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RECOVERY-BASED ERROR ESTIMATORS FOR INTERFACE
PROBLEMS: MIXED AND NONCONFORMING
FINITE ELEMENTS*
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Abstract. In [Z. Cai and S. Zhang, SIAM J. Numer. Anal., 47 (2009), pp. 2132-2156], we
introduced and analyzed a recovery-based a posteriori error estimator for conforming linear finite
element approximation to interface problems. It was shown theoretically that the estimator is robust
with respect to the size of jumps provided that the distribution of coefficients is locally monotone.
Numerical examples showed that this condition is unnecessary. This paper extends the idea in [Z. Cai
and S. Zhang, SIAM J. Numer. Anal., 47 (2009), pp. 2132-2156] to mixed and nonconforming finite
element methods for developing and analyzing robust estimators. Numerical results on test problems
are also presented. Moreover, an a priori error estimate is obtained when the underlying problem
has low regularity.
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1. Introduction. The recovery-based a posteriori error estimators have been
extensively studied for conforming finite elements by many researchers due to their
many appealing properties: simplicity, asymptotic exactness, and universality. For
the mixed and nonconforming finite element methods, Carstensen and Bartels in
[11] introduced and analyzed recovery-based error estimators. Their estimators for
both the mixed and the nonconforming elements are based on the recovery of the
gradient in H!(Q)2. These estimators work well for the Poisson equation even though
the gradient of the exact solution belongs only to H(div) N H(curl) for nonconvex
polygonal domains. For other types of estimators on the mixed and the nonconforming
methods, see [1, 2, 10, 11, 12, 14, 16, 17, 26, 27] and references therein.

As demonstrated numerically in [23, 9] and theoretically in [9], for conforming
finite element approximations to the interface problem with large jumps, existing
estimators of the recovery type overrefine regions where there are no errors and, hence,
fail to reduce the global error. This is also true for the recovery-based estimators in
[11] for the mixed and nonconforming finite element methods (see Figures 1, 2, 7, and
8). The reason for the overrefinements is that the recovered gradient is continuous
but the true gradient is discontinuous. To overcome this structural difficulty, one
often applies the method on each subdomain separately. For reasons why this local
approach is not favorable, see detailed discussions in [23]. More importantly, the local
approach fails when triangulations do not align with interfaces, which occurs when
interfaces are curves/surfaces or have unknown locations. In [9], we introduced and
analyzed a global approach for the conforming linear finite element approximation
by recovering the flux in the H(div) conforming finite element spaces. The resulting
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RECOVERY ERROR ESTIMATORS FOR INTERFACE PROBLEMS 31

estimator is then free of overrefinements and satisfies the efficiency and reliability
bounds with constants independent of the size of jumps.

The purpose of this paper is to extend the idea in [9] to mixed and nonconforming
finite element approximations. To do so, we need to determine what quantities are
to be recovered and which finite element spaces are to be used. The guideline for
such choices is based on our view that a recovery-based estimator is a measurement
of the violation of finite element approximations on physical continuities. Therefore,
the quantities to be recovered are those whose finite element approximations do not
preserve the physical continuity. The interface problems in (2.1) have two physi-
cal continuities: the solution u and the normal component of the flux o = —kV w.
Mathematically, this means

(1.1) ue€ H'(Q) and o € H(div) C L*(Q)2.

For the mixed method, the continuity of the solution is violated while that of
the flux is preserved. To measure such a violation, we recover the gradient of the
solution. To choose proper finite element spaces, we notice that the first property in
(1.1) implies

(1.2) Vu € H(curl).

Physically, the tangential components of vector fields in H(curl) are continuous.
Therefore, the quantity to be recovered is the gradient and the proper finite ele-
ment space is the H(curl) conforming finite element space. This choice accommo-
dates discontinuity of the normal component of the gradient and, hence, eliminates
overrefinements. For nonconforming finite element approximations, since both con-
tinuities are violated, we recover both the flux and the gradient in the H(div) and
H (curl) conforming finite element spaces, respectively, through weighted L? projec-
tions. The estimator is then the average of two measurements: the weighted L? norms
of differences between the direct and the recovered approximations of the flux and the
gradient.

Estimators introduced in this paper are analyzed by establishing the reliability
and efficiency bounds and are supported by numerical results. In particular, we
prove theoretically that the estimators are robust, in the sense that the reliability and
efficiency constants are independent of the size of jumps, provided that the distribution
of coefficients is locally monotone. We also show numerically that there is no over-
refinements along interfaces for a benchmark test problem whose coefficients are not
locally monotone. Results in this paper may be extended to three dimensions in a
straightforward manner.

It is important to point out that research on robust estimators for interface prob-
lems is limited. For the conforming finite element method, robust a posteriori error
estimators have been studied by Bernardi and Verfiirth [6] and Petzoldt [24] for the
residual-based estimator, by Luce and Wohlmuth [18] for the equilibrated estimator,
and by us [9] for the recovery-based estimator. For the nonconforming elements,
Ainsworth [1] studied a robust equilibrated estimator. For the mixed method, see a
recent work by Ainsworth [2].

This paper is organized as follows. Section 2 introduces interface problems and
variational formulations. Various finite element spaces and both mixed and noncon-
forming finite element approximations are described in section 3. Recovery procedures
and a posteriori error estimators are defined in sections 4 and 5, respectively. We es-
tablish the efficiency and reliability bounds of estimators introduced in this paper
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32 ZHIQIANG CAI AND SHUN ZHANG

in section 6. Finally, we present numerical results for a benchmark test problem in
section 7.

1.1. Function spaces and preliminaries. Let 2 be a bounded polygonal do-
main in R? with boundary 0Q = Tp ULy and I'p NT'y = . For a subdomain
G C 1, we use the standard notations and definitions for the Sobolev spaces H*(G)
and H*(0QG) for s > 0. The standard associated inner products are denoted by (-, -)s.¢
and (-, -)s,0¢, and their respective norms are denoted by | - ||s,¢ and || - ||s,0¢. We
omit the subscript G or 0G if G = Q) from the inner product and norm designation
when there is no risk of confusion. We shall use the following subspaces of H*(Q):

Hy(Q):={vec H'(Q) : v=00nTp} and HyN(Q) :={ve HY(Q) :v=00nTy}.
In two dimensions, for 7 = (71, 72)?, define the divergence and curl operators by

= 87—1—0—% and VXTZZ%—%

VeTi= 8—(E1 8!E2 (9951 8x2’

respectively. For a scalar-valued function v, define the operator V+ by

t
VLUZQWZ( dv a“) with Q:(? _01>

Oy Oy
We shall use the following Hilbert spaces:
H(div;Q) = {1 € L*(Q)?: V-1 € L*(Q)}
and
H(cur; Q) = {1 € L*(Q)? : VxT € L*(Q)},
equipped with the norms
Il = (I3 0 + 19 - 7113 0)*
and
I lreuta) = (17130 + 19xT13.0)*
respectively. Denote their subspaces by
Hy(div; Q)= {7 € H(div;Q) : 7 -n|, =0}
and

Hp(cwl; Q)= {r € H(cwr; Q) : 7 - t‘FD =0},

where n = (ny,n2)! and t = (t1,%2)! = Q@n = (—ng,n1)! are the unit vectors outward
normal to and clockwise tangent to the boundary 0f2, respectively.
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2. Interface problems and variational forms. Consider the following inter-
face problem:

2.1) { -V (k(x)Vu)=f inQ,

u=0 onl'p and n-(kVu)=0 only,

where f is a given scalar-valued function in L?(2), and k(z) is positive and piecewise
constant on polygonal subdomains of 2 with possible large jumps across subdomain
boundaries (interfaces): k(z) = k; > 0in Q; for ¢ = 1, ..., n. Here, {2}, is a
partition of the domain 2 with €2; being an open polygonal domain. For simplicity,
we consider only homogeneous boundary conditions. Also, we assume that I'p is not
empty (i.e., mes(I'p) # 0).

Denote bilinear and linear forms, respectively, by

a(u, v) = (k(z)Vu, Vo) and f(v) = (f, v).
Then the variational form of problem (2.1) is to find u € H}(Q) such that
(2.2) a(u, v) = f(v) Vove HH).
Define the flux by
o=—k(z)Vu in Q,

and then the mixed variational formulation is to find (o, u) € Hy(div; Q) x L*(Q2)
such that

(2.3)

{ (k7lo, )= (V-T,u) =0 V T € Hy(div; Q),
(V-o,v) = (f,v) VwveL*Q).

3. Finite element approximations.

3.1. Finite element spaces. For simplicity of presentation, consider only tri-
angular elements. Let 7 = {K} be a finite element partition of the domain 2 and
denote by hx the diameter of element K. Assume that the triangulation 7 is regular
[13] and that interfaces F' = {0Q; N 9Q;|i,j = 1, ..., n} do not cut through any
element K € T.

Denote the set of all edges of the triangulation by £ := &£, UE, U £, where &,
is the set of all interior element edges and £, and &, are the sets of all boundary
edges belonging to the respective I'p and I'y. For each e € £, denote by m. and h,
the midpoint and the length of the edge e, respectively. For each K € T, let Py(K)
be the space of polynomials of degree k. Denote the conforming and nonconforming
linear finite element spaces [13, 15] associated with the triangulation 7 by

U={veH' (Q) :v[x e PA(K) VKeT}
and U™ ={ve L*(Q) : v|x € P(K)V K € T, and vis continuous at m. Ve € En},
respectively, and their respective subspaces by
Up={veU:v=00onTp} and UK ={veld™ : v(im.)=0Vecép}.

The H(div; Q) conforming Raviart—-Thomas (RT) and Brezzi-Douglas—Marini
(BDM) spaces [7] of the lowest order are defined by

RTy = {T S HN(diV; Q) : T|K (S RT()(K) VK e T} with RT()(K) = Po(K)2+($17$2) P()(K)
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34 ZHIQIANG CAI AND SHUN ZHANG

and
BDM, = {r € Hy(div; Q) : 7|x € BDM(K) ¥ K € T} with BDM,(K) = P,(K)?,

respectively. The H(curl; ) conforming first and second types of Nedelec spaces of
the lowest order [21, 22] are defined by

NDi={r e Hp(curl; Q) : 7|x € ND1(K)V K €T} with ND1(K)=Po(K)*+(x2, —21) Po(K)
and
NDy = {1 € Hp(cwrl; Q) : 7| € NDo(K) VK € T} with NDo(K) = P,(K)?,

respectively. For convenience, denote RTo/BDM; by Vy and ND;/NDs by Wp.
Also, let

Po={vel*9) :v|lg € PR(K)VKcT}.
Finally, we define the discrete gradient, divergence, and curl operators as follows:
(Vio)lgk :=V(lk), (Vi -T)lk =V (1|k), and (Vy x7)|x :=Vx(T|K)

for all K € T, respectively.

3.2. Finite element approximations. The mixed finite element method is to
find (m, um) € Vn X Py such that

{ (k7 Yo, ) — (V-7 up) = 0
(V-om,v)=(f,v) YveEbPm.

V1€ VN,
(3.1)

Let (o, u) and (o m, um) be the solutions of (2.3) and (3.1), respectively, and denote
the true error of the mixed finite element approximation by

(3.2) (B, €m) = (00— 0m, 4 — Up,).

Then the difference between (2.3) and (3.1) gives the following error equations:

(k1 Ep, 7)—(V-T, em)
(V- -E,,v)

VT1ely,

3.3
( ) VovePR.

=0
=0
A standard argument gives the following a priori error estimate.

THEOREM 3.1. Assume that the solution, (o,u), of problem (2.3) belongs to
H*(Q) x H*(Q) with 0 < s < 1. Then we have the following a priori error bound:

(3.4) |k=Y2E,, lo.0 < C||R°kY*Vul|s .o

with || kY2 V|50 = (X e b3 ||k1/2Vu||§)K)l/2 . Here and hereafter, in this pa-
per, we use C' with or without subscripts to denote a generic positive constant, possibly
different at different occurrences, that is independent of the mesh parameter hyx and
the ratio kmax/kmin but may depend on the domain €.

The nonconforming finite element method is to find u,. € U}° such that

(3.5) (EV htne, Vo) = (f,v) Vv elUp'.
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Let u and u,. be the solutions of (2.2) and (3.5), respectively, and denote the
true error of the nonconforming finite element approximation by e,. = u — Upc.
Since Up C UP°, we have the following error equation:

(3.6) (kVhene, Vv) = (k(Vu — Vitne), Vo) =0 YV v € Up.
For K € T and any v € H'***(K), 0 < s < 1, denote by
R |62V k., s € (1/2,1],
s K(hKv ) = —1/2
hic|Y2Volls i + hickye Nl fllox, s € (0, 1/2].

LEMMA 3.2. For any w € UL and any K € T, let Wi e be the mean value of w|k
over edge e € OK. Assume that the solution u of problem (2.2) belongs to H'*%(Q)
with s € (0, 1], and then

(3.7) >

ecOK

< CBsk(hi, u) [|[Vwllo,x-

[0 kv (w0 = ) s

For v € H'"*(K), note that integral [ (n-kVv)wds is the standard integration in
L?(e) if s > 1/2. When s € (0,1/2], it should be viewed as the duality pairing
((n- kVv),w)e, where (n-kVv)|, € H~Y?(e) and w|, € H'/?~(e) for any positive
€ <s.

Proof. The definition of wg . implies

(3.8) /(n V) (1 — ) ds = /(n VU — G (w — o) ds,

e

for any constant (.. When s € (1/2, 1], (3.7) may be proved by a standard argument
(see, e.g., [8]). When s € (0, 1/2], using (3.8), the definition of the dual norm, and
the approximation property, we have

[ k90) (0 - e ds

€

< AVu = Cel|—1/24¢,el

< OheHn kVu — <G||71/2+67€|

Let ¢ be the mean value of kVu over K. Choosmg ¢. = ¢-n, and using (2.1) and the
fact [5] that ||V -0l _1/21ce < C (Ve + hi €| ) for any ¢ € H'**(K)
with A¢ € L?(K) and for any 0 < € < 1/2, we have

In-EVu = Cell-1/24ee = [0+ (VU = Q)| -1/24c.c
< C ([kVu = Clle.x + hig I fllox) < C (b

sk T 0N fllox) -

Combining the above two inequalities yields (3.7) and, hence, the proof of the
lemma. O

THEOREM 3.3. Assume that the solution u of problem (2.2) belongs to HT5(£2)
with 0 < s < 1. Then we have the following a priori error bound:

1/2
162V (4 = tne)|o.o < C <Z B? i (hi, u ) .

KeT
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36 ZHIQIANG CAI AND SHUN ZHANG

Proof. Let u. be the orthogonal projection of u onto Up with respect to the inner
product (kV-,V-), and then the fact that Up C UR° implies

1/2
inf [|k/?Vp(u—v)]oq < [KY/2Vh(u—u)|oq < C (Z R ||k 2V ul|? ) :

veUR
KeT

The second inequality above may be proved similarly as that of Proposition 2.4 in [6].
For any w € U}, any K € T, and any e € 0K, let K~ be the element sharing
the common edge e, and then the continuity of w at the midpoint of e implies that
WK,e = Wg—- . For e € Ep, w(m,) = 0 implies that Wk . = 0. Then it follows from
integration by parts, (2.1), and the continuity of n - kVu across edge e that

(kVu, Vyw) — Z/ n-kVu)wds = Z Z/ kVu) (w—wk,e) ds,

KeT KeT ecOK

which, together with the triangle inequality and Lemma 3.2, give

1/2
|(kVu, Viw) — (f, |<C<ZB (hi, u ) 162V hwllo,0.
KeT

Now, Theorem 3.3 is a direct consequence of Strang’s lemma (see, e.g., [13]). 0
4. Gradient and/or flux recovery.

4.1. Implicit approximation. For the mixed finite element approximation
(T, Um), the continuity of the solution and, hence, the continuity of the tangen-
tial component of the gradient are violated while that of the flux is preserved. This
suggests to recover the gradient in the H(curl) conforming finite element space N D.
Since Vu = —k~la, it is recovered by finding p,, € N Dy such that

(4.1) (kpy,, 7)=—(Om, T) VT € NDs.
It may be proved easily that p,, is a good approximation to Vu up to the accuracy
of the mixed finite element approximation.

THEOREM 4.1 (see [8]). There exists a constant C > 0 independent of the ratio
kmax/kmin such that

(42) 12— p)lon < € L int IRV = Dlln + 10— onlon).

For the nonconforming finite element approximation .., both the continuities of
the tangential component of the gradient and the normal component of the flux are
violated. Hence, we recover both the gradient and flux as follows: finding p,,. € Wp
such that

(4.3) (kppe, T) = (Vptne, 7) VT € Wp,
and finding o,. € Vy such that

(4.4) (k™ 'one, T) = —(Vilne, T) ¥V T € V.
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THEOREM 4.2 (see [8]). There exists a constant C' > 0 independent of the ratio
kmax/kmin

(45) 1825 pylon < € int IF/2(Tu =Dl + [F/2(T0 - Tauno)lon
D

and that

(4.6) [Ik™%(0 = one) 0.0 < O(Tigvf I5=2(0 = )llo.0 + [K/*(Vu —vhum>||o,n> :

4.2. Explicit approximations. Let ... and d;; denote the Kronecker delta.
Nodal basis functions of RTy, BDM;, NDy, and N D5 corresponding to edge e € £
are characterized as follows:

(1) For RTy, ¢, is uniquely determined by

/ ¢e'n6’d82555’ VBIES.

(2) For BDMj, ¢, ; (i = 1,2) are uniquely determined by

/ sj_1¢>e)i ‘N ds =0ee0;; Ve €E and for j=1,2,

where s is a local coordinate on e’ ranging from —1 to 1. Notice that P
of BDM; and ¢ of RTj are the same. Since ¢, |. - n. = 1/[e[, we have the
following orthogonality property:

1
[es-n)(@esnds = o [ (600 nds =

€

(3) For NDq, v, is uniquely determined by
//¢6-te/ds:5ee/ Ve ek
(4) For NDa, 9, ,; (i = 1,2) are uniquely determined by
/, s, terds = 0cediy Ve €€ and for j=1,2.

Similarly, ., of NDy and % of ND; coincide and satisfy the following
orthogonality:

(4.7) [ @t - tds =0,

e

LEMMA 4.1. Every constant vector T on K € T has the following representations:
T = ZTed)e, 76:/(T-ne)ds and T = ZTe’l/)e, Te:/(T-te)ds,
e€COK € ecOK €

respectively, in RTy and ND;y. FEvery linear vector T on K has the following repre-
sentations:

T= Z (Ted Peq +Te2ben) with Tei= /Si_l(‘r ‘n.)ds

ecdK €
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and

T=Y (Terter +Te2t, ) with Te,iZ/Sifl(T-te) ds,

e€OK

respectively, in BDM; and N D-.

Proof. Since RTy(K) and ND;(K) and both BDM;(K) and ND3(K) contain
the respective constant and linear vectors, the lemma is then a direct consequence of
the characteristic equations of nodal basis functions. O

LEMMA 4.2. For a linear function v defined on edge e, let {1p;}7_, be the ND,
basis functions, and then

(4.8) v=0v1%,q te T2 5t with v = /siflv ds

and

(1.9) [P as =t [ oo, +03 [ 16, ds

Proof. (4.8) follows from the fact that span{e, ; - t.}7, = span{l, s}. (4.9) is a
consequence of (4.8) and (4.7). O

Now we are ready to introduce explicit approximations to the flux and the gra-
dient. For each e € £, denote by n. a unit vector normal to e. When e € £, UE,,
assume that n. is the unit outward normal vector. For each interior edge e € &,
let K} and K be the two elements sharing the common edge e such that the unit
outward normal vector of K coincides with n..

For o, € Vn, let 71 = —k~'o,,. Since 71 is a linear vector-valued function on
each K, its approximation p,,, € N Dy may be defined by

(4.10) P(0m) =D (Peaten + peotbes) »

ecé&

where p. 1 and p. 2 are the zero- and one-moments of the tangential component of p,,
on the edge e € £, U £, respectively, defined by

(4.11)
. e f, 51_1(7'1|K+ te)ds + (1 —71e) [, SZ_l(T1|K_ - t.) ds, for e € &,,
Pesi i= _ d c
o L8 (T - te) ds, foree&,,
for some parameter v, . € [0, 1].
Let 79 = —kV}, une. Since 75 is piecewise constant, then it suffices to approximate

it using RTp. Define the explicit approximation & p¢(un.) in RTy = span{¢, : e € £}
by

(4.12) Gneltine) = Y Ge &,

ecé
where 6, is the normal component of & ,.(un.) on the edge e € £ defined by

V2,e fe(‘rz|K+ ‘ne)ds + (1 —2.) fe(T2|K* -n.)ds, for e € &,,
fe(T2|e'ne) ds, foreef)D,

(4.13) G¢:= {
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for some constant vo . € [0, 1]. Let T3 = Vj upne. Since T3 is piecewise constant, we
approximate it in ND; = span{, : e € £} by

(4.14) Prc(tine) = pe ..,
ec&

where p, is the tangential component of p,,.(un,.) on the edge e € £ defined by

Ve f€(7'3|K+ “te)ds + (1 —3.) fe(T3|K* -te) ds, fore € &,,
(4.15) o = : :
L. (T3 - te)ds, fore € &,

for some constant vz . € [0, 1]. To ensure the efficiency bound independent of the size
of jumps, we choose

g by

e

Yoo = ———— o= ——
1/kK;- + kK; sz— + kK;

5. A posteriori error estimators.

(4.16)

5.1. Error estimators for mixed elements. Based on the solution of (4.1)
and on the explicit approximation in (4.10), we define a posteriori error estimators as
follows:

(5.1) i = K2 (pp + b rom)llox VK €T, i = 162 (p, + k7 o) 0.0
and
(5.2) i = 12 (P Ak om)lloc VK €T, i = [IK%(py, + k' om) 0,021

respectively. These estimators essentially measure the violation of the continuity of
the tangential derivatives of the true solution on the edges by the mixed elements. It
is obvious that

_ : 1/2 -1 < A
(5.3) m = _min 1757 + k" om)lloa < fim.

5.2. Error estimators for nonconforming elements. For every element K €

T, let
Mnea, ik = k™20 ne + kY2 V|

0.K ez, = K% (Ppe — Vne)llo,x
ﬁngl,K = ||k71/2a'nc,RTo + kl/2VUncHO,K; and ﬁnc,27K = Hk1/2(bnc,N - VU’I’LC)||O7K7

where o, and p,,. are the solutions of (4.4) and (4.3), respectively, and & ¢ rr, and
Pne.n are the explicit approximations defined in the respective (4.12) and (4.14). The
sums of their squares are denoted by

Mne,1 = ||k_1/20-nc + kl/zvunc”QQa Mne,2 = ||k1/2(Pnc - Vunc)|

0,2

ﬁngl = ||k71/2a-nc7RTo + k1/2vunc”0797 and ﬁnc,2 = ||k1/2(i)nc,N - Vunc)| 0,Q-

It is obvious that

(5.4)
Mne,1 = Min ||k_1/27' + kl/thumHO,Q and 7pe2 = min Hkl/Q(T — Vitne)lo,0-
TEVN TEWD

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



40 ZHIQIANG CAI AND SHUN ZHANG

Now, a posteriori error estimators for nonconforming elements are defined as follows:

(5.5) 771%07K = 0277121@1,1( +(1- 02)77721@2,1( VKeT, N = 02771%071 +(1— Cz)ﬂic,%

and
(56) 77727,0,1( = 6277727,@1,1( + (1 - 62)77727,0,2,1( VK € T? 77727,0 = 6277727,@1 + (1 - 62)7?1210,2;

where 0 < ¢ < 1 is a parameter to be chosen, e.g., ¢ = 1/2. These estimators
essentially measure the violations of the continuity of both the normal components
of the flux and the tangential derivatives of the true solution on the edges by the
nonconforming elements.

Let up. and @, be the solutions of (3.5) with the right-hand sides f and f,
respectively, where f, is piecewise constant with fj,|x = \_Il(\ / i fdrforall K € T.
It is easy to see that

(5.7) 1K'V 5 (tne = @ne)llog < CIk~2R(f = fa)llo.0-

Let o, € RTj be the mixed finite element approximation and let xx be the center of
inertia of K. By the well-known fact [19] that (op + kViiine)|x = —3 fulx (x — %K),
we have

1 -
(a-m + kvhunc)|K = _5 fth(X - XK) + (kvhunc - kvhunc)K~

Hence, to avoid the flux recovery, we may replace Nyc,1,x by Mne,f,x = & k712 fr(x—
xK)|lo,x to obtain the following estimators:

(58) ﬁfzc,K = 77121c,f7K + 771%072,1( VK € T7 ﬁfzc = cznic,f + (1 - c2)n121c,2

and
(59) 77727,0,1( = 77727,c,f,K + 77727,0,2,1( VK € Ta 771210 = C2n12’zc,f + (1 - 62)77727,0,27

where fner = 2 (X ger 1672 fa(x — xK)||%7K)1/2. Now, it follows from (5.4), (5.7),
and the triangle inequality that

(5.10)
Mne < Nnes Mne < TnetC ||k71/2h(f_fh)”0,ﬂv and Npe < MpetC ||k71/2h(f_fh)”0,ﬂ-

6. Reliability and efficiency bounds. This section analyzes the estimators
introduced in the previous section by establishing the reliability and efficiency bounds
with constants independent of the size of jumps. To this end, assume that Hypothesis
2.7 in [6] holds. That is, for any two different subdomains 2; and €; which share
at least one point, there is a connected path passing from Q; to Qj through adjacent
subdomains such that the diffusion coefficient k(x) is monotone along this path. This
assumption is weakened to the quasi-monotonicity in [24].

It is a standard technique (see, e.g., [4, 14]) to analyze estimators for the mixed
and nonconforming elements by using the Helmholtz decomposition (see, e.g., [15]).

LEMMA 6.1 (Helmholtz decomposition). For a vector-valued function T €
L2(Q)?, there exist « € HL(Q) and B € Hx(Q) such that

6.1) T=k(2)Va+Vi3 and (k7'7,7)= (kVa,Va)+ (k~'V3,VE5).
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Note that for all « € H5(Q) and all 3 € HA ()
(6.2) (Va, VB) = 0.

It is also common to use Clément-type interpolation operators (see, e.g., [6, 24])
for establishing the reliability bound of a posteriori error estimators. Following [6],
one can define the interpolation operator 7 : L*(Q) — Up (see [9] for more details)
so that
(63) [lv—Tollo.x +hel[ V(o = T0)lo.x < Chrckg!* K> Vulloa, Yo € Hp(),
where Ak is the union of all elements that share at least one vertex with K, and that

(6.4) |(fs v = Tw)| < CHy ||k'/2Vullo Yo € Hp(Q),

where H is higher order for f € LP(Q) withp > 2. LetUy ={v el : v=0o0n I'n}.
Similarly, one can define a robust interpolation J’ : L*(Q) — Uy so that

(6.5) Hv—j’vHo,K—l—hK||Vl(v—\7’v)||071< < Oth}fHk‘l/QvaHO,AK Yo e Hl(Q)
and that
(6.6) [(f, v—T)| <CGy ||k~ 2V o]0 Vv e H(Q),

where G is higher order for f € L?(Q) with p > 2.

6.1. Reliability on mixed elements.
THEOREM 6.2. The estimator n, defined in (5.1) satisfies the following global
reliability bound:

67) I Enllon < C (tm+ K200 = fi)lon + Gu, gt -

If VN = RTQ, then

(6.8) 162 Bpnlloq < C (i + [K720(f = fu)]

o).

Proof. Let By, = 0 — 0y, = —kVu — 0y, € Hy(div; Q); by Lemma 6.1 and (6.1),
there exist o, € Hp(Q) and By, € Hx(Q) such that
(6.9)
B = k¥ om + VB and |57 2En[fq = 1K' Vom|§.a + [F72VBullf -

The upper bound of the first term in (6.9) follows easily from (6.2), integration
by parts, F, -n = 0 on I'y, «,, = 0 on I'p, the first equation in (3.3), and the
Cauchy—Schwarz inequality that

1KY 2V a3 o = (Bm, Vo) = —(V + Em, o) = (V- B, Quovn — i)
= (f = frr Qnam — am) < CIK7V20(f = fa)llogllk*Vam o0,

which implies

(6.10) 1KY 2V ouml|§ o < CIE2R(f = fu)lf q-
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To bound the second term in (6.9), [|k=/2V~5,,[3 o, notice first that VUy C
RTy. Then the first equation in (3.3) gives

(6.11) (k'Ep, Vi) = (V- Vi, e,) =0 Vo cly.

By (6.2), the fact that J'SB,, € Un, (6.11), integration by parts, and boundary con-
ditions of p,, — Vu on I'p and (I — J')By, on 'y, we have

k=2 Bl = (7" By, V5 Bi) = (k7 By, V(B = T B1n))
= (P = VU, V(I = TVBm) = (P + k7 o, V(I = T')Bm)
= = (V%P T =T)Bm) = (P + k7 om, VI = T")Brm)
which, together with the Cauchy—Schwarz inequality and (6.5), implies
=2V Bmli§ .0 < = (VXPm, (= T)Bm) + Crm Ik ™2V Bmllo,0
= = (Y X (P + k" om), (I =TVBm) + (Vi % (5~ om), (1= T")Bm) + Coim |k~ /2V 4 0,52

Using the Cauchy—Schwartz inequality, the inverse inequality, (6.5), and (6.6), we
obtain that

(Vi X (P + & om), (I = T")Bum)
< CIE2hVn x (P, + B om0 |E7 2RI = T)Bmlloe < Cn K2V Binlo0

and that

(Vi x (k7rom), (I = T)Bm) < C Gy, x|k 2V B

0,9,

Combining the above three inequalities, dividing the quantity Hk“/ 2VLBm||Q7Q, and
squaring on both sides give

B 2
[67294BulE g < C (0 + Gy xki0)

which, together with (6.9) and (6.10), yields (6.7).

Finally, if Vv = RTp, then V;, x (k= 'o,,) = 0. Hence, (6.8) is a direct consequence
of (6.7) and the fact that Go = 0. This completes the proof of the theorem. O

COROLLARY 6.3. The reliability bounds in Theorem 6.2 hold for the explicit error
estimator My, .

Proof. The corollary is a direct consequence of Theorem 6.2 and (5.3). O

6.2. Reliability on nonconforming elements.
THEOREM 6.4. The estimator n,. defined in (5.5) satisfies the following global
reliability bound:

(6.12) 152V henelloo < C (nne + Hy) -

Proof. Let e = u — upe; by Lemma 6.1 and (6.1), there exist au,. € H%)(Q) and
Bne € Ha () such that

(6.13)
kVhene = kV e+ Ve and  [|k2Vseld o = 162 Vancll§ o+ 1k 2V Brellf -
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By using (3.6), integrations by parts, boundary conditions on kVu + o,. and
(I — J)ane, the Cauchy—Schwarz inequality, the fact that Vj, - (kVpupne) = 0, the
inverse inequality, (6.3), and (6.4), we have

12V anell o = (kVhene, Vane) = (kVhene, V(I — T )ane)
= (kVu+6ne, VI = T)ane) = (One + kVitine, V(I — T)otnc)
<(f =V One, One — Tne) + Ciner |[E*Vanelo.o
= (f, @ne — Tne) = (Vi - (Fne + kVitine); @ne — Tane) + Cnner |k *Vanelo.a
< C (Mne,t + Hy) K2V anelo,0-

To bound the second term in (6.13), first by integration by parts and the orthog-
onality of nonconforming elements, i.e., [ [unc]ds =0 for any e € £, we have

(vhun(;7 vlj,ﬁnc) - Z / Unc (vlj,ﬁnc) -nds = Z(vlj,ﬁnc) . n/[unc] ds = 0.
KeT Je€dK e€E e

It then follows from integration by parts, boundary conditions on p,,, and (I —7")Bne,
the fact that V, x (k~'Vjune) = 0, the Cauchy—Schwarz and inverse inequalities, and
(6.5) that

1672V Brelld o = (Vae, VEBre) = (= Vitine, V(I = T")Bnc)
= (Pre = Vintine, VI = T")Bne) = (Pres VI = T')Bne)
= (Pre = Vitine, V(I = T")Bre) + (Vi X (P = Vitine), (I = T")Bne)
< Cine2 K72V Brello.q-

Now, the reliability bound in (6.12) is a direct consequence of the above two inequal-
ities. This completes the proof of the theorem. O

COROLLARY 6.5. Let 1 denote the estimators fpe, fine, OT Tne, and then we have
the following reliability bound:

12V hencllon < C (77+ Hy + |[k™2h(f ~ fh)HO’Q) '

Proof. The corollary is a direct consequence of Theorem 6.4 and (5.10). O

6.3. Efficiency. To establish the efficiency bounds, we make use of the known
result on the edge error estimators in [11]. To this end, for any e € £q and any vector-
valued function 7 that is piecewise linear with respect to the triangulation 7, denote
the jump of the normal and tangential components of 7 across e = K N K, by
Jne(T) = [T 1] = (T|K: _T|K;) ‘ne and  Jo(T) = [t = (T|K: _T|K;) “te,

respectively. For any e € E\Eq, we set

Jne(T) =0 and Jg.(T)=0.
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6.3.1. Efficiency on mixed elements. We define an edge error estimator for
mixed elements as follows:

(6.14)
1/2 1/2

kp+ + kpe—
Im,E = (Z 777%1,@) with Nm,e = <% he/€|Jt,e(klam)|2ds> :

ee&
PROPOSITION 6.6. There exists a constant C > 0 such that

(6.15)
Nme < C k™Y VA B0ll0w.,  and e < C|k™Y2VE B0 < Cllk™Y2Eno.q,

where we 1s the union of all elements that share edge e.
Proof. A similar proof as those of Lemmas 6.1 and 6.2 in [10] shows that there
exists a constant C' > 0 independent of k such that

he [ 1l )P ds < C k71946 .

Hence,
77?11,6 S C (kKj' + kK;)||]€71VJ_B7TL”(2),(,\1(3
= O (kger + kg Yk L NET2VE B8 e+ R LRV Bllf o)
< C PV Bl[§ . »

which proves the first inequality in (6.15). Summing it over all edges e € £ leads to
the second inequality in (6.15). O

THEOREM 6.7. The following local efficiency bound for the explicit error estima-
tor iy, Kk holds:

(6.16) M2k < ClIETY 2V B 0w

where wg is the union of elements sharing a common edge with K. The following
global efficiency bound holds for all error estimators:

(6.17) M < i < C 672V Bllog < C 62 Enlo0-

Proof. (6.17) follows straightforward from (5.3) and (6.16). To show the validity
of (6.16), by Proposition 6.6 it suffices to prove that for any element K € T

he
(618) i SC Y Wne=C Y Tl +hy) / [ Jee(k™ o) ds.
€€OK €K\ ¢

To do so, for any edge e € 9K, without loss of generality let K be K} and let K, be
the adjacent element with the common edge e. Since T = k~1o,, is piecewise linear,
we have

Tl =Y (Teak Yor +TeaxPes)

ecdK
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where 7. ; x = [, "1 (T -te) K ds is the (i —1)th moment of the tangential component
of 7 on e and v, ; is the nodal basis function of N Ds. For any x € K,

[A)m +7= Z (ﬁe,l - Te,LK) ,l/)e,l + (pA€72 - T€72xK) 1’b€;2
ecOK

Z (1= 71e) ((Te,l,Kg - 7'671,K) o1+ ( Te2, Ko 7'672,1() "Pe,z)

e€OK\OQ

> 1) (Ve [Reelrhts vy [ sholmas)

e€OK\OQ

Z (7176 - 1) (je,l we,l +j6,2 we,Z)

e€OK\OQ

with j; = fe s o (7)ds. Since Jio(7) is a linear function on e, Lemma 4.2 gives
Jt,e(T) = Jen (¢e,1 “te) + Je2 (1/’5,2 ~te) and
[1emas =32, [1oaPis +32, [ eslds

Now, by the triangle inequality and the fact that [} ¢, ;|*dz < Che [ |9, ;|*ds, we
have
i1 = 1KY2 (B + 7)llo,xc

1/2

<ol X emo (2 [ alder 2, [ waPa)

e€OK\OQ

1/2

<C ks > h /|Jte )2 ds <C D> nh.

e€OK\OQ e€OK\ON2

This proves (6.18) and, hence, the theorem. d

6.3.2. Efficiency on nonconforming elements. A weighted edge error esti-
mator for nonconforming elements is defined by

e E 1= (an )1/2

ecé
with

he kK+ K-

6.19 2 =
( ) 7771076 kK+ +l€

/|Jne thunc)| ds+ /|Jte thnc)| ds.

kK++/€

THEOREM 6.8. There exists a constant C' > 0 such that

h2
(6.20) 77,2166 <C <|kl/2vhen0”3w + Z o 0 )
s sWe k-K ’
KeTNwe
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and

(6.21) Me,e < C K2 Vienclloo + CIIhE™2(f = fa)llo.c.

Proof. A similar proof as that for the conforming linear elements in [24] shows that
the first term of 77, . defined in (6.19) satisfies (6.20). It then suffices to show that
(6.20) holds for the second term of 7. .. To do so, we recall the following inequality
(estimate (3.3) in [12]):

(6.22) he/ut,e(vhumn?ds < C||Vaenellp .,

which holds with a constant C' > 0 independent of the jump of k. Hence,

hek ik, koo ko
KL [ e (Tnund? ds < Ol [Tl

kpr + kg xR
<ot prgep o M ang 2 ) <o
= ks ke Pl KE T ks nenello s | = nenclo,we-

This proves (6.20). The global bound (6.21) is a direct result of (6.20). O
THEOREM 6.9. Let wgi be the union of elements sharing a common edge with K,
and then the explicit error estimator ek has the following local efficiency bound:

R h3
623)  Px<C (nkmvhenaaw 2l —fh”?w)-
Tewk T
For the estimators nye and Type, we have the following global efficiency bound:
(6.24) Mnes fine < C 2V nencllog + C 112 = fu)llo.o.

Proof. (6.24) is a direct consequence of (5.10) and (6.23). To show the validity of
(6.23), by Theorem 6.8 it suffices to prove that for any element K € T

(625) 772071{ S C Z nic,e'
ecOK

To this end, for any edge e € K, without loss of generality let n. be the outward
unit vector normal to 0K and denote by K. the adjacent element with the common
edge e. Let 79 = —kVjpupe. Lemma 4.1 implies To|x = Y ok T2,k @ Hence, by
(4.12) and (4.13)

Gne—To= > (6c—Toer) b= Y, (2e—1) (Toek —Toek.) b

e€cOK e€OK\OQ

= Y (12e— DJuclm2) @,
e€OK\OQ

for any x € K. Similarly, for 73 = —Vju,. and any x € K, we have
Pre—Ts= Y (pe—Taer) $o(x) = D> (v3e—1) (Toer —Taek.) Y.
e€dK e€OK\OQ
= D (e = DJee(Ts) ..
e€cOK\ O
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Now, it follows from the triangle inequality, the facts that
/ |¢.|*dz < C'h? and / [, |? dz < C h?,
K K

and (4.16) that
fneae = Ik (6ne — 72) 5.5 + (1= K (e — 73) 6,50

< C (kg'6ne — 725,k + kxcl|6ne — T3ll6,x)

<C ( Yo 2k (1= 720)’hlJne(r2) + D kK(l—73,5)2h§|Jt,5(1-3)|2>

e€cOK\0Q e€cOK\0Q

he

— 2 n,e 2 k e 3)[?
¢ 1/2 1/2)2 ( L|J 7 (T2)| d8+kK Kc/cj|Jt’ (T3)| ds)

e€OK\OQ (kK +k¥;

he 2 2 2
S C( Z ]fK"‘]fKe <2L|Jn,e(72)| d5+k7K kKC/;|Jt,e(T3)| d5>>_ C( Z 'r],wﬁ) 5

COK\0N c€COK\0Q

which proves (6.25) and, hence, (6.23).  This completes the proof of the
theorem. O
THEOREM 6.10. There exists a positive constant C' such that

(6.26) iine < C (K> Fnencllo + I1E/2A(F = fi)lloe) -

Proof. (6.26) is a direct consequence of Theorem 6.9 and the following inequality
(Theorem 3.2 in [1]):

inest.ic < C (I3 Vanclox +I620(f = filllog) . D

7. Numerical experiments. In this section, we report some numerical results
for an interface problem with intersecting interfaces used by many authors, e.g., [20],
which is considered as a benchmark test problem. For this test problem, we show
numerically that the recovery-based a posteriori error estimators introduced in [11]
for both mixed and nonconforming elements overrefine regions along the interfaces
and, hence, fail to reduce the global error. For the same test problem, numerical
results show that the estimators introduced in this paper are accurate and generate
meshes with optimal decay of the error with respect to the number of unknowns.

To this end, let 2 = (—1,1)? and

u(r,0) = 1(0)

in the polar coordinates at the origin with ©(#) being a smooth function of 6 [20, 9].
The function u(r, #) satisfies the interface equation in (2.1) with I'y =0, f =0, and

L) — R in (0,1)2U(-1,0)2,
(@) _{ 1 in Q\ ([0,1]2U[=1,0]2).

The S depends on the size of the jump. For example, 5 = 0.1 is corresponding to
R ~ 161.
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Remark 7.1. This problem does not satisfy Hypothesis 2.7 in [6] and the distri-
bution of its coefficients is not quasi-monotone.

Note that the solution u(r,6) is only in H'*#~¢(Q) for any € > 0 and, hence, it
is very singular for small 8 at the origin. This suggests that refinement is centered
around the origin. In this example we choose 7, and 7, with constant 2 =0.5 as
the implicit and explicit error estimators for the nonconforming method, respectively.

Starting with a coarse triangulation Ty, a sequence of meshes is generated by
using a standard adaptive meshing algorithm that adopts the Dérfler’s bulk marking
strategy: construct a minimal subset T of T such that

(7.1) om0y 0l

KeT KeT

with g = 0.2 which is not critical for better performance. Marked triangles are refined
regularly by dividing each into four congruent triangles. Additionally, irregularly
refined triangles are needed in order to make the triangulation admissible.

Define the effectivity index:

n n

eff-index,, := and eff-index,. := ,
U RY2Vu A R 2000 RV (u = ) [lo.0
and use the following stopping criteria:
1/2 —1/2 1/2 o
rel-erry, 1= 57"V + k Tmllo.0 <tol and rel-erry.:= 577" Vn (1 — tine)llo.0 < tol.

k=12 0,0 1£1/2Vullo,0

Denote by [ the number of levels of refinement and by N the number of vertices of
triangulation.

The error estimators introduced in [11] for both mixed and nonconforming finite
element approximations to the Poisson equations recover the gradient in the continu-
ous linear finite element space. A natural extension of these estimators to the interface
problems is to recover either the gradient or the flux again in the continuous linear
finite element space. More specifically, for the mixed method, let o, be the solution
of (3.1) and let p,, ; € U* and p,, , € U” satisfy the following problems:

(k_lpm,f, )=k tom, ) VT el?
and  (kp,, ,, 7) = —(Om, T) VT EU?
respectively. Then the corresponding error estimators are defined by
Mm.cBf =1k~ (0m = pm oo and nmepg = Ik om +k%p,, ,loq

For the nonconforming method, let un. be the solution of (3.5) and let p,,. ¢ € Uu?
and p,,. , € U? satisfy the following problems:

(k_lpnc)f, T) = (=Viptne, 7) and  (kp,. 4 T) = (kVptne, T)

for all T € U?, respectively. Then the corresponding error estimators are defined by

Nne,on,g = 12 Vitne+ k™ 2prc plloe and  fne,op,g = 1K (Vitine = prc.g)ll0.0-
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TABLE 1
Comparison of estimators for relative error less than 0.1 for mized methods.

l N err rel-err n eff-index
Nm 66 | 3329 | 0.0558 | 0.0988 | 0.0623 1.1170
Tim 69 | 2693 | 0.0560 | 0.0992 | 0.0815 1.4537
Nm,CB,f 96 | 7169 | 0.0557 | 0.0986 | 0.0731 1.3110
Nm,CB,g 83 | 4021 | 0.0556 | 0.0984 | 0.1845 3.3208
TABLE 2

Comparison of estimators for relative error less than 0.1 for nonconforming methods.

l N err rel-err n eff-index
Nne 70 | 3343 | 0.0479 | 0.0982 | 0.0479 0.8636
Mnc 72 | 2780 | 0.0557 | 0.0985 | 0.0566 1.0170
fnc 71 | 2960 | 0.0563 | 0.0997 | 0.0683 1.2133
Mnc,CB, f 97 | 7090 | 0.0562 | 0.0995 | 0.0736 1.3083
Nne,CB,g 102 | 6369 | 0.0562 | 0.0995 | 0.0780 1.3879
VANV
SKSPSIE

F1G. 1. Mesh generated by 1, cB,f-

F1G. 3. Mesh generated by nm, .

FiG. 2. Mesh generated by nm,cB,g-

5

0

1/2,
—e—n, /K" ully

1/2, -1/2 1/2,
—t— K2V uk |/ K2 ull,

reference line with slope =1/2 RN

1/2, 1/2, ~1/2, 1/2
Mo K729 ully and 2V usk "2l /11629 ol
s
,

4

O‘

10°

=)

number of nodes

FiG. 4. Error and estimator Nm,.
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0

5

'm o

o,

and K"V usk %6 || /(k"2V u]|

0

N
— ~
N reference line with slopes<1/2
3 N explicil lIk"29 ully S
. ~
& —— K2V ksl 1KYl ~
£ 107 : =
= 10 10° 10° 10°
number of nodes
F1Gc. 5. Mesh generated by fjm . FI1G. 6. Error and estimator fm .
5525 25
SESPSP aNra
FiG. 7. Mesh generated by npc cB,f- F1G. 8. Mesh generated by Npe,cB,g-

o

—e—n /K" ull,

—— K"V u-Y, u

h “nc’

1/2,
) Il 1629 ull,

h “ne’

<
reference line with-slope /2~ <
~

© ~
i i
' 10° 10° 10
number of nodes

0,/ K2V ull, and (K3 u =9, u ) 1|,/ 1K"29 ull,
3
,

=)

o

FI1G. 9. Mesh generated by nnc. FI1G. 10. Error and estimator nnc.

We start with the coarsest triangulation 7Ty obtained from halving 16 congruent
squares by connecting the bottom left and upper right corners. We report numerical
results with the stopping criterion tol = 0.1. From Tables 1 and 2, and Figures 1, 2,
7, and 8, it is clear that the CB estimators introduce unnecessary refinements along
the interfaces. Meshes generated by 7, Tim, Mnc, Tine, and 7, (shown in Figures 3,
5,9, 11, and 13) are similar. The comparisons of errors and estimators are depicted
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= .0
5 10 1/2,
& O M eupiad KV Ul
= 4 KA =, u ) (K9l
==
2
AN 5
5
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~ 107} 1
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N N ~ B
°
§ t T TR
- : RS
S S
& reference line with slope =1/2~<
T ~
S S
£ 102 s
= 1o 10° 10° 10*
number of nodes
Fic. 11. Mesh generated by finc. Fia. 12. Error and estimator finc.

1/2,
T Mgt 1KV Ul

12
—— KV u-V, u

1/2,
)1l K72 ull

h “nc/

LK ully and K"V u =V, u ),/ 172V ully

reference line with slope —1/2 AR
~

M.t explici
7

1 2 3 4

10 10 10 10
number of nodes

Fic. 13. Mesh generated by fnc. Fic. 14. Error and estimator fnc.

in Figures 4, 6, 10, 12, and 14. By inspecting the effectivity index, all the error
estimators introduced in this paper are accurate. Moreover, the slope of the log(dof)-
log(relative error) for all estimators is —1/2, which indicates the optimal decay of the
error with respect to the number of unknowns.

(2] M.
(3] M.

[4] A.
[5] C.

6] C.
[7] F.

8] Z.

REFERENCES

. AINSWORTH, Robust a posteriori error estimation for nonconforming finite element approz-

imation, STAM J. Numer. Anal., 42 (2005), pp. 2320-2341.

AINSWORTH, A posteriori error estimation for lowest order Raviart—Thomas mized finite
elements, STAM J. Sci. Comput., 30 (2007), pp. 189-204.

AINSWORTH AND J. T. ODEN, A Posteriori Error Estimation in Finite Element Analysis,
Pure Appl. Math., Wiley-Interscience, New York, 2000.

ALONSO, Error estimators for a mized method, Numer. Math., 74 (1996), pp. 385-395.
BERNARDI AND F. HECHT, Error indicators for the mortar finite element discretization of
the Laplace equation, Math. Comp., 71 (2001), pp. 1371-1403.

BERNARDI AND R. VERFURTH, Adaptive finite element methods for elliptic equations with
non-smooth coefficients, Numer. Math., 85 (2000), pp. 579-608.

BrEzzI AND M. FORTIN, Mized and Hybrid Finite Element Methods, Springer-Verlag, New
York, 1991.

CA1 AND S. ZHANG, Recovery-based error estimator for interface problems: Mized
and nonconforming elements (extended version), manuscript, 2008, http://www.math.
purdue.edu/ " zcai/pdf-paper/CaZh08b.pdf.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



[27]

ZHIQIANG CAI AND SHUN ZHANG

Z. CAI AND S. ZHANG, Recovery-based error estimator for interface problems: Conforming
linear elements, SIAM J. Numer. Anal., 47 (2009), pp. 2132-2156.

C. CARSTENSEN, A posteriori error estimate for the mized finite element method, Math. Comp.,
66 (1997), pp. 465-476.

C. CARSTENSEN AND S. BARTELS, Fach averaging technique yields reliable a posteriori error
control in FEM on unstructure grids. Part I: Low order conforming, nonconforming, and
mized FEM, Math. Comp., 71 (2002), pp. 945-969.

C. CARSTENSEN, S. BARTELS, AND S. JANSCHE, A posteriort error estimates for nonconforming
finite element methods, Numer. Math., 92 (2002), pp. 233-256.

P. G. CIARLET, The Finite Element Method for Elliptic Problems, North-Holland, Amsterdam,
1978.

E. DARI, R. DURAN, C. PADRA, AND V. VAMPA, A posteriori error estimators for nonconform-
ing finite element methods, RAIRO Model Math. Anal. Numer., 30 (1996), pp. 385-400.

V. GIRAULT AND P.-A. RAVIART, Finite Element Methods for Navier-Stokes FEquations,
Springer-Verlag, Berlin, 1986.

K.-Y. KiMm, A posteriori error analysis for locally conservative mixed methods, Math. Comp.,
76 (2007), pp. 43-66.

C. LOVADINA AND R. STENBERG, Energy norm a posteriori estimates for mized finite element
methods, Math. Comp., 75 (2006), pp. 1659-1674.

R. LUCE AND B. I. WOHLMUTH, A local a posteriori error estimator based on equilibrated fluzes,
SIAM J. Numer. Anal., 42 (2004), pp. 1394-1414.

L. D. MARINI, An inexpensive method for the evaluation of the solution of the lowest order
Raviart—-Thomas mized method, SIAM J. Numer. Anal., 22 (1985), pp. 493-496.

P. MoriN, R. H. NocHETTO, AND K. G. SIEBERT, Convergence of adaptive finite element
methods, STAM Rev., 44 (2002), pp. 631-658.
J. C. NEDELEC, Mized finite elements in %3, Numer. Math., 35 (1980), pp. 315-341.

[

C. NEDELEC, A new family of mized finite elements in R3, Numer. Math., 50 (1986),
pp. 57-81.

J. S. OvALL, Fizing a “bug” in recovery-type a posteriori error estimators, Max-Planck-
Institute fur Mathematick in den Naturwissenschaften, Leipzig, Technical report 25, 2006.

M. PETZOLDT, A posteriori error estimators for elliptic equations with discontinuous coeffi-
cients, Adv. Comput. Math., 16 (2002), pp. 47-75.

R. VERFURTH, A Review of a Posteriori Error Estimation and Adaptive Mesh-Refinement
Techniques, Wiley-Teubner, Stuttgart, Germany, 1996.

M. VOHRALIK, A posteriori error estimates for lowest-order mized finite element discretiza-
tions of convection-diffusion-reaction equations, SIAM J. Numer. Anal., 45 (2007),
pp. 1570-1599.

B. I. WonLMUTH AND R. H. W. HOPPE, A comparison of a posteriori error estimators for

mized finite element discretizations by Raviart- Thomas elements, Math. Comp., 68 (1999),

pp. 1347-1378.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


