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In this chapter, we shall introduce mathematical models for Darcy’s flow in porous
media, elastic equations of solids, for incompressible Newtonian fluid flow, and Maxwell’s
equations in electromagnetic.

Let Ω be a bounded, open, connected subset of <d (d = 2 or 3) with a Lipschitz
continuous boundary ∂Ω. Denote n = (n1, ... , nd) the outward unit vector normal to
the boundary. We partition the boundary of the domain Ω into two open subsets ΓD

and ΓN such that ∂Ω = Γ̄D ∪ Γ̄N and ΓD ∩ ΓN = ∅.

0.1 Notation

For a scalar function f(x) with x = (x1, ..., xd) ∈ Ω, define its gradient as a row vector

∇f = (
∂f

∂x1

, ... ,
∂f

∂xd

).

For a vector function v = (v1, ... , vd), define its divergence by

∇ · v =
d∑

i=1

∂vi

∂xi

and its curl for d = 3 by

∇×v = (
∂v3

∂x2

− ∂v2

∂x3

,
∂v1

∂x3

− ∂v3

∂x1

,
∂v2

∂x1

− ∂v1

∂x2

).

For d = 2, by identifying <2 with the (x1, x2)-plane in <3, the curl of v = (v1, v2)
means the scalar function

∇×v =
∂v2

∂x1

− ∂v1

∂x2

.

For convenience, we define its formal adjoint by

∇⊥f = (
∂f

∂x2

, − ∂f

∂x1

).
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For a vector function v = (v1, ... , vd), define its gradient as a d× d tensor

∇v =




∂v1

∂x1

· · · ∂v1

∂xd
...

. . .
...

∂vd

∂x1

· · · ∂vd

∂xd




=

(
∂vi

∂xj

)

d×d

.

For a tensor function τ = (τij)d×d, let τ i = (τi1, ..., τid) denote its ith-row for i =
1, ..., d, and define its divergence, normal, and trace by

∇ · τ = (∇ · τ 1, ... , ∇ · τ d), n · τ = (n · τ 1, ... , n · τ d), and tr τ =
d∑

i=1

τii,

respectively. Finally, denote the Laplacian of scalar and vector functions by

∆f = ∇ · (∇f) =
d∑

i=1

∂2f

∂x2
i

and ∆v = (∆v1, ..., ∆vd)

respectively. Below we list some useful identities.

−∆v +∇(∇ · v) =

{
∇×(∇×v), d = 3,

∇⊥(∇×v), d = 2,
(0.1)

∇ · (∇v)t = ∇(∇ · v), (0.2)

∇ · (∇×v) = 0, and ∇×(∇v) = 0. (0.3)

1 Darcy’s Flow in Porous Media

Let f be a given source/sink term, k (scalar or anisotropic tensor) the permeability,
and µ the fluid viscosity. Darcy’s flow in porous media occupying a region Ω consists
in finding a velocity vector field u = (u1, ... , ud) and a pressure p that satisfy the
conservation of mass:

∇ · u = f in Ω, (1.4)

Darcy’s law (the constitutive equation):

u = −k

µ
∇p in Ω, (1.5)

and boundary conditions:

p = 0 on ΓD and n · u = 0 on ΓN . (1.6)

For simplicity, here we assume that the boundary conditions are homogeneous.
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2 Elastic Equations

Let f = (f1, ... , fd) be a given body force and g = (g1, ..., gd) be the given traction.
Denote by ρ the density, u = (u1, ... , ud) the displacement field, and σ =

(
σij

)
d×d

the
stress tensor. In a Lagrangian frame, motion of the elastic body is governed by the
conservation of mass:

∂ρ

∂t
+ ρ∇ · u = 0, (2.7)

and by the balance of linear momentum:

ρ
∂2u

∂t2
−∇ · σ = ρ f . (2.8)

The above system is closed by using the constitutive equation that expresses a
relation between the stress and the strain tensors:

σ = Cλ ε(u) or ε(u) = Aλ σ (2.9)

where Cλ and Aλ = C−1
λ are the elasticity and the compliance tensors of fourth-order,

respectively. Define the linearized strain tensor by

ε(u) =
1

2

(∇u + (∇u)t
)

=
(
εij(u)

)
d×d

with εij(u) =
1

2

(
∂ui

∂xj

+
∂uj

∂xi

)
.

For an isotropic elastic material, the elasticity and compliance tensors have the follow-
ing simple expressions:

Cλ ε(u) = λ
(
tr ε(u)

)
δ + 2µ ε(u) (2.10)

and

Aλ σ =
1

2µ

(
σ − λ

dλ + 2µ
(tr σ)δ

)
, (2.11)

where δ = (δij)d×d is the identity tensor, and positive constants λ and µ are the Lamé
constants such that µ ∈ [µ1, µ2] with 0 < µ1 < µ2 and λ ∈ (α,∞) with α > 0.
Materials are said to be nearly incompressible or incompressible when λ is very large
or infinite, respectively.

When the elastic body reaches equilibrium state, we then have the following stress-
displacement system: {

Aλ σ − ε(u) = 0 in Ω,

−∇ · σ = f in Ω,
(2.12)

where f is scaled by multiplying ρ. In general, we have the following clamped and
traction boundary conditions

u = 0 on ΓD and n · σ = g on ΓN . (2.13)
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A simple calculation gives that

∇ · (Cλ ε(u)) = µ ∆u + (λ + µ)∇ (∇ · u)

and that
n · (Cλ ε(u)) = λ

(∇ · u)
n + 2µn · ε(u).

Now, eliminating the stress in (2.12), we then get the displacement formulation:





−µ ∆u− (λ + µ)∇ (∇ · u) = f in Ω,

u = 0 on ΓD,

λ
(∇ · u)

n + 2µn · ε(u) = g on ΓN .

(2.14)

3 Incompressible Newtonian Flow

Let f = (f1, ... , fd) be a given external body force defined in a domain Ω and g =
(g1, ..., gd) be the given traction. Let u(x, t) = (u1, ... , ud) be the velocity vector
field of a particle of fluid that is moving through x at time t, and let σ = (σij)d×d

be the stress tensor field. In an Eulerian frame, motion of fluids is governed by the
conservation of mass:

D ρ

D t
+ ρ∇ · u = 0, (3.15)

and by the balance of linear momentum:

ρ
D u

D t
−∇ · σ = ρ f , (3.16)

where the material derivative is defined by

D

D t
=

∂

∂t
+ u · ∇ =

∂

∂t
+

d∑
i=1

ui
∂

∂xi

.

For Newtonian fluids, one has the following constitutive equation

σ = −p δ + 2µ

(
ε(u)− 1

d
(tr ε(u))δ

)
, (3.17)

where p is the hydrostatic pressure, µ is the viscosity parameter and

ε(u) =
1

2

(∇u + (∇u)t
)

is the deformation rate tensor. When fluids are incompressible, then the density is con-
stant. Hence, the conservation of mass in (2.7) implies the incompressibility condition

∇ · u = 0. (3.18)
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Scale u and f by multiplying ρ and let ν = µ/ρ, we then get the stress-velocity-pressure
formulation for incompressible Newtonian fluid flow:





∂u

∂t
+ u · ∇u−∇ · σ = f in Ω× (0, T ),

σ + p δ − 2ν ε(u) = 0 in Ω× (0, T ),

∇ · u = 0 in Ω× (0, T ).

(3.19)

System (3.19) is supplemented with the following boundary and initial conditions

u = g on ∂Ω× (0, T ) and u(x, 0) = v0 in Ω (3.20)

where g = (g1, · · · , gd) is given and satisfies the compatibility condition∫

∂Ω

n · g ds = 0

and u0 is given initial velocity. Using identity (0.2) and the incompressibility condition
in (3.18) give that

2∇ · ε(u) = ∆u.

Now, differentiating and eliminating the stress in the above system leads to the well-
known incompressible Naiver-Stokes equations:




∂u

∂t
+ v · ∇u− ν ∆u +∇ p = f in Ω× (0, T ),

∇ · u = 0 in Ω× (0, T )
(3.21)

with the boundary and initial conditions in (3.20).
In (3.19), taking the trace of the second equation and using the third equation we

have that

p = −1

d
tr σ, (3.22)

which is commonly used in continuum mechanics to define the hydrostatic pressure.
Using (3.22) we eliminate the pressure in the second equation of (3.19) to obtain the
following constitutive equation:

Aσ = ε(u) in Ω× (0, T ), (3.23)

where Aσ is the scaled deviatoric stress:

Aσ =
1

2ν

(
σ − 1

d
(tr σ) δ

)
.

Note that the trace of this equation yields the incompressibility condition in (3.18).
This and the momentum equation define the stress-velocity formulation for incompress-
ible Newtonian fluid flow problems:




∂u

∂t
+ u · ∇u−∇ · σ = f in Ω× (0, T )

Aσ − ε(u) = 0 in Ω× (0, T )
(3.24)

with the boundary and initial conditions in (3.20).
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4 Maxwell’s Equations

Maxwell’s equations consist of a set of fundamental equations governing macroscopic
electromagnetic phenomena. For general time-varying fields, the original Maxwell’s
equations in a “stable” medium can be written as





∂(εE)

∂t
+ σE−∇×H = J in Ω× (0, T ),

∂(µH)

∂t
+∇×E = 0 in Ω× (0, T ),

∇ · (εE) = q in Ω× (0, T ),

∇ · (µH) = 0 in Ω× (0, T ),

(4.25)

where Ω ⊂ <3. Here, we shall assume that Ω is a bounded and simply connected
domain with a piecewise smooth boundary; below, we allow Γ to be decomposed into
Γ = Γ1 ∪ Γ2, where either Γ1 or Γ2 can be empty. The electric and magnetic fields
are given by E and H, respectively. The constitutive tensors ε, µ, and σ denote the
dielectric permittivity, magnetic permeability, and conductivity, respectively, of the
medium; J and q are given functions specifying the applied current and charge. The
symbols ∇× and ∇· denote the curl and divergence operators.

Boundary conditions are given by

n× E = 0 and n · (µH) = 0 on Γ1 × (0, T ) (4.26)

for a perfectly conducting wall Γ1 and

n×H = 0 and n · (εE) = 0 on Γ2 × (0, T ) (4.27)

for a perfectly magnetic wall Γ2, where n is the outward unit normal to the boundary
Γ. Initial conditions are specified by

E(x, 0) = E0(x) and H(x, 0) = H0(x) in Ω, (4.28)

where E0 and H0 are the initial electric and magnetic fields satisfying

∇ · (µH0) = 0 in Ω and n · (µH0) = 0 on Γ1.
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Lecture Note II:
Variational Problems for Elastic Equations

Zhiqiang Cai∗

October 19, 2004

In this chapter, we shall introduce elementary properties for some functional spaces
and abstract theory for variational problems, and establish well-posedness of elastic
equations.

1 Sobolev Spaces

Assume that the boundary ∂Ω of the domain Ω ⊂ Rd is sufficiently smooth (for instance
a Lipschitz continuous boundary). Denote the space of square integrable functions on
Ω by

L2(Ω) = {v |
∫

Ω

|v|2 dx = ‖v‖2
0,Ω < +∞}.

Let

α = (α1, ..., αd) with |α| =
d∑

i=1

αi,

be multiple index and denote the |α|-th derivative of v in the sense of distributions by

Dαv =
∂|α|v

∂xα1
1 · · · ∂xαd

d

.

For integer m ≥ 0, define Sobolev spaces by

Hm(Ω) = {v |Dαv ∈ L2(Ω) ∀ |α| ≤ m},

with the semi-norm

|v|m,Ω =


 ∑

|α|=m

‖Dαv‖2
0,Ω




1
2
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and the norm

‖v‖m,Ω =


 ∑

|α|≤m

‖Dαv‖2
0,Ω




1
2

.

Denote by D(Ω) or C∞0 (Ω) the space of infinitely differentiable functions having a
compact support in Ω and

D(Ω̄) = {ϕ|Ω : ϕ ∈ D(O) for some open subset Ω ⊂ O/ ⊂ <d}.

Let Hm
0 (Ω) be the closure of D(Ω) in the ‖ · ‖m,Ω. We shall denote by L2

0(Ω) the
subspace of L2(Ω) having zero mean value.

We shall need to consider functions that vanish on a part of the boundary. We
partition the boundary of the domain Ω into two open subsets ΓD and ΓN such that
∂Ω = Γ̄D ∪ Γ̄N and ΓD ∩ ΓN = ∅. One defines a subspace of H1(Ω) by

H1
0,D(Ω) = {v ∈ H1(Ω) | v = 0 on ΓD}.

When ΓD = ∂Ω, then H1
0,D(Ω) = H1

0 (Ω); when ΓD = ∅, then H1
0,D(Ω) = H1(Ω). We

use H−1
0,D(Ω) and H− 1

2 (∂Ω) to denote the dual of H1
0,D(Ω) and H

1
2 (∂Ω) with standard

dual norms:

‖φ‖−1, D = sup
06=ψ∈H1

0,D(Ω)

(φ, ψ)

‖ψ‖1

, and ‖φ‖−1/2, ∂Ω = sup
06=ψ∈H

1
2 (∂Ω)

< φ, ψ >0,∂Ω

‖ψ‖1/2,∂Ω

,

respectively,

Theorem 1.1 Suppose that the domain Ω has a Lipschitz boundary and that p ∈ [1, ∞]
is a real number. Then

‖v‖0,∂Ω ≤ C ‖v‖
1
2
0,Ω ‖v‖

1
2
1,Ω. (1.1)

1.1 Poincaré Inequality

Consider the following two subspaces of H1(Ω):

H1
0,D(Ω) = {v ∈ H1(Ω) | v|ΓD

= 0} and Ĥ1(Ω) = {v ∈ H1(Ω) |
∫

Ω

v dx = 0}.

We have the following Poincaré Inequality: there exists a positive constant C such
that

‖v‖0,Ω ≤ C |v|1,Ω (1.2)

for either all v ∈ H1
0,D(Ω) when mes (ΓD) 6= 0 or all v ∈ Ĥ1(Ω).
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1.2 Integration Formulas

Denote the product space L2(Ω)d =
d∏

i=1

L2(Ω) with the standard product norm

‖v‖0,Ω =

(
d∑

i=1

‖vi‖2
0,Ω

) 1
2

.

Then, set
H(div; Ω) = {v ∈ L2(Ω)d |∇ · v ∈ L2(Ω)}

which is a Hilbert space under the norm

‖v‖0,Ω =
(‖v‖2

0,Ω + ‖∇ · v‖2
0,Ω

) 1
2 .

It is easy to check the following integration formulas:

∫
Ω
∇ · v dx =

∫
∂Ω

n · v ds ∀ v ∈ H(div; Ω);

∫
Ω

∂v

∂xi

w dx = −
∫

Ω

v
∂w

∂xi

dx +

∫

∂Ω

vwni ds ∀ v, w ∈ H1(Ω);

∫
Ω
(∇ · v)w dx = − ∫

Ω
v · ∇w dx +

∫
∂Ω

(n · v)w ds ∀ v ∈ H1(Ω)d, ∀ w ∈ H1(Ω).

2 The Lax-Milgram Theorem

A bilinear form, a(·, ·), on a linear space V is a mapping a : V × V −→ R such that

a(αu + βv, w) = α a(u, w) + β a(v, w) and a(u, αv + βw) = α a(u, v) + β a(u, w)

for all u, v, w ∈ V and α, β ∈ R. It is symmetric if a(u, v) = a(v, u) for all u, v ∈ V .
Assume that (V, (·, ·)V ) is an inner-product space, one then has the following

Schwarz Inequality

|(u, v)V | ≤ (u, u)
1
2
V (v, v)

1
2
V . (2.3)

The equality holds if and only if u and v are linearly dependent.
A bilinear form a(·, ·) on a normed linear space (H, ‖ · ‖H) is continuous if there

exists a constant C such that

|a(u, v)| ≤ C ‖u‖H ‖v‖H ∀ u, v ∈ H

and coercive on a subspace H1 ⊂ H if there exists α > 0 such that

a(v, v) ≥ α ‖v‖2
H ∀ v ∈ H1.
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Theorem 2.1 (Lax-Milgram Theorem) Given a Hilbert space (V, (·, ·)V ), assume
that a(·, ·) : V × V → R is bilinear, continuous, and coercive and that f(·) : V → R
is linear and continuous. Then there exists a unique solution u ∈ V such that

a(u, v) = f(v) ∀ v ∈ V.

Homework: prove the Lax-Milgram theorem.

3 Variational Formulation for Elastic Equations

Consider the following elastic equation:
{
Aλ σ − ε(u) = 0 in Ω,

−∇ · σ = f in Ω,
(3.4)

with boundary conditions

u = 0 on ΓD and n · σ = g on ΓN . (3.5)

To derive variational formulation, let us first define multiplication of two tensors
A = (aij)d×d and B = (bij)d×d:

A : B =
d∑

i,j=1

aij bij.

It is easy to check that if A is symmetric and B is skew-symmetric (Bt = −B), then

A : B = 0. (3.6)

In particular, since ∇v may be decomposed into its symmetric and skew-symmetric
parts

∇v = ε(v) +
1

2

(∇v − (∇v)t
)

we then have that for symmetric σ

σ : ∇v = σ : ε(v).

Now, multiplying the second equation of (3.4) by a test vector function v, integrating
over the domain Ω, and using integration by parts and the traction boundary condition
in (3.5) give

(f , v) = (−∇ · σ, v) = (σ, ∇v)−
∫

∂Ω

(n · σ) · v ds

= (σ, ε(v))−
∫

ΓN

g · v ds−
∫

ΓD

(n · σ) · v ds.
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If mes(ΓD) 6= 0, then the variational form is to find u ∈ H1
0,D(Ω)d such that

a(u, v) = f(v) ∀ v ∈ H1
0,D(Ω)d (3.7)

where the bilinear form is given by

a(u, v) = (Cλε(u), ε(v)) = 2µ (ε(u), ε(v)) + λ (∇ · u, ∇ · v)

and the linear form is given by

f(v) = (f , v) +

∫

ΓN

g · v ds.

In the remaining of this section, we restrict ourself in two dimensions because of
proofs of Korn’s inequalities. For the pure traction problem, i.e., ΓN = ∂Ω, the elastic
equations have many solutions in H1(Ω)d. To find a unique solution, we introduce the
space of infinitesimal rigid motions (i.e., the kernel of ε) in R2:

RM = {v |v = (a, b) + c (x2, −x1), a, b, c ∈ R}.

Homework: define RM in R3.

Define

Ĥ(Ω)2 = {v ∈ H1(Ω)2 |
∫

Ω

v dx = 0 and

∫

Ω

∇×v dx = 0},

then
H1(Ω)2 = Ĥ1(Ω)2 ⊕ RM.

In particular, for any given v ∈ H1(Ω)2, there exists a unique pair (z, w) ∈ Ĥ1(Ω)2 ×
RM such that

v = z + w with w = (a, b) + c (x2, −x1) (3.8)

where

c = − 1

2|Ω|
∫

Ω

∇×v dx and (a, b) =
1

|Ω|
∫

Ω

(
v − c (x2, −x1)

)
dx. (3.9)

Since the domain is bounded, it is then easy to show, by using (3.9), that

‖w‖1,Ω ≤ C ‖v‖1,Ω

and, by the triangle inequality, that

‖z‖1,Ω = ‖v −w‖1,Ω ≤ ‖v‖1,Ω + ‖w‖1,Ω ≤ C ‖v‖1,Ω.

Hence,
‖z‖1,Ω + ‖w‖1,Ω ≤ C ‖v‖1,Ω. (3.10)
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Homework: derive (3.9) and prove (3.10).

Now, the variational problem is to find u ∈ Ĥ1(Ω)d such that

a(u, v) = f(v) ∀ v ∈ Ĥ1(Ω)d (3.11)

with the linear form given by

f(v) = (f , v) +

∫

∂Ω

g · v ds.

that satisfies the following compatibility condition

f(v) = 0 ∀ v ∈ RM. (3.12)

To establish the well-posedness of variational problems (3.7) and (3.11) by using
the Lax-Milgram theorem, main task is to show the coercivity of the bilinear form in
appropriate spaces. To do so, we need the following fundamental inequalities, called
Korn’s inequalities.

Theorem 3.1 (Second Korn Inequality) There exists a positive constant C such
that

‖v‖1,Ω ≤ C ‖ε(v)‖0,Ω ∀ v ∈ Ĥ1(Ω)2. (3.13)

Theorem 3.2 (Korn’s Inequality) There exists a positive constant C such that

‖v‖1,Ω ≤ C (‖v‖0,Ω + ‖ε(v)‖0,Ω) ∀ v ∈ H1(Ω)2. (3.14)

Theorem 3.3 (First Korn Inequality) There exists a positive constant C such that

‖v‖1,Ω ≤ C ‖ε(v)‖0,Ω ∀ v ∈ H1
0,D(Ω)2. (3.15)

In order to prove the validity of Korn’s inequalities, we need the following useful
lemma (see [2]).

Lemma 3.1 There exists a positive constant C such that for all q ∈ L2(Ω), there is a
v ∈ H1(Ω)2 satisfying

∇ · v = q in Ω and ‖v‖1,Ω ≤ C ‖q‖0,Ω.

If furthermore, q ∈ L2
0(Ω), we may assume that v ∈ H1

0 (Ω).

Note that the skew-symmetric part of gradient of vector field may be represented
by the curl of the vector field

1

2

(∇v − (∇v)t
)

=
1

2
(∇×v) χ with χ =

(
0 −1
1 0

)
.
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Hence,

∇v = ε(v) +
1

2

(∇v − (∇v)t
)

= ε(v) +
1

2
(∇×v) χ. (3.16)

Proof of Second Korn Inequality: For any v ∈ Ĥ1(Ω)2, it follows from the fact
that (∇v, ∇⊥w) = 0 for any w ∈ H1

0 (Ω)2 and (3.16) that

‖∇v‖2
0,Ω = (∇v, ∇v) = (∇v, ∇v −∇⊥w)

= (ε(v), ∇v −∇⊥w) +
1

2

(
(∇×v) χ, ∇v −∇⊥w

)

= (ε(v), ∇v −∇⊥w) +
1

2

(∇×v, ∇×v −∇ · w).

Since ∇×v ∈ L2
0(Ω), by Lemma 3.1 one can choose w ∈ H1

0 (Ω)2 such that

∇ ·w = ∇×v in Ω and ‖w‖1,Ω ≤ C ‖∇×v‖0,Ω ≤ C ‖v‖1,Ω.

Therefore, by the Cauchy-Schwarz, triangle, and Poincaré inequalities we have that

‖∇v‖2
0,Ω = (ε(v), ∇v −∇⊥w) ≤ ‖ε(v)‖0,Ω ‖∇v −∇⊥w‖0,Ω

≤ C ‖ε(v)‖0,Ω ‖v‖1,Ω ≤ C ‖ε(v)‖0,Ω ‖∇v‖0,Ω.

Dividing by ‖∇v‖0,Ω on both sides of the above inequality yields the second Korn
inequality in (3.13). This completes the proof of Theorem 3.1.

Homework: show that (∇v, ∇⊥w) = 0 for any w ∈ H1
0 (Ω)2 and that χ : ∇v =

∇×v and χ : ∇⊥w = ∇ · w.

Proof of Korn’s Inequality: For any v ∈ H1(Ω)2, we have

v = z + w with z ∈ Ĥ1(Ω)2, w ∈ RM.

The second Korn inequality gives

‖z‖1,Ω ≤ C ‖ε(z)‖0,Ω = C ‖ε(v)‖0,Ω. (3.17)

Since RM is a finite dimensional space, then it follows from the fact that all norms
defined on RM are equivalent, the triangle inequality, and (3.17) that

‖w‖1,Ω ≤ C ‖w‖0,Ω ≤ C (‖v‖0,Ω + ‖z‖0,Ω) ≤ C (‖v‖0,Ω + ‖ε(v)‖0,Ω) .

Now, (3.14) is then a consequence of the triangle inequality and above two inequalities.
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Another Proof of Korn’s Inequality: We shall prove the validity of Korn’s in-
equality (3.14) by contradictory argument. To this end, assume that (3.14) does not
hold. This implies that there exists a sequence {vn} ⊂ H1(Ω)2 such that

‖vn‖1,Ω = 1 and ‖vn‖0,Ω + ‖ε(vn)‖0,Ω <
1

n
. (3.18)

For each n, by (3.8) and (3.10) let

vn = zn + wn with ‖zn‖1,Ω + ‖wn‖1,Ω ≤ C ‖vn‖1,Ω = C, (3.19)

where zn ∈ Ĥ1(Ω)2 and wn ∈ RM. Since ε(wn) = 0, using the second Korn inequality
in (3.13) and (3.19) we have

C ‖zn‖1,Ω ≤ ‖ε(zn)‖0,Ω = ‖ε(vn)− ε(wn)‖0,Ω = ‖ε(vn)‖0,Ω <
1

n
.

Hence,
lim

n→∞
‖zn‖1,Ω = 0. (3.20)

It follows from (3.19) that {wn} ⊂ RM is a bounded sequence in H1(Ω)2. Since RM is
a three dimensional space, {wn} has a convergent subsequence {wnj

} in H1(Ω)2: there
exists w ∈ RM such that

lim
j→∞

wnj
= w in H1(Ω)2.

By (3.20), this gives

lim
j→∞

vnj
= lim

j→∞

(
znj

+ wnj

)
= lim

j→∞
wnj

= w in H1(Ω)2.

Now, by (3.18), ‖vnj
‖1,Ω = 1 implies

‖w‖1,Ω = 1,

and ‖vnj
‖0,Ω < 1/nj implies

‖w‖0,Ω = 0.

This is contradictory and, hence, completes the proof of Korn’s inequality (3.14).

Proof of First Korn Inequality: The same proof by contradiction yields that there
exists w ∈ RM∩H1

0,D(Ω)2 such that ‖w‖1,Ω = 1. But the facts that w ∈ RM and that
w = 0 on ΓD imply that w = 0 in Ω. This is contradictory and, hence, completes the
proof of the first Korn inequality in (3.15).

Homework: furnish details of this proof.
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Theorem 3.4 The variational problem in (3.7) has a unique solution u ∈ H1
0,D(Ω)2.

The variational problem in (3.11) has a unique solution u ∈ Ĥ1(Ω)2. For both problems,
the solution satisfies the following a priori estimate:

‖u‖1,Ω + λ
1
2 ‖∇ · u‖0,Ω ≤ C

(‖f‖−1,D + ‖g‖−1/2,ΓN

)
. (3.21)

If ΓD = ∂Ω or ΓN = ∂Ω, then the above estimate may be improved as follows:

‖u‖1,Ω + λ ‖∇ · u‖0,Ω ≤ C
(‖f‖−1,D + ‖g‖−1/2,ΓN

)
; (3.22)

and, moreover, when the boundary is either sufficiently smooth or convex polygon, then
the solution u is in H2(Ω)2 satisfying

‖u‖2,Ω + λ ‖∇ · u‖1,Ω ≤ C
(‖f‖0,Ω + ‖g‖1/2,ΓN

)
. (3.23)

Proof: It is easy to show that the linear form is continuous

|f(v)| ≤ (‖f‖−1,Ω + ‖g‖−1/2,ΓN

) ‖v‖1,Ω ∀ v ∈ H1
0,D(Ω)2

|f(v)| ≤ (‖f‖−1,Ω + ‖g‖−1/2,∂Ω

) ‖v‖1,Ω ∀ v ∈ Ĥ1(Ω)2

and that the bilinear form is continuous

|a(u, v)| ≤ C (λ + 1) ‖v‖1,Ω ‖v‖1,Ω ∀ u, v ∈ H1
0,D(Ω)2 or ∀ u, v ∈ Ĥ1(Ω)2.

It follows from (3.15) and (3.13) that the bilinear form is coercive:

a(v, v) ≥ α
(‖v‖2

1,Ω + λ ‖∇ · v‖2
0,Ω

) ≥ α ‖v‖2
1,Ω (3.24)

for any v ∈ H1
0,D(Ω)2 or any v ∈ Ĥ1(Ω)2. Now, the Lax-Milgram theorem implies that

both problems in (3.7) and (3.11) are well-posed.
To prove the a priori estimate in (3.21), choosing v = u in (3.7) gives

a(u, u) = f(u) ≤ ‖f‖−1,D ‖u‖1,Ω + ‖g‖−1/2,ΓN
‖u‖1/2,ΓN

≤ (‖f‖−1,D + ‖g‖−1/2,ΓN

) ‖v‖1,Ω.

Now, (3.21) follows from (3.24).
We only prove (3.22) for ΓD = ∂Ω since the proof is similar when ΓN = ∂Ω. By

Lemma 3.1 and the fact that ∇ · u ∈ L2
0(Ω), there exists a w ∈ H1

0 (Ω)2 such that

∇ ·w = ∇ · u in Ω and ‖w‖1,Ω ≤ C ‖∇ · u‖0,Ω.

Now, choosing v = w in (3.7), using the Cauchy-Schwarz inequality, and (3.21) give

λ ‖∇ · u‖2
0,Ω = f(w)− 2µ (ε(u), ε(w))

≤ ‖f‖−1,0 ‖w‖1,Ω + 2µ ‖ε(u)‖0,Ω ‖ε(w)‖0,Ω

≤ C ‖f‖−1,0 ‖∇ · u‖0,Ω.

Hence,
λ ‖∇ · u‖0,Ω ≤ C ‖f‖−1,0,

which, together with (3.21), implies (3.22). For the proof of (3.23), see [1].
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4 Finite Element Approximation Based on Displace-

ment Model

Let Vh ⊂ V be a finite element space satisfying

inf
φ∈Vh

‖v − φ‖1,Ω ≤ C hs |v|s+1,Ω,

where V is either H1
0,D(Ω)d for mes(Γ0,D) 6= 0 or Ĥ1(Ω)d otherwise. Finite element

approximation is to find u ∈ Vh such that

a(uh, v) = f(v) ∀ v ∈ Vh (4.25)

It follows from Cea’s Lemma and the approximation property that

‖u− uh‖1,Ω ≤ C (1 + λ) inf
φ∈Vh

‖u− φ‖1,Ω ≤ C (1 + λ) hs |v|s+1,Ω.

Note that this error bound depends on λ!!! Non-confirming finite element, the
reduce integration, or the perturbed Stokes equations lead to finite element approxi-
mations being uniform in λ. These three approaches are equivalent in some sense. See
[2] for some references.
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Homework

1. Define curl operator in four dimensions.

2. Compute Aλ = C−1
λ .

3. Prove the Lax-Milgram theorem.

4. Define the space of infinitesimal rigid motions in three dimensions.

5. Derive (3.9) and prove (3.10).

6. Show that (∇v, ∇⊥w) = 0 for any w ∈ H1
0 (Ω)2.

7. Show that χ : ∇v = ∇×v and that χ : ∇⊥w = ∇ · w.

8. Furnish details of proof of the first Korn inequality.
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Lecture Note III:
Least-Squares Method

Zhiqiang Cai∗

November 2, 2004

In this chapter, we shall present least-squares methods for second-order scalar par-
tial differential equations, elastic equations of solids, incompressible Newtonian fluid
flow, and Maxwell’s equations in electromagnetic.

1 A General Methodology

We give a general methodology for the design of least-squares methods applied to a
first-order system of partial differential equations. Consider the following first-order
partial differential system defined on a bounded domain Ω ⊂ Rd (d = 2 or 3):

{
LU = F in Ω,

B U = G on ∂Ω,
(1.1)

where L = (Lij)m×n is a block m×n matrix differential operator of at most first order,
B = (Bij)l×n is a block l × n matrix operator, U = (Ui)n×1 is unknown, F = (Fi)m×1

is a given block vector-valued function defined in Ω, G = (Gi)l×1 is a given block
vector-valued function defined on ∂Ω. Assume that first-order system (1.1) has a
unique solution U . Boundary conditions in a least-squares formulation can be imposed
either strongly (in the solution space) or weakly (by adding boundary functionals). For
simplicity of presentation, we impose them in the solution space Φ. Assume that Φ is
appropriately chosen so that least-squares functional is well defined.

Define the least-squares functional by

G(U ; F) =
m∑

i=1

‖
n∑

j=1

Lij Uj − Fi‖2
k(i),Ω, (1.2)

where ‖·‖k(i),Ω denotes a Sobolev norm and k(i) = −1 or 0. If k(i) = 0 for all i, G(U ; F)
is referred to as the L2 norm least-squares functional, otherwise, it is referred to as the
inverse norm least-squares functional. Denote the Laplace operator by ∆ and the L2

∗Department of Mathematics, Purdue University, West Lafayette, IN 47907-1395, U.S.A.
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inner product by (f, g) =
∫
Ω

f g dx. Then ‖ · ‖L2(Ω) = ‖ · ‖H0(Ω) =
√

(·, ·) and ‖ ·
‖H−1(Ω) =

√
((−∆)−1 ·, ·). Now, the least-squares minimization problem is to minimize

the least-squares functional over Φ:

G(U ; F) = min
V∈Φ

G(V ; F). (1.3)

This is equivalent to solving the normal equation:

(L∗KL) U = (L∗K) F (1.4)

where L∗ is the adjoint operator of L with respect to the L2 inner product and K is a
block diagonal operator with each block associated with the Hk(i)(Ω) norm

K = diag (K1, · · · , Km) where Ki = I or (−∆)−1.

That is, each diagonal block of K is either the identity or the inverse of Laplacian. (For
the L2 least squares, we have K = I.) The normal operator L∗KL is a differential
operator of at most second-order. The variational form of (1.4) is to find U ∈ Φ such
that

b(U , V) ≡ (KLU , LV) = (KF , LV) ≡ f(V) ∀ V ∈ Φ. (1.5)

It is easy to check that
G(V ; 0) = b(V , V).

The design of the least-squares method is to choose first-order system (1.1) and
least-squares norms so that the least-squares problem (i.e., the normal equation or
the minimization problem or the weak form) can be numerically solved effectively and
efficiently; i.e.,

• the least-squares variables can be discretized with optimal accuracy;

• the resulting algebraic system can be solved with optimal complexity.

It is well known that problems with the identity or Laplace operators can be nu-
merically solved with both optimal accuracy and complexity. Recently, it was shown
that this is also true for problems involving the H(div) and H(curl) operators

Hdiv = I −∇ div and Hcurl = I +∇×∇×
provided Raviart-Thomas elements [17] are used for H(div) and edge elements [3] are
used for H(curl). Hence, one wants to develop the least-squares method so that the
normal operator L∗KL is equivalent to a block diagonal operator whose diagonal block
is either the identity, Laplacian, Hdiv, or Hcurl operators:

D = diag (D1, · · · , Dm) where Di = I, −∆, Hdiv, or Hcurl.

With such equivalence, the least-squares problem can then be numerically solved with
optimal accuracy and optimal complexity. Moreover, finite element spaces for different
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variables Ui can be chosen independently and, hence, based solely on the approximation
properties and implementation/computational costs.

The above equivalence between L∗KL and D means that there exist positive con-
stants α0 and α1 such that

α0

m∑
i=1

‖Vi‖2
Di
≤ b(V , V) and b(U , V) ≤ α1

(
m∑

i=1

‖Ui‖2
Di

) 1
2
(

m∑
i=1

‖Vi‖2
Di

) 1
2

(1.6)

for all U , V ∈ Φ.
Here ‖ · ‖Di

denotes the L2, H1, H(div), or H(curl) norms. The main task of
analyzing least-squares methods is to establish (1.6). Many physical models involve
parameters such as the Lamé constants for solids and the viscosity parameters for fluids.
It is then important to establish equivalence independent of these parameters. This
is because parameter-independent equivalence implies robustness of the least-squares
methods with respect to these parameters.

1.1 Least-Squares Approximation

Assume that Φh is a finite dimensional subspace of Φ satisfying the following approxi-
mation property:

inf
Vh∈Φh

(
m∑

i=1

‖Vi − V h
i ‖2

Di

) 1
2

≤ Ca hs (1.7)

for all V = (Vi)n×1 ∈ Φ. Then least-squares approximation is to find Uh ∈ Φh such
that

G(Uh ; F) = min
V∈Φh

G(V ; F). (1.8)

Equivalently, find Uh ∈ Φh such that

b(Uh, V) = f(V) ∀ V ∈ Φh. (1.9)

Theorem 1.1 Let U and Uh be the solutions of (1.5) and (1.9), respectively. Assume
that equivalence (1.6) and approximation property (1.7) hold. Then we have the follow-
ing error estimation: (

m∑
i=1

‖Ui − Uh
i ‖2

Di

) 1
2

≤ Ca
α1

α0

hs. (1.10)

Proof: Difference of (1.5) and (1.9) gives the error equation:

b(U − Uh, V) = 0 ∀ V ∈ Φh. (1.11)
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It follows from (1.6) and (1.7) that for any V ∈ Φh

α0

m∑
i=1

‖Ui − Uh
i ‖2

Di
≤ b(U − Uh, U − Uh) = b(U − Uh, U − V)

≤ α1

(
m∑

i=1

‖Ui − Uh
i ‖2

Di

) 1
2
(

m∑
i=1

‖Ui − Vi‖2
Di

) 1
2

≤ α1 Ca hs

(
m∑

i=1

‖Ui − Uh
i ‖2

Di

) 1
2

.

Dividing on both sides by α0

(∑m
i=1 ‖Ui − Uh

i ‖2
Di

) 1
2 yields (1.10) and, hence, the theo-

rem.

1.2 Mesh Refinement Indicator

Let U be the solution of (1.1) and V ∈ Φ be a computed approximation to U . Then
(1.1) and (1.6) imply

G(V ; F) =
m∑

i=1

‖
n∑

j=1

Lij Vj − Fi‖2
k(i),Ω =

m∑
i=1

‖
n∑

j=1

Lij (Vj − Uj)‖2
k(i),Ω

∼
m∑

i=1

‖Vi − Ui‖2
Di

. (1.12)

Since

G(0; F) =
m∑

i=1

‖Fi‖2
k(i),Ω =

m∑
i=1

‖
n∑

j=1

Lij Uj‖2
k(i),Ω ∼

m∑
i=1

‖Ui‖2
Di

,

combining with (1.12) gives

G(V ; F)

G(0; F)
∼

∑m
i=1 ‖Vi − Ui‖2

Di∑m
i=1 ‖Ui‖2

Di

. (1.13)

(1.12) means that the value of the least-squares functional at V gives certain measure-
ment of absolute difference between the solution U and an approximation V in the
functional induced norm. Therefore, the value of the least-squares functional at V on
each element probably gives a reasonable mesh refinement indicator. Especially, this
is true for nonlinear problem.
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2 Second-Order Scalar PDEs

Consider the following second-order elliptic boundary value problem:



−∇ · (A∇ p) + Xp = f, in Ω,

p = 0, on ΓD,
n · A∇ p = 0, on ΓN ,

(2.1)

where A is a d× d symmetric matrix of functions in L2(Ω) and X is an at most first-
order linear differential operator. We assume that A is uniformly symmetric positive
definite: there exist positive constants 0 < λ ≤ Λ such that

λξT ξ ≤ ξT Aξ ≤ ΛξT ξ (2.2)

for all ξ ∈ <d and almost all x ∈ Ω. The corresponding variational form of system
(2.1) is to find p ∈ V such that

a(p, q) = f(q) ∀ q ∈ V (2.3)

where

V =

{
H1

0,D(Ω) if mes(ΓD) 6= ∅
Ĥ1(Ω) otherwise,

with Ĥ1(Ω) = {v ∈ H1(Ω) | ∫
Ω

v dx = 0} and the bilinear and linear forms are defined
by

a(p, q) = (A∇p, ∇q) + (Xp, q) and f(q) = (f, q),

respectively. Under appropriate assumptions on ΓD and X, problem (2.3) is uniquely
solvable in H1

0,D(Ω) for any f ∈ H−1(Ω) or uniquely solvable in Ĥ1(Ω) if and only if f
satisfies the compatibility condition

∫

Ω

f dx = 0.

2.1 First-Order System of PDEs

For (2.1), we consider two first-order systems. To this end, introducing the flux variable

u = −A∇p,

problem (2.1) may be rewritten as a first-order system of partial differential equations
as follows:

LU ≡
(

A− 1
2 A

1
2∇

div X

) (
u

p

)
=

(
0

f

)
≡ F in Ω (2.4)

with boundary conditions

p = 0 on ΓD and n · u = 0 on ΓN . (2.5)
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Based on this system, we will consider two functionals: (1) Div least-squares functional
and (2) inverse norm least-squares functional.

Note that if u is sufficiently smooth, then the properly scaled solution, A−1u, of
(2.4) is curl free, i.e., ∇× (A−1u) = 0, and that the homogeneous Dirichlet boundary
condition on ΓD implies the tangential flux condition

n× (A−1u) = 0 on ΓD.

We then have a redundant but consistent first-order system:

LU ≡




A− 1
2 A

1
2∇

div X

∇× A−1 0




(
u

p

)
=




0

f

0


 ≡ F (2.6)

with boundary conditions

p = 0, n× (A−1u) = 0 on ΓD, and n · u = 0 on ΓN . (2.7)

Based on this system, we will consider Div-curl least-squares functional.

2.2 Div Least-Squares Functional

Let HN(div; Ω) denote a subspace of H(div; Ω):

HN(div; Ω) = {v ∈ H(div; Ω) : n · v = 0 on ΓN}.
For any (v, q) ∈ HN(div; Ω) × V ≡ Φ, consider the following div least-squares func-
tional:

G(v, q; f) = ‖A− 1
2 (v + A∇q)‖2

0,Ω + ‖∇ · v + Xq − f‖2
0, Ω. (2.8)

The corresponding normal operator is

L∗ L =

(
A−1 −∇ div ∇ (I −X)

−(I −X∗) div −div A∇+ X∗ X

)
(2.9)

with L defined in (2.4) and the corresponding bilinear and linear forms are

b(u, p; v, q) = (A−1(u + A∇p), (v + A∇q)) + (∇ · u + Xp, ∇ · v + Xq)(2.10)

f(v, q) = (f, ∇ · v + Xq). (2.11)

The main task of this section is to establish the following equivalence:

L∗ L ∼
(

I −∇ div 0

0 −∆

)
.
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Theorem 2.1 There exist positive constants α0 and α1 such that

α0

(‖v‖2
H(div) + ‖q‖2

1, Ω

) ≤ b(v, q; v, q) = G(v, q; 0) (2.12)

for any (v, q) ∈ HN(div; Ω)× V and

b(u, p; v, q) ≤ α1

(‖u‖2
H(div) + ‖p‖2

1, Ω

) 1
2
(‖v‖2

H(div) + ‖q‖2
1, Ω

) 1
2 (2.13)

for any (u, p) and any (v, q) in HN(div; Ω)× V .

Proof: (2.13) is a direct consequence of the Cauchy-Schwarz and triangle inequalities.
To show the validity of (2.12), we first establish that

(‖v‖2
H(div) + ‖q‖2

1, Ω

) ≤ C
(
G(v, q; 0) + ‖q‖2

0, Ω

)
. (2.14)

It follows from integration by parts, the Cauchy-Schwarz inequality, the Poincaré in-
equality, and (2.2) that

‖A 1
2∇ q‖2

0, Ω = (A
1
2∇ q + A− 1

2v, A
1
2∇ q)− (v, ∇ q)

= (A
1
2∇ q + A− 1

2v, A
1
2∇ q) + (∇ · v, q)

= (A
1
2∇ q + A− 1

2v, A
1
2∇ q) + (∇ · v + Xq, q)− (Xq, q)

≤ ‖A 1
2∇ q + A− 1

2v‖0, Ω ‖A 1
2∇ q‖0, Ω + ‖∇ · v + Xq‖0, Ω ‖q‖0, Ω + ‖Xq‖0, Ω ‖q‖0, Ω

≤
(
‖A 1

2∇ q + A− 1
2v‖0, Ω + C ‖q‖0, Ω

)
‖A 1

2∇ q‖0, Ω + ‖∇ · v + Xq‖0, Ω‖q‖0, Ω.

Combining the fact that ab ≤ 1
2
a2 + 1

2
b2, we have

‖q‖2
1, Ω ≤ C ‖A 1

2∇ q‖2
0, Ω ≤ C

(
G(v, q; 0) + ‖q‖2

0, Ω

)
. (2.15)

(2.2), the triangle inequality, and (2.15) give

‖v‖2
0, Ω ≤ 1

Λ
‖A− 1

2v‖2
0, Ω ≤

2

Λ

(
‖A− 1

2v + A
1
2∇ q‖2

0, Ω + ‖A 1
2∇ q‖2

0, Ω

)

≤ C
(
G(v, q; 0) + ‖q‖2

0, Ω

)
.

By the triangle inequality and (2.15), we have

‖∇ · v‖2
0, Ω ≤ 2

(‖∇ · v + Xq‖2
0, Ω + ‖Xq‖2

0, Ω

) ≤ 2
(‖∇ · v + Xq‖2

0, Ω + C ‖q‖2
1, Ω

)

≤ C
(
G(v, q; 0) + ‖q‖2

0, Ω

)
.

Combining the above three inequalities yields (2.14).
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With (2.14), we show the validity of (2.12) by the compactness argument. To
this end, assume that (2.12) is not true. This implies that there exists a sequence
{vn, qn} ∈ HN(div; Ω)× V such that

‖vn‖2
H(div) + ‖qn‖2

1, Ω = 1 and G(v, q; 0) ≤ 1

n
(2.16)

Since V is compactly contained in L2(Ω), there exists a subsequence {pnk
} ∈ V which

converges in L2(Ω). For any k, l and (vnk
, pnk

), (vnl
, pnl

) ∈ HN(div; Ω)×V , it follows
from (2.14) and the triangle inequality that

‖vnk
− vnl

‖2
H(div) + ‖qnk

− qnl
‖2

1, Ω

≤ C
(
G(vnk

− vnl
, qnk

− qnl
; 0) + ‖qnk

− qnl
‖2

0, Ω

)

≤ C
(
G(vnk

, qnk
; 0) + G(vnl

, qnl
; 0) + ‖qnk

− qnl
‖2

0, Ω

) → 0.

which implies that (vnk
, pnk

) is a Cauchy sequence in the complete space HN(div; Ω)×
V . Hence, there exists (v, p) ∈ HN(div; Ω)× V such that

lim
k→∞

(‖vnk
− v‖H(div) + ‖qnk

− q‖1,Ω

)
= 0.

Next, we show that
q = 0 and v = 0 (2.17)

which contradict with (2.16) that

0 = ‖v‖2
H(div) + ‖q‖2

1, Ω = lim
k→∞

‖vnk
‖2

H(div) + ‖qnk
‖2

1, Ω = 1.

To this end, for any φ ∈ V , integration by parts and the Cauchy-Schwarz inequality
give

a(qnk
, φ) = (A∇qnk

, ∇φ) + (Xqnk
, φ) = (A∇qnk

+ vnk
, ∇φ) + (Xqnk

+∇ · vnk
, φ)

≤ G(vnk
, qnk

; 0)
1
2‖φ‖1,Ω.

Since lim qnk
= q in V , we then have

|a(q, φ)| = lim
k→∞

|a(qnk
, φ)| ≤ lim

k→∞
G(vnk

, qnk
; 0)

1
2‖φ‖1,Ω = 0.

Because (2.3) has a unique solution, we have that

q = 0.

Now, v = 0 follows from (2.14):

‖v‖2
H(div) = lim

k→∞
‖vnk

‖2
H(div) ≤ C lim

k→∞

(
G(vnk

, qnk
; 0) + ‖qnk

‖2
0, Ω

)
= 0.

This completes the proof of (2.17) and, hence, the theorem.
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2.3 Inverse Norm Least-Squares Functional

For any (v, q) ∈ HN(div; Ω)× V ≡ Φ, consider the following least-squares functional:

G(v, q; f) = ‖A− 1
2 (v + A∇q)‖2

0,Ω + ‖∇ · v + Xq − f‖2
−1, D. (2.18)

Let

K =

(
I 0

0 (−∆D)−1

)
(2.19)

where (−∆D)−1 is the solution operator of the Laplace equation with homogeneous
Dirichlet boundary conditions on ΓD. Then the corresponding normal operator is

L∗KL =

(
A−1 −∇ (−∆D)−1 div ∇ (I − (−∆D)−1 X)

−(I −X∗ (−∆D)−1) div −div A∇+ X∗ (−∆D)−1 X

)
(2.20)

with L defined in (2.4) and the corresponding bilinear and linear forms are

b(u, p; v, q) = (A−1(u + A∇p), (v + A∇q))

+((−∆D)−1(∇ · u + Xp), ∇ · v + Xq) (2.21)

f(v, q) = ((−∆D)−1f, ∇ · v + Xq), (2.22)

respectively.

Theorem 2.2 There exist positive constants α0 and α1 such that

α0

(‖v‖2 + ‖q‖2
1, Ω

) ≤ b(v, q; v, q) = G(v, q; 0) (2.23)

for any (v, q) ∈ HN(div; Ω)× V and

b(u, p; v, q) ≤ α1

(‖u‖2 + ‖p‖2
1, Ω

) 1
2
(‖v‖2 + ‖q‖2

1, Ω

) 1
2 (2.24)

for any (u, p) and any (v, q) in HN(div; Ω)× V .

Proof: The theorem may be proved in a similar fashion as that of Thereom 2.1.

This theorem gives the following equivalence:

L∗KL ∼
(

I 0

0 −∆

)
.
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2.4 Div-Curl Least-Squares Functional

We use the following space to define the div-curl least-squares functional for the ex-
tended system (2.6). Let

H(curl A; Ω) = {v ∈ L2(Ω)d : ∇× (A−1v) ∈ L2(Ω)2d−3}, (2.25)

which is a Hilbert space under the norm

‖v‖H(curl A) ≡
(‖v‖2

0, Ω + ‖∇× (A−1v)‖2
0, Ω

) 1
2 .

When A is the identity matrix in (2.25), we use the simpler notation H(curl; Ω). Define
the subspaces

HD(curl A; Ω) = {v ∈ H(curl A; Ω) : n× (A−1v) = 0 on ΓD},

and
W = HN(div; Ω) ∩HD(curl A; Ω).

For (v, q) ∈ W × V = Φ, the div-curl least-squares functional is given by

G(v, q; f) = ‖A− 1
2 (v + A∇q)‖2

0, Ω + ‖∇ · v + Xq − f‖2
0, Ω + ‖∇× (A−1v)‖2

0, Ω. (2.26)

The corresponding normal operator is

L∗ L =

(
A−1 −∇ div + A−1∇×∇×A−1 ∇ (I −X)

−(I −X∗) div −div A∇+ X∗ X

)
(2.27)

with L defined in (2.6) and the corresponding normal operator and bilinear and linear
forms are

b(u, p; v, q) = (A−1(u + A∇p), v + A∇q) + (∇ · u + Xp, ∇ · v + Xq)

+(∇× (A−1u), ∇× (A−1v)) (2.28)

f(v, q) = (f, ∇ · v + Xq), (2.29)

respectively. It follows from Theorem 2.1 that we have the following equivalence:

L∗ L ∼
(

I −∇ div + A−1∇×∇×A−1 0

0 −∆

)
∼

(
−∆ 0

0 −∆

)
. (2.30)

The second equivalence requires sufficient smoothness of coefficients and boundary (see
[7] for the proof).

10



Theorem 2.3 There exist positive constants α0 and α1 such that

α0

(‖v‖2
H(div) + ‖∇× (A−1v)‖2

0, Ω + ‖q‖2
1, Ω

) ≤ b(v, q; v, q) (2.31)

for any (v, q) ∈ W × V and

b(u, p; v, q) ≤ α1

(‖u‖2
H(div) + ‖∇× (A−1u)‖2

0, Ω + ‖p‖2
1, Ω

) 1
2

· (‖v‖2
H(div) + ‖∇× (A−1v)‖2

0, Ω + ‖q‖2
1, Ω

) 1
2 (2.32)

for any (u, p), (v, q) ∈ W × V .

2.5 Least-Squares Problems

For the solution space Φ, we have the following equivalent least-squares problems:
minimization problem: find (u, p) ∈ Φ such that

G(u, p; f) = min
(v, q)∈Φ

G(v, q; f); (2.33)

variational problem: find (u, p) ∈ Φ such that

b(u, p; v, q) = f(v, q) ∀ (v, q) ∈ Φ. (2.34)

2.6 Least-Squares Approximation

In this subsection, we consider least-squares finite element approximation only based
on the div least-squares functional. Approximation based on the div-curl least-squares
functional may be studied in a similar fashion. There are two numerical approximations
based on the inverse norm least-squares functional: (1) mesh-dependent norm approach
in [1] and (2) the discrete H−1 norm approach in [4].

Assume that Ω is a polygonal domain, let Th be a quasi-regular triangulation of Ω
with (triangular/tetrahedra or rectangular) elements of size O(h). Denote spaces of
polynomials on an element K ⊂ Rd:

Pk(K) is the space of polynomials of degree ≤ k;

Pk1,k2(K) = {p(x1, x2) : p(x1, x2) =
∑

i≤k1, j≤k2

aijx
i
1x

j
2, d = 2

Pk1,k2,k3(K) = {p(x1, x2, x3) : p(x1, x2, x3) =
∑

i≤k1, j≤k2, k≤k3

aijkx
i
1x

j
2x

k
3, d = 3.

Denote the local Raviart-Thomas (RT) space of index k ≥ 0 on an element K:

RTk(K) =





Pk(K)d + (x1, ..., xd)Pk(K), K = triangle/tetrahedra

Pk+1,k(K)× Pk,k+1(K), K = rectangle , d = 2

Pk+1,k,k(K)× Pk,k+1,k(K)× Pk,k,k+1(K), K = rectangle , d = 3

11



Degrees of freedom for RT0(K) = (a + bx1, c + bx2) on triangle or RT0(K) =
(a+bx1, c+dx2) on rectangle are normal components of vector field on all edges (faces)
of two- (three-) dimensional elements. See [5] for the choice of degrees of freedom for
the RTk space of index k ≥ 1. They are chosen for ensuring continuity of the normal
component of vector field at interfaces of elements. Then one can define the H(div; Ω)
conforming Raviart-Thomas space of order k ≥ 0 [17] by

RTk = {v ∈ H(div; Ω) : v|K ∈ RTk(K) ∀ K ∈ Th},

which has the approximation property:

inf
φ∈RTk

‖v − φ‖0,Ω ≤ C hr‖v‖r,Ω for 1 ≤ r ≤ k + 1 (2.35)

inf
φ∈RTk

‖∇ · (v − φ)‖0,Ω ≤ C hr‖∇ · v‖r,Ω for 0 ≤ r ≤ k + 1. (2.36)

Denote the space of continuous piecewise polynomials of degree ≤ k by

Sk = {q ∈ H1(Ω) : q|K ∈ Pk(K) ∀T ∈ Th}.

which has the following approximation property:

inf
φ∈Sk

(‖q − φ‖0,Ω + h ‖q − φ‖1,Ω) ≤ C hr+1‖q‖r+1,Ω for 0 ≤ r ≤ k + 1. (2.37)

Then least-squares approximation is to find (uh, ph) ∈ RTk × Sk such that

b(uh, ph; v, q) = f(v, q) ∀ (v, q) ∈ RTk × Sk. (2.38)

Theorem 2.4 Let (u, p) and (uh, ph) be the solutions of (2.34) and (2.38), respec-
tively. Then we have the following error estimation:

‖u− uh‖H(div) + ‖p− ph‖1,Ω ≤ C
α1

α0

hr (‖p‖r+1,Ω + ‖u‖r,Ω + ‖∇ · u‖r,Ω)

≤ C
α1

α0

hr (‖p‖r+1,Ω + ‖f‖r,Ω) . (2.39)

Proof: (2.39) follows from Theorem 1.1, the approximation properties in (2.35),
(2.36), and (2.37), and the facts that

‖u‖r,Ω ≤ C ‖p‖r+1,Ω

and that
‖∇ · u‖r,Ω = ‖f −Xp‖r,Ω ≤ ‖f‖r,Ω + C ‖p‖r+1,Ω.
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2.7 Comparison of Least-Squares Methods

In this section, we make simple comparison of least-squares methods. The div least-
squares method has the following numerical properties:

+ optimal finite element approximation;

+ optimal fast multigrid solver if Raviart-Thomas elements are used for the flux.

The mesh dependent least-squares method has the following properties:

+ optimal finite element approximation;

– unknown fast iterative solver.

The discrete H−1 norm least-squares method has the following properties:

+ optimal finite element approximation;

+ uniformly well preconditioned by multigrid or domain decomposition;

– expensive evaluations of the discrete H−1 norm.

The div-curl least-squares method has the following properties:

+ finite element approximations are H1-optimally accurate in each variable (includ-
ing new variables);

+ standard multigrid methods applied to the resulting discrete equation have opti-
mal complexity;

– additional smoothness of the original problem is required for the second equiva-
lence in (2.30).

2.8 Boundary Least-Squares Functional

Denote by H− 1
2 (∂Ω) the dual space of H

1
2 (∂Ω) with the dual norm

‖v‖− 1
2
,∂Ω = sup

q∈H
1
2 (∂Ω)

< v, q >

‖q‖ 1
2
,∂Ω

,

where the bracket < q, v > denotes duality between H− 1
2 (∂Ω) and H

1
2 (∂Ω). When

ΓN 6= ∂Ω = ΓN ∪ ΓD, denote by H− 1
2 (ΓN) the dual space of H

1
2
00(ΓN) = {v|ΓN

: v ∈
H1

0,D(Ω)}. In this section, we need the generalized Poincaré-Friedrichs inequality

‖q‖1, Ω ≤ C (‖∇q‖0, Ω + ‖q‖0,ΓD
) ∀ q ∈ H1(Ω) if mes(ΓD) 6= 0,

‖q‖1, Ω ≤ C ‖∇q‖0, Ω ∀ q ∈ Ĥ1(Ω) otherwise;
(2.40)
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and the trace inequalities for any subset Γ ⊂ ∂Ω with positive measure

‖q‖ 1
2
,Γ ≤ ‖q‖1,Ω ∀ q ∈ H1(Ω),

‖n · v‖− 1
2
,Γ ≤ ‖v‖H(div) ∀ v ∈ H(div; Ω).

(2.41)

The first inequality in (2.41) follows from the definition. The second inequality in (2.41)
follows from the definition, the Green’s formula, and the Cauchy-Schwarz inequality:
for any q ∈ H1(Ω) and q = 0 on Γ′ = ∂Ω \ Γ

| ∫
Γ
q n · v ds|
‖q‖ 1

2
,∂Ω

≤ | ∫
∂Ω

q n · v ds|
‖q‖1,Ω

=
| ∫

Ω
q∇ · v dx +

∫
Ω
v · ∇q dx|

‖q‖1,Ω

≤ ‖v‖H(div).

Considering non-homogeneous boundary conditions:

p = g on ΓD and − n · A∇ p = h on ΓN

and the following least-squares functional:

G(v, q; f̂) = ‖A− 1
2 (v + A∇q)‖2

0, Ω + ‖∇ · v + Xq − f‖2
0, Ω

+‖p− g‖2
1
2
,ΓD

+ ‖n · v − h‖2
− 1

2
,ΓN

(2.42)

for (v, q) ∈ H(div; Ω)×H1(Ω), where f̂ = (f, g, h). Then the least-squares problem
for (2.4) is to minimize this quadratic functional over H(div; Ω)×H1(Ω): find (u, p) ∈
H(div; Ω)×H1(Ω) such that

G(u, p; f̂) = inf
(v, q)∈H(div; Ω)×H1(Ω)

G(v, q; f̂). (2.43)

It is easy to see that the variational form for (2.43) is to find (u, p) ∈ H(div; Ω)×H1(Ω)
such that

b(u, p; v, q) = f(v, q), ∀ (v, q) ∈ H(div; Ω)×H1(Ω), (2.44)

where the bilinear form b(· ; ·) : (H(div; Ω)×H1(Ω))2 → < is defined by

b(u, p; v, q) = (A−1(u + A∇p), v + A∇q)0, Ω + (∇ · u + Xp, ∇ · v + Xq)0, Ω

+ < p, q > 1
2
,ΓD

+ < n · u, n · v >− 1
2
,ΓN

and the linear form f(·, ·) : H(div; Ω)×H1(Ω) → < is defined by

f(v, q) = (f, ∇ · v + Xq)0, Ω+ < g, q > 1
2
,ΓD

+ < h, n · v >− 1
2
,ΓN

.

Theorem 2.5 Then there exist positive constants α0 and α1 such that

α0

(‖v‖2
H(div) + ‖q‖2

1, Ω

) ≤ b(v, q; v, q) (2.45)

for any (v, q) ∈ H(div; Ω)×H1(Ω) and

b(u, p; v, q) ≤ α1

(‖u‖2
H(div) + ‖p‖2

1, Ω

) 1
2
(‖v‖2

H(div) + ‖q‖2
1, Ω

) 1
2 (2.46)

for any (u, p), (v, q) ∈ H(div; Ω)×H1(Ω).
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Proof: The continuity of the bilinear form b(· ; ·) in (2.46) is an immediate con-
sequence of the Cauchy-Schwarz and trace inequalities. To show the validity of the
coercivity of the bilinear form in (2.45), it suffices to prove that

‖v‖2
H(div) + ‖q‖2

1, Ω ≤ C
(
b(v, q; v, q) + ‖q‖2

0,Ω

)
(2.47)

because (2.45) then follows from a standard compactness argument (see the proof of
Theorem 2.1). To this end, first note that, using the triangle and trace inequalities,

|
∫

∂Ω

q n · v ds| ≤ |
∫

ΓD

q n · v ds|+ |
∫

ΓN

q n · v ds|

≤ ‖q‖ 1
2
,ΓD
‖n · v‖− 1

2
,ΓD

+ ‖q‖ 1
2
,ΓN
‖n · v‖− 1

2
,ΓN

≤ ‖q‖ 1
2
,ΓD
‖v‖H(div) + ‖q‖1,Ω‖n · v‖− 1

2
,ΓN

≤ ‖q‖ 1
2
,ΓD

(‖v‖0,Ω + ‖∇ · v + Xq‖0,Ω + ‖Xq‖0,Ω) + ‖q‖1,Ω‖n · v‖− 1
2
,ΓN

≤ C ‖q‖ 1
2
,ΓD
‖A− 1

2v‖0,Ω + C ‖A 1
2∇q‖0,Ω

(
‖q‖ 1

2
,ΓD

+ ‖n · v‖− 1
2
,ΓN

)
+ b(v, q; v, q).

The triangle inequality gives that

‖A− 1
2v‖0,Ω ≤ ‖A− 1

2 (v + A∇q)‖0,Ω + ‖A 1
2∇q‖0,Ω, (2.48)

which, together with the above inequality, implies that

|
∫

∂Ω

q n · v ds| ≤ C
(
‖q‖ 1

2
,ΓD

+ ‖n · v‖− 1
2
,ΓN

)
‖A 1

2∇q‖0,Ω + C b(v, q; v, q). (2.49)

It follows from integration by parts, the Cauchy-Schwarz and Poincaré-Friedrichs in-
equalities, and (2.49) that

‖A 1
2∇q‖2

0,Ω = (A− 1
2 (A∇q + v), A

1
2∇q)0,Ω + (q,∇ · v)0,Ω −

∫

∂Ω

q n · v ds

≤ ‖A− 1
2 (A∇q + v)‖0,Ω‖A 1

2∇q‖0,Ω + ‖q‖0,Ω‖∇ · v‖0,Ω −
∫

∂Ω

q n · v ds

≤
(
‖A− 1

2 (A∇q + v)‖0,Ω + ‖∇ · v + Xq‖0,Ω + ‖n · v‖− 1
2
,ΓN

+ ‖q‖ 1
2
,ΓD

)
‖A 1

2∇q‖0,Ω

+‖q‖0,Ω‖Xq‖0,Ω + C b(v, q; v, q).

Hence,
‖Xq‖2

0,Ω ≤ C ‖A 1
2∇q‖2

0,Ω ≤ C
(
b(v, q; v, q) + ‖q‖2

0,Ω

)
.

Combining with (2.48) and the triangle inequality yields

‖A− 1
2v‖2

0,Ω + ‖∇ · v‖2
0,Ω ≤ C

(
b(v, q; v, q) + ‖q‖2

0,Ω

)
.

This completes the proof of (2.47) and, hence, theorem.

For numerical approach based on the boundary least-squares functional, see [18].
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Homework

Consider problem (2.1) with Xp = b · ∇p + cp, study dependence of constants α0

and α1 in Theorem 2.1 on the diffusion coefficients A, convection coefficients b, and
reaction coefficient c for the following cases:

• A = a(x) I, b = 0, and c = 0.

• A = I, b = b

(
1
1

)
, and c = 0, where b is a constant.

• A = I, b = 0, and c = −ω, where ω > 0 is a constant.
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