Least-Squares Method

Zhigiang Cai*
November 2, 2004

In this chapter, we shall present least-squares methods for second-order scalar par-
tial differential equations, elastic equations of solids, incompressible Newtonian fluid
flow, and Maxwell’s equations in electromagnetic.

1 A General Methodology

We give a general methodology for the design of least-squares methods applied to a
first-order system of partial differential equations. Consider the following first-order
partial differential system defined on a bounded domain Q C R? (d = 2 or 3):

LU = F inQ
{ (1.1)

BU = G on 0f,

where £ = (L;j)mxn is a block m x n matrix differential operator of at most first order,
B = (Bi;)ixn is a block [ x n matrix operator, U = (U;)nx1 is unknown, F = (F})mx1
is a given block vector-valued function defined in ©, G = (G;)ix1 is a given block
vector-valued function defined on 0f2. Assume that first-order system (1.1) has a
unique solution /. Boundary conditions in a least-squares formulation can be imposed
either strongly (in the solution space) or weakly (by adding boundary functionals). For
simplicity of presentation, we impose them in the solution space ®. Assume that ® is
appropriately chosen so that least-squares functional is well defined.
Define the least-squares functional by

GU; F) = Z I ZLz‘j Uj — EHZ(i),Q? (1.2)

i=1  j=1

where [|-[|x(#), denotes a Sobolev norm and k(i) = —1 or 0. If k() = O for all ¢, G(U ; F)
is referred to as the L? norm least-squares functional, otherwise, it is referred to as the
inverse norm least-squares functional. Denote the Laplace operator by A and the L?

*Department of Mathematics, Purdue University, West Lafayette, IN 47907-1395, U.S.A.



inner product by (f, g) = [, fgdx. Then |- |2 = || - lmo@) = (-, -) and |-
|-10) = v/ ((=A)~1-, ). Now, the least-squares minimization problem is to minimize

the least-squares functional over ®:
G(L{;f):glelg@(v;f). (1.3)
This is equivalent to solving the normal equation:
(LKLO)U= (LK) F (1.4)

where £* is the adjoint operator of £ with respect to the L? inner product and K is a
block diagonal operator with each block associated with the H k(i)(Q) norm

K = diag (K, ---, K,;,) where K;=1 or (—A)™".

That is, each diagonal block of K is either the identity or the inverse of Laplacian. (For
the L? least squares, we have K = I.) The normal operator £* K L is a differential
operator of at most second-order. The variational form of (1.4) is to find & € ® such
that

U= (KLU, LYV)=(KF, LV)=f(V) VVeEOD (1.5)

It is easy to check that
GV;0)=0b(V, V).

The design of the least-squares method is to choose first-order system (1.1) and
least-squares norms so that the least-squares problem (i.e., the normal equation or
the minimization problem or the weak form) can be numerically solved effectively and
efficiently; i.e.,

e the least-squares variables can be discretized with optimal accuracy;
e the resulting algebraic system can be solved with optimal complexity.

It is well known that problems with the identity or Laplace operators can be nu-
merically solved with both optimal accuracy and complexity. Recently, it was shown
that this is also true for problems involving the H(div) and H(curl) operators

Hyw=1—-—Vdiv and Hem=1+V x VX

provided Raviart-Thomas elements [17] are used for H(div) and edge elements [3] are
used for H(curl). Hence, one wants to develop the least-squares method so that the
normal operator £* KC L is equivalent to a block diagonal operator whose diagonal block
is either the identity, Laplacian, Hg;,, or H., operators:

D =diag (D4, ---, D) where D; =1, —A, Hgiy, or Heyn.

With such equivalence, the least-squares problem can then be numerically solved with
optimal accuracy and optimal complexity. Moreover, finite element spaces for different
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variables U; can be chosen independently and, hence, based solely on the approximation
properties and implementation/computational costs.

The above equivalence between £* IC £ and D means that there exist positive con-
stants a9 and «; such that

ao Y [IVillp, <b(V, V) and b, V) < a <Z 1Ui] %1) (Z HVEH%Z) (1.6)
i=1 i=1

i=1

forall, V € .

Here || - ||p, denotes the L?, H!', H(div), or H(curl) norms. The main task of
analyzing least-squares methods is to establish (1.6). Many physical models involve
parameters such as the Lamé constants for solids and the viscosity parameters for fluids.
It is then important to establish equivalence independent of these parameters. This
is because parameter-independent equivalence implies robustness of the least-squares
methods with respect to these parameters.

1.1 Least-Squares Approximation

Assume that ®" is a finite dimensional subspace of ® satisfying the following approxi-
mation property:

m 3
ik, (Z Vi - Wllﬁ) < Cul? (17)
=1

for all V = (Vj)ux1 € ®. Then least-squares approximation is to find " € ®" such
that
GU"; F) = min G(V; F). (1.8)

vedh
Equivalently, find U € ®" such that
bUu", V) = f(v) vVedh (1.9)

Theorem 1.1 Let U and U" be the solutions of (1.5) and (1.9), respectively. Assume
that equivalence (1.6) and approzimation property (1.7) hold. Then we have the follow-
g error estimation:

m 3
(Z \U; — Ul.h||§)i> < Caz—; R (1.10)
i=1

Proof: Difference of (1.5) and (1.9) gives the error equation:

bU—-U" V)=0 VVed (1.11)



It follows from (1.6) and (1.7) that for any V € "

aOZ H(]Z - U2h|
=1

2 < bU-UNU—-U") =bU —U" U-V)

1

m 2
(Z 1U; — Vill%,-)
i=1

=

IN

o (Z 1U; — UzhHQD,-)
=1

1

m 2

< o C, b (ZHU,-—U{L@) .
i=1

Dividing on both sides by ag (> 7%, [|U; — U[‘HQDZ_)% yields (1.10) and, hence, the theo-
rem. [

1.2 Mesh Refinement Indicator
Let U be the solution of (1.1) and V € ® be a computed approximation to &/. Then
(1.1) and (1.6) imply
GV:F) = Y I Ly Vi—Flline=D_ 1> Ly (V; = UDline
=1 j=1 i=1  j=1

~ IV Uil (1.12)
=1

Since

2
Dﬂ

G(0; F) =) |IFllEme =D 11D LiUliwe ~ > IUi
i=1 i=1  j=1 i=1

combining with (1.12) gives

. "oV = U3
GV F) Zzzlny 5. (1.13)
G(0; F) i1 IUi]

2
D;

(1.12) means that the value of the least-squares functional at ) gives certain measure-
ment of absolute difference between the solution &/ and an approximation V in the
functional induced norm. Therefore, the value of the least-squares functional at V on
each element probably gives a reasonable mesh refinement indicator. Especially, this
is true for nonlinear problem.



2 Second-Order Scalar PDEs

Consider the following second-order elliptic boundary value problem:

-V (AVp)+Xp = f, in
p = 0, on Tp, (2.1)
n-AVp = 0, on I'y,

where A is a d x d symmetric matrix of functions in L?(Q) and X is an at most first-
order linear differential operator. We assume that A is uniformly symmetric positive
definite: there exist positive constants 0 < A < A such that

NeTE < €T AE < ALTE (2.2)

for all £ € R? and almost all z € Q. The corresponding variational form of system
(2.1) is to find p € V such that

alp, ) = flg) VqeV (2.3)

where

v Hyp(Q)  if mes(T'p) # 0
IR W) otherwise,

with H'(Q) = {v € H'(Q) | Jo vdz =0} and the bilinear and linear forms are defined
by
a(p, q) = (AVp, Vg) + (Xp, ¢) and  f(q) = (f, 9),

respectively. Under appropriate assumptions on I'p and X, problem (2.3) is uniquely
solvable in Hj () for any f € H~'(Q) or uniquely solvable in H'(€) if and only if f
satisfies the compatibility condition
/ fdx=0.
Q

2.1 First-Order System of PDEs

For (2.1), we consider two first-order systems. To this end, introducing the flux variable
u=—AVp,

problem (2.1) may be rewritten as a first-order system of partial differential equations

as follows:
-3 3 0
cu= (47 AV <u):( >zf in 0 (2.4)
div X p /

with boundary conditions

p=0 onl'p and n-u=0 only. (2.5)
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Based on this system, we will consider two functionals: (1) Div least-squares functional
and (2) inverse norm least-squares functional.

Note that if u is sufficiently smooth, then the properly scaled solution, A~'u, of
(2.4) is curl free, i.e., VX (A7'u) = 0, and that the homogeneous Dirichlet boundary
condition on I'p implies the tangential flux condition

nx(Aa)=0 onTlp.

We then have a redundant but consistent first-order system:

A2 A2V 0
u
LU= div X ( ) =| f | =F (2.6)
V x AL 0 b 0
with boundary conditions
p=0 nx(AMa)=0 onTp, and n-u=0 ony. (2.7)

Based on this system, we will consider Div-curl least-squares functional.

2.2 Div Least-Squares Functional
Let Hy(div; Q) denote a subspace of H(div; ):
Hy(div; Q) ={ve H(div; Q) : n-v=0on I'y}.

For any (v, q) € Hy(div; Q) x V = ®, consider the following div least-squares func-
tional:

G, ¢ f) = |[A2(v+ AVQ)|20 + IV - v + Xq — [|2 o (2.8)

The corresponding normal operator is

A~ — V div V(I—-X)
LL= (2.9)
—(I—X*)div —divAV+X*X

with £ defined in (2.4) and the corresponding bilinear and linear forms are

b(u, p; v, q) = (A '(u+AVp), (v+AVg)+ (V- -u+ Xp, V- v+ Xq)(2.10)

fv,q) = (f, V-v+ Xq). (2.11)

The main task of this section is to establish the following equivalence:

I —Vdiv 0
LL ~ .
0 —-A



Theorem 2.1 There exist positive constants o and oy such that

ao (V@) + lalli o) < 0(v, ; v, @) = G(v, ¢ 0) (2.12)

for any (v, q) € Hy(div; Q) x V' and

1 1
b(u, p; v, q) < a1 ([allzzai) + 19150)* (VI @ + 4t o) (2.13)
for any (u, p) and any (v, q) in Hy(div; Q) x V.

Proof: (2.13) is a direct consequence of the Cauchy-Schwarz and triangle inequalities.
To show the validity of (2.12), we first establish that

(VI amy + llallt o) < € (G(v, g 0) + llall5, ) - (2.14)

It follows from integration by parts, the Cauchy-Schwarz inequality, the Poincaré in-
equality, and (2.2) that

1AZV g2 = (AZV g+ A3v, A2V q) — (v, V q)
= (A2Vg+ A zv, A2V )+ (V- v, q)
= (AVg+ATiv, A2V q) + (V- v+ Xq, q) — (Xq, @)
< |42V g+ A5 v]o0 A2V gllo.a + [V - v + Xqllo,o lallo.e + | Xqllo. llgllo,

< (143 + A7 3v]o.0+ Cllallo,a) 143V llo,0 + IV - v + Xallo,allallo.o-
Combining the fact that ab < 3 a® + 1 b%, we have
1

lalli o < CllA2V qlf5.0 < C (G(v, ¢; 0) + lll5.0) - (2.15)

(2.2), the triangle inequality, and (2.15) give
I, 1 2 _1 1 1
MiEa < TlIA7HIB o< T (147 v+ A3V gl o + 1143V g o)

< C(Glv, ¢ 0)+ a5 o) -

By the triangle inequality and (2.15), we have

IV-viga < 2(IV-v+Xqll§ o+ 1IXallga) <2(IV- v+ Xqlg.q+Cllali o)
< C(G(v, ¢; 0) + [lqll? o) -

Combining the above three inequalities yields (2.14).



With (2.14), we show the validity of (2.12) by the compactness argument. To
this end, assume that (2.12) is not true. This implies that there exists a sequence

{Vn, @u} € Hn(div; ) x V such that

(2.16)

S|

VallZrawy + lgnlio =1 and G(v, q; 0) <

Since V' is compactly contained in L*((2), there exists a subsequence {p,, } € V which
converges in L2(2). For any k, [ and (Vy,, Pn,), (Vs Pny) € Hy(div; Q) x Vit follows
from (2.14) and the triangle inequality that

ank o an”lztl(div) + ank - qnzH%,Q

IN

C (G(Vnk — Vg Gny, — Qng; O) + ”an - qm”(z),ﬂ)
S C (G(Vnw Anys 0) + G(an, dn;; O) + ||an - qnzHg,Q) — 0.

which implies that (v,,,, pn,) is a Cauchy sequence in the complete space Hy(div; ) x
V. Hence, there exists (v, p) € Hy(div; 2) x V such that

klggo (||vnk — VHH(div) + |G, — qHLQ) = 0.

Next, we show that
¢q=0 and v=0 (2.17)

which contradict with (2.16) that
0= ||VH§{(div) + HQH%Q = ]}1_{{)10 ||Vnk||12ﬁl(div) + H%H%Q =1

To this end, for any ¢ € V, integration by parts and the Cauchy-Schwarz inequality
give

WGy, ) = (AVGny, VO) + (X, @) = (AV Gy + Vi, VO) + (X +V - Vs 9)

< GV tut 02 0]10.
Since lim ¢, = ¢ in V, we then have

la(g, 9)] = lim |a(gu,, )| < lim G(Vay, gu; 0)2[[¢]l10 = 0.
Because (2.3) has a unique solution, we have that
q=0.
Now, v = 0 follows from (2.14):
¥y = i [ By < C Jim (G Ve s 0) + gy 3.0) = 0.

This completes the proof of (2.17) and, hence, the theorem. [ |



2.3 Inverse Norm Least-Squares Functional

For any (v, q) € Hy(div; Q) x V = &, consider the following least-squares functional:

Gv, ¢ [) = |A2(v+ AVQ)|20 + IV - v + Xq — f]% . (2.18)

K= I 0 2.19
_ (0 (_AD>—1) 2.19)

where (—Ap)~! is the solution operator of the Laplace equation with homogeneous
Dirichlet boundary conditions on I'p. Then the corresponding normal operator is

( A7' =V (=Ap)~tdiv V(I - (-Ap)'X) )
LKL = . . (2.20)
—([—X* (—AD)_I)dIV —divAV 4+ X* (—AD)_IX

Let

with £ defined in (2.4) and the corresponding bilinear and linear forms are
b(u, p; v, q) = (A7 (u+AVp), (v+ AVy)
+((=Ap) M (V-u+Xp), V-v+ Xq) (2.21)
fv,a) = ((=Ap)"'f, Vv +Xq), (2.22)
respectively.
Theorem 2.2 There exist positive constants oy and o such that
ao ([IVI* + llgllf ) <b(v, ¢; v, ¢) = G(v, ¢; 0) (2.23)

for any (v, q) € Hy(div; Q) x V and

N

b(u, p; v, @) < ar ([ull® + lIpl7 o) (IVI* +1lallt o) (2.24)
for any (u, p) and any (v, q) in Hy(div; Q) x V.

Proof: The theorem may be proved in a similar fashion as that of Thereom 2.1. H

This theorem gives the following equivalence:

I o
LKL~ .



2.4 Div-Curl Least-Squares Functional

We use the following space to define the div-curl least-squares functional for the ex-
tended system (2.6). Let

H(curl A; Q) = {v e L*(Q)* : Vx (A7'v) € L}(Q)*3}, (2.25)

which is a Hilbert space under the norm

1
IVl a2y = (V6.0 + VX (A7V)IIG o) -

When A is the identity matrix in (2.25), we use the simpler notation H (curl; §2). Define
the subspaces

Hp(curl A; Q) = {v € H(curl4; Q) : n x (A™'v) =0 on I'p},

and

W = Hy(div; Q) N Hp(curl A; Q).
For (v, q) € W x V = @, the div-curl least-squares functional is given by
_1 _
Gv,q; /)= A2 (v+ AV 5o + V- v + Xg— fllg.0 + IVX (ATV)[[50- (2:26)

The corresponding normal operator is

(2.27)

o A = Vdiv4 A1 Vx Vx AL vV (I-X)
a —(I — X*)div —divAV + X* X

with £ defined in (2.6) and the corresponding normal operator and bilinear and linear
forms are

b(u, p; v, q) = (A7 (u+ AVp), v+ AVg) + (V- -u+ Xp, V-v + Xq)
+H(Vx (A7), Vx (A7'v)) (2.28)

f(V, Q) = (f,V'V—i-Xq), (229)

respectively. It follows from Theorem 2.1 that we have the following equivalence:

I —Vdiv+ A 1VYxVx AL 0 —A 0
L~ ~ . (230)
0 —A 0 —A

The second equivalence requires sufficient smoothness of coefficients and boundary (see
[7] for the proof).
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Theorem 2.3 There exist positive constants o and oy such that
ao (VI + IV (A5 o + llalli o) <b(v, ¢ v, q) (2.31)

for any (v, q) € W x V and

1
b(u, p; v, q) < a1 ([[ullfa + VX (AT W) o + 127 o)
1
(I + IV (AT)G 0+ llalf0)® (2:32)
for any (u, p), (v, q) € W x V.

2.5 Least-Squares Problems

For the solution space ®, we have the following equivalent least-squares problems:
minimization problem: find (u, p) € ® such that

G(u, p; f) = min G(v, ¢; f); (2.33)
(v,q)e®
variational problem: find (u, p) € ® such that

b(u, p; v, q) = f(v,q) V(v,q €. (2.34)

2.6 Least-Squares Approximation

In this subsection, we consider least-squares finite element approximation only based
on the div least-squares functional. Approximation based on the div-curl least-squares
functional may be studied in a similar fashion. There are two numerical approximations
based on the inverse norm least-squares functional: (1) mesh-dependent norm approach
in [1] and (2) the discrete H ™! norm approach in [4].

Assume that €2 is a polygonal domain, let 7, be a quasi-regular triangulation of 2
with (triangular/tetrahedra or rectangular) elements of size O(h). Denote spaces of
polynomials on an element KX C R%:

P(K) is the space of polynomials of degree < k;

Pkl,kz(K) = {p(xb 372) : p(mla 33'2) = Z aijl’ﬁﬂf%, d=2
i<ki, j<k2
Pkl,kg,k;g(K) = {p(ﬂfl, T2, 333) : p($1> T2, 353) = Z az’jkximéﬂflgf, d=3.

= y J = y v >

Denote the local Raviart-Thomas (RT) space of index & > 0 on an element K:

Po(K) + (21, ..., 2q) Pe(K), K = triangle/tetrahedra
RTy(K) =< Pepix(K) X Ppr(K), K = rectangle ,d = 2
Pri1ek(K) X Py x(K) X Pegps1(K), K =rectangle ,d = 3
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Degrees of freedom for RTy(K) = (a + bz, ¢ + bxe) on triangle or RTH(K) =
(a+bxy, c+dxy) on rectangle are normal components of vector field on all edges (faces)
of two- (three-) dimensional elements. See [5] for the choice of degrees of freedom for
the RT} space of index k > 1. They are chosen for ensuring continuity of the normal
component of vector field at interfaces of elements. Then one can define the H (div; )
conforming Raviart-Thomas space of order k£ > 0 [17] by

RTy, = {ve H(div; Q) : v|x € RT,(K)V K € T;,},

which has the approximation property:

inf ||v—9loa <CR|V|,a for 1<r<k+1 (2.35)
ERTy,
inf [[V-(v=9)loag <CR|V:V|q for 0<r<k+1 (2.36)

ERTy,

Denote the space of continuous piecewise polynomials of degree < k by
Sk ={q€ H'(Q) : qlx € P(K) VT € T,,}.
which has the following approximation property:

nf (lg = llog +hlla = dlie) < CH gl for 0<r<k+1.  (2.37)
k

Then least-squares approximation is to find (u”, p") € RT} x Sy such that
b(u", p"; v, q) = f(v,q) ¥ (v, q) € RT} x Sy (2.38)

Theorem 2.4 Let (u, p) and (u”, p") be the solutions of (2.34) and (2.38), respec-
tively. Then we have the following error estimation:

(03] r
[u — vy + [l = "o < Ca—oh (Ipllr+1.0 + lullre + [V - ulliq)
(03] r
< Ca—oh (el + 1 fllrg) - (2.39)

Proof: (2.39) follows from Theorem 1.1, the approximation properties in (2.35),
(2.36), and (2.37), and the facts that

[ullr.o < Cllpllrr10

and that
IV ullro=f = Xplra < Ifllre + Clpllitie-
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2.7 Comparison of Least-Squares Methods

In this section, we make simple comparison of least-squares methods. The div least-
squares method has the following numerical properties:

+ optimal finite element approximation;

+ optimal fast multigrid solver if Raviart-Thomas elements are used for the flux.

The mesh dependent least-squares method has the following properties:
+ optimal finite element approximation;

— unknown fast iterative solver.

The discrete H ! norm least-squares method has the following properties:
+ optimal finite element approximation;
+ uniformly well preconditioned by multigrid or domain decomposition;

— expensive evaluations of the discrete H ! norm.

The div-curl least-squares method has the following properties:

+ finite element approximations are H'-optimally accurate in each variable (includ-
ing new variables);

+ standard multigrid methods applied to the resulting discrete equation have opti-
mal complexity;

— additional smoothness of the original problem is required for the second equiva-
lence in (2.30).

2.8 Boundary Least-Squares Functional
Denote by H~2(99) the dual space of Hz(8€2) with the dual norm

<w,q>

[v]|_1 90 = sup
- er® (00) lall 1 o0

where the bracket < ¢, v > denotes duality between H~2(9) and Hz(9Q). When

1
I'y # 090 = 'y UTp, denote by H~2(I'y) the dual space of H3(Iy) = {v|r, : v €
Hj p(2)}. In this section, we need the generalized Poincaré-Friedrichs inequality

gl < C(IVallo.a+ llallor,) Vg€ HY(Q) if mes(I'p) #0,

A (2.40)
lall,e < CIVallo,e Vqge HY(Q)  otherwise;
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and the trace inequalities for any subset I' C 02 with positive measure

lgllzr < llgllo Vg€ HY(Q),

_ (2.41)
vy r < WVlla@y Y ve H(div; Q).

The first inequality in (2.41) follows from the definition. The second inequality in (2.41)
follows from the definition, the Green’s formula, and the Cauchy-Schwarz inequality:
for any g € H'(Q) and g=0on IV = 9Q\ T

| Jpan - vds| - | Jonan-vds| | [,qV-vdr+ [ v-Vqdzl

ldhon = e o SMEC
Considering non-homogeneous boundary conditions:
p=¢g onl'p and —n-AVp=h only
and the following least-squares functional:
G, ¢ f) = [A2(v+AVYI o+ V-V + Xq— fl o
Hlp = gllir, +ln-v—hl2y . (2.42)

for (v, q) € H(div; Q) x H*(Q), where f = (f, g, h). Then the least-squares problem
for (2.4) is to minimize this quadratic functional over H(div; ) x H(Q): find (u, p) €
H(div; Q) x H'(Q) such that

~ A

G i f)= inf G i ) 2.43
(w, p; f) (v.0) e H (div: ) x A (2) (v. 4 /) (2.43)

It is easy to see that the variational form for (2.43) is to find (u, p) € H(div; Q) x H(Q)
such that
b(u,p; v, q) = f(v,q), VY(v,q) € H(div; Q) x H'(9), (2.44)

where the bilinear form b(-; -) : (H(div; Q) x H(Q))? — R is defined by
bu,p;v,q) = (A (u+ AVp), v+ AVq)o.a+ (V- -u+ Xp, V-v+ Xq)o.q
+ <p, q>%,FD + <n-u, n-v>,%7pN
and the linear form f(-, ) : H(div; Q) x H'(Q) — R is defined by
fv,q)=(f, V-v+Xqoat <y, q >1r, T < h,n-v > iy
Theorem 2.5 Then there exist positive constants oy and o such that

ao (VI +llalli0) < b(v, ¢ v, @) (2.45)
for any (v, q) € H(div; Q) x H'(Q) and

b(u, p; v, q) < ar ([[ullZa + 1215 o) (IVIF @) + a7 ) (2.46)
for any (u, p), (v, q) € H(div; Q) x H'(Q).
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Proof: The continuity of the bilinear form b(-; ) in (2.46) is an immediate con-
sequence of the Cauchy-Schwarz and trace inequalities. To show the validity of the
coercivity of the bilinear form in (2.45), it suffices to prove that

IVl @) + llallf0 < C (b(v, @ v, @) + llallfe) (2.47)

because (2.45) then follows from a standard compactness argument (see the proof of
Theorem 2.1). To this end, first note that, using the triangle and trace inequalities,

| gn-vds| <| gn-vds|+ | gn-vds|
o0N T'p Iy
< Mgl IVl + gl VI r
< llallyrp IVl @y + lalleln-vi-gry
< llallyrp (Vlloo + 11V - v+ Xdlloa + [ Xqlloe) + gl eln-vil_y ry
<

_1 1
Cllgllyr,p lA5vloa + C 143 Valloa (lallyr, + I VI ) +b(v. @5 v, 9)
The triangle inequality gives that
1 1 1
|45V loa < A5 + AVQ)loq + 1145 V]

0,05 (2.48)
which, together with the above inequality, implies that
1
| an-vas <€ (e, +m vy ry) 143 Valon +Cbv, ¢ v, 0). (249)
o0

It follows from integration by parts, the Cauchy-Schwarz and Poincaré-Friedrichs in-
equalities, and (2.49) that

43ValR g = (AU +v), Aighoa + 0.V Voo — [ an-vis

< ||A3(AVg + V)|

0,2

1
A Vqlloq + laloalV - Vies — / gn-vds
o0

_1 1
< (I47HAVg+ V)l + IV v+ Xalloo + - vI_y oy + lall 1, ) 14} Valloa

HlallolXdlloa +Cb(v, g; v, q).

Hence, )
IXdll50 < ClA2Val5a < C (b(v. a; v, @) + llallf o) -

Combining with (2.48) and the triangle inequality yields
_1
A2 v[50 + IV vIia < C (0(v, ¢ v, @) + lldlls.0) -
This completes the proof of (2.47) and, hence, theorem. [

For numerical approach based on the boundary least-squares functional, see [18].
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Homework

Consider problem (2.1) with Xp = b - Vp + ¢p, study dependence of constants ay
and «q in Theorem 2.1 on the diffusion coeflicients A, convection coefficients b, and
reaction coefficient ¢ for the following cases:

e A=a(x)I,b=0,and ¢ =0.
° A:I,b:b( 1 ),andc:O,Wherebisaconstant.

e A=1 b=0, and c = —w, where w > 0 is a constant.
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