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Abstract

This paper studies a new absolutely stabilized formulation for the Stokes problem that is a modification of the method of [13]. It is shown
that the bilinear form is elliptic and continuous with respect to the H'-norm for the velocity and the L-norm for the pressure. Optimal order
error estimates for the finite element approximation of both the velocity and pressure in L* are established, as well as one in H' for the
velocity. The formulation is nonsymmetric. We then introduce two symmetrized forms which retain ellipticity and continuity with respect to
the same norm. It will be shown that the preconditioned conjugate gradient method and other existing iterative approaches can be applied
with a convergence rate uniform in the number of unknowns. Also, modifications of other stabilized finite element methods are
considered. © 1998 Elsevier Science S.A. All rights reserved.

1. Introduction

In recent years, so-called ‘stabilization’ techniques have been used extensively to stabilize unstable numerical
methods for partial differential equations (see Baiocchi and Brezzi [2] for a general framework). While existing
results indicate that such methods have great promise, a fast solver for the resulting algebraic equations has been
missing for many such methods, possibly because of a too simple treatment of the stabilization term and the lack
of symmetry of the schemes. The effect of the former is that the bilinear form is either non-elliptic or
non-continuous with respect to norms separating velocity and pressure. The effect of the latter is that existing
iterative methods cannot be applied directly. In this paper, we first describe a new absolutely stabilized finite
element method for the Stokes problem, with the method being related to the approach of Douglas and Wang
[13]. In it, a weighted L’-inner product is replaced by the H '-inner product, which is further replaced by a
discrete H '-inner product for feasible computation. Our bilinear form is then elliptic and continuous with
respect to the H'-norm for the velocity and the L’-norm for the pressure, while that in [13] is not elliptic.
Optimal order error estimates for the finite element approximation for both the velocity in the L*- and H'-norms
and the pressure in the L>-norm follow in a standard way. Then, we introduce two symmetrized forms of the
method. One gives an augmented symmetric form which is indefinite; however, its Schur complement is elliptic
and continuous with respect to the same norms. Hence, we can efficiently use existing iterative techniques with
any effective elliptic preconditioner associated with velocity, including one of multigrid or domain-decomposi-
tion type, along with a simple preconditioner associated with pressure, such as one of diagonal matrix type. The
other gives a symmetric and positive definite problem which is spectrally equivalent to the Schur complement of
the augmented symmetric form. This can be solved by a preconditioned conjugate gradient method with the
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same preconditioner. The condition numbers of both preconditioned problems are then uniform in the number of
unknowns.

The paper is organized as follows. The Stokes problem is introduced in Section 2, along with some notation.
We describe a new absolutely stabilized formulation and establish its ellipticity and continuity in Section 3. Its
discrete counterpart and the corresponding finite element approximation are discussed in Section 4. Symmetriza-
tions of this stabilized formulation and comments on existing iterative methods for such systems are presented in
Section 5. Finally, we discuss implementation issues in Section 6, other stabilized finite element methods in
Section 7, and the time-dependent Stokes problem in Section 8.

2. The Stokes problem and preliminaries

Let {2 be a bounded, open subset in & (d =2 or 3) with Lipschitz boundary #{2. The stationary Stokes
equations in dimensionless variables can be written as

—vAu+Vp=f in 2,
Vu=0 in {2, 2.1
u=20 on {2,

where the symbols A, V and V- denote the Laplacian, gradient, and divergence operators, respectively, and f(x)
is the external force per unit volume acting on the fluid at x € £2. For simplicity, but without loss of generality,
we assume that the viscosity v is equal to one.

Let 9(42) be the linear space of infinitely differentiable functions with compact support on {2. We use the
standard notation and definitions for the Sobolev spaces H'({2)", the associated inner products (-, -), and their
respective norms |||, s = 0. (We suppress the designations ¢ and {2 on the inner products and norms because
the dependence on dimension and region will be clear by context.) The space H 0(.(2)‘1 coincides with Lz(.Q)", in
which case the norm and inner product are denoted by ||- || and (-, -), respectively. As usual, Hy({2) is the

closure of @(£2) with respect to the norm ||-||,, and H ™ '(£2) is the dual of H}(£2) with norm defined by

loll -, = sup (£
o=deH b2y ||¢HI

Finally, let Lé(.()) denote the subspace of Lz(.Q) consisting of all such functions in LZ(O) having mean value
Zero.
It is well known that (2.1) has a unique solution in

V'=Hy({2) X L(2). (2.2)

It will be convenient below to define the operator A : H "'(.(2)" —>H (1,(!2)" as the solution operator for the
Poisson probiem

{~A¢+¢:v in £2,

=0 on d{2; (23)

i.e., Av = ¢ for a given v € Hﬁl(_Q)d is the solution of (2.3). It is well known that (A-, )'"? defines a norm that
is equivalent to the H '-norm.

3. Stabilized formulation

We describe here a stabilized formulation of (2.1) that is essentially a continuous counterpart of that in [13]
(see also {2]). The ellipticity of the associated bilinear form and the continuity of the associated bilinear and
linear forms on ¥ are established in Lemma 3.1. This will in turn imply the well-posedness of the stabilized
formulation and its equivalence to (2.1).

For any (%, p) and any (v, ¢) in 7, we define the bilinear form
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b(u, p;v,q)=b.(u, p;v,q) +b,(u, p;v, q 3.1)
and the linear form

fw, @) = (f,v) + a(Af, —Av + Vg) .
Then, b (-, ) and b, (- ;) are, respectively, the symmetric and skew-symmetric parts of b(- ; *):

b, p;v, gy = (Vu, Vo) + a(A(—Au + Vp), —Av + Vg) , (3.2)
b, piv,9)=—(p,V-)+(V-u,q); (3.3)

a >0 is the stabilization parameter.
The stabilized formulation to be considered in this section is to find (#, p) € 7" such that

bu, p;v,q)=flv,q), W.q)€E V. (3.4)

The bilinear form b(v, q; v, g) with a = ( is not stable, since it does not control g. Hence, the a-term in
b(v, q; v, q) adds stability to the bilinear form while that in flv, g¢) maintains consistency. The description
‘absolutely stabilized finite element method’ refers here to allowing « to be an arbitrary positive number.
Conditionally stabilized finite element methods are discussed in Section 6.

The bilinear and linear forms in (3.4) involve the H ~'-inner product, which requires solution of a boundary
value problem for its evaluation. In the literature of stabilized finite element methods, this inner product has
often been replaced by a simple, weighted L*-inner product based on a local inverse inequality on the finite
element space. The effect of this, too simple, treatment is that the resulting bilinear form is either not elliptic or
not continuous with respect to any norm separating the velocity, #, and the pressure, p. We will, instead, make
use of a computationally feasible discrete H '-inner product to be defined in the next section.

Below, we will use C with or without subscripts to denote a generic positive constant, possibly different at
different occurrences, which is independent of the mesh size ki introduced in the subsequent section but may
depend on the domain (2 and stabilization parameters.

LEMMA 3.1. The bilinear form b(- ;) is elliptic and continuous in V' i.e. there exists a positive constant C
such that

1
< (ol +llgl*) < b@. g3 0. @) (3.5)
and
b, piv, )< C(lull; + 1M *dioll; + llql""* (3.6)

for all (u, p) and (v, q) in V. Moreover, the bilinear form b (- ; -) is elliptic and continuous and the linear form
f(+) continuous on V.

PROOF. By the Poincaré—Friedrichs inequality, to show the validity of (3.5), it suffices to prove that, for any
w.9€eV.

lgll = €%l + || — Av + V| ) . 3.7)
Since
Av, VY, V.
ol = sp L2l Tl g 68
wEH J(d |]¢|’1 wEH (! H¢1|1

(3.7) is an immediate consequence of the triangle inequality and the fact (see [17]) that
lgl = CliVgll_, . q€LD). (3.9)
To show (3.6), first note that, for v, ¢€H71(())d,

(v, )| <|lAv]|,[l¢] -, < Clll_, [, - (3.10)
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The second inequality above follows from the H'-regularity bound of the Poisson problem. Now, (3.6) is
straightforward from (3.10) and the Cauchy—Schwarz and triangle inequalities. Continuity of the bilinear form
b,(-;+) and the linear form f(-) in ¥ can be shown by a similar argument. Ellipticity of the bilinear form
b.(- ;) follows from (3.5) and the fact that b (v, g;v, ¢) = b(v, ¢; v, g). This completes the proof of the
lemma. [

An immediate consequence of the Lax—Milgram Theorem and Lemma 3.1 is the following theorem.
THEOREM 3.1. Problem (3.4) has a unique solution in V.

Problems (2.1) and (3.4) are equivalent (see [2]).

4. Finite element approximation

This section presents an absolutely stabilized finite element formulation for the Stokes problem based on
(3.4). We first discuss the well-posedness of the discrete problem and then establish optimal order error
estimates in the L>- and H'-norms for the velocity and the L’-norm for the pressure. For convenience of
argument, we assume that the domain {2 is a polygonal domain in R? and that the finite element space for the
pressure is continuous. However, extensions to more general domains and discontinuous finite element spaces
for the pressure can be made without difficulty; the appropriate modification of the method for discontinuous
pressure spaces is addressed at the end of this section.

We will approximate the solution of (3.4) by using a Galerkin-type finite element method. Let 7, be a
partition of {2 into finite elements; i.e., let 2=U,., K with h=max{diam(K): K € 7,}. Assume the
triangulation J, to be quasiuniform (see [12]). Let €°((2) be the space of continuous functions on {2 and let
¥ =U" X P" be a finite-dimensional subspace of H(l)(.(l)d X (Li(.())ﬂ €°(2)) such that, for any (v, q) €
(H ') X H'(£2)) N ¥, there exists an interpolant of (v, ¢), denoted by @', ¢), in ¥ such that

lo =o' + Ao =o', < ch"oll, . , . (4.1)
2 hlaw = o), = crlll, ., (4.2)

KET,

lg —q'll + Allg = 4'll, < cr'lql, . (4.3)

where r =0 for (4.1) and r =1 for (4.2) and (4.3). It is well known that (4.1), (4.2), and (4.3) hold for typical
finite element spaces consisting of continuous piecewise polynomials with respect to quasiuniform triangulations
(cf. [12]).

As mentioned earlier, we need to replace the H '-inner product in (3.4) by a computationally feasible
discrete inner product that ensures the equivalence on %" between the standard norm in %" and that induced by
the discrete bilinear form. (A discrete H ' approach was introduced in [4] for scalar elliptic equations and was
extended to the Stokes problem in [11] in the context of first-order system least-squares methods.) So, let
A, H () > U’ be the discrete solution operator ¢ = Ave U" for the Poisson problem (2.3) defined by
the relations

L}(V¢‘V¢+¢-¢)dx=(v,¢), weEU". (4.4)
It is easy to check that (4, -, )''? defines a semi-norm on H ™ '({2)? which is equivalent to the discrete H '
semi-norm
= sup 222
deU! ”d’”l

Assume that there is a preconditioner B, CH ') S U" that is symmetric with respect to the L*()-inner
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product and spectrally equivalent to A,; i.e., there exists a positive constant C, independent of the mesh size A,
such that

1
AL V<SBLV<CAD), VE v'. (4.5)

Finally, we introduce a ‘discrete’ Laplacian operator, A, : H ({2)' - U"; let ¢ = A, v EU" satisfy

(e,w)=—(Vo,Ww), YwelU". (4.6)
Define the discrete counterparts of the bilinear and linear forms as follows:
b, p; v, q) =b.(w, p;v, 9) + b, p;v, ), 4.7
where

b, p:v, q) = (Vu, W) + a,(B,(—A,u + Vp), —A,v + Vg)

+ a, > hi(—Au + Np, —Av + Vg), « , (4.8)
KeT
and
'@, @) =(f,v)+ a\B,f, ~Av +Vg) + a, 2 hif, —Av + Vg)y , . (4.9)
KET,

Here, (-, "), indicates the inner product in L*(K) and a,>0 (i=1,2) are stabilization parameters. For
simplicity, we consider only the case when a, = a,. The modified absolutely-stabilized finite element method is
then to find an approximation, (uh, ph) ev’ x Ph, of (3.4) such that

b'w’, p"iv, ) =f"w,q), @, gEU" XP". (4.10)

The only difference between our approach and that in [13] is the addition of the B,-terms which ensure the
uniform ellipticity of b"(-; +) with respect to the standard norm of %" (see Lemma 4.1), a property not shared by
the bilinear form in [13].

LEMMA 4.1. The bilinear form b"(- ; -) is elliptic in V™", i.e., there exists a positive constant C independent of h
such that, for any (v, q) in k.

ol + ll4li* < Cb" @, g; v, ) . (4.11)
Moreover, for any (v, q) € V" there exists a positive constant C, independent of h, such that

b, prv, gy < Clulf + [ipI)' ol + gl (4.12)
for all u, p) in V" and

'@, gl < cvll, +lql) - (4.13)

PROOF. Again by the Poincaré—Friedrichs inequality, to show the validity of (4.11), it suffices to prove that,
for any (v, ) € 7V,

lgl* < cb" . g; v, ). (4.14)

To do so, let O, :Lz(())d —U" denote the Lz(.Q)d projection onto U". Then, (4.1) implies that, for all v in
H(42)",

lo —Q,vll<Chlpl, and |Q,vll, <Clvl, . (4.15)

For any ¢ € L*(£2)", a standard duality argument implies that
y arg

1/2
le — C,ell -, < Chlle] < c(KZ h;usanék)

€7,
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and
(@) (. Q,v)

R T N[ R e
Hence,

el < c( 2 hllelsx+ H¢II31,,,> :

ke,

which, together with the choice ¢ =Vg and the inequality (3.9), implies that

lqll* < C(gf il Valli « + IIVQHZ.,,) . q€P". (4.16)

It follows from (4.6) that

“A U” — Sup 1(Ahv’ ¢)| — |(VU, V¢)|
h = 1A ot ||¢

=< |V

l (4.17)

e el

so that the triangle and inverse inequalities (see [12]) and the assumption (4.5) imply that

S L )

lll* < C( 2 (Vg = Avll;  + Ael; 0 + Vg — A0

Keg,
<Ch'(v, q;0,q).

This establishes the validity of (4.14) and, hence, (4.11). Since B, =B,0, and A, = A, Q,, (4.5) is valid for all
v € L°(2). Also, since, for any ¢ and ¢ in L*(£2)",

By, ) < CB, e, @) "B, '

(4.12) and (4.13) then follow from (4.5), the Cauchy-Schwarz, triangle, and inverse inequalities, and a proof
similar to that given for Lemma 3.1. This finishes the proof of the lemma.

The following theorem is an immediate consequence of Lemma 4.1 and the Lax—Milgram Lemma.
THEOREM 4.1. Problem (4.10) has a unique solution in U" X P".
Let us turn to the convergence of the discrete solution.

THEOREM 4.2. Let (u, p) and W", p") be the solutions of (2.1) and (4.10), respectively. Assume that (u, p) is in
H™ () X H'(02) with r= 1. Then,

e —u"ll, +[lp = p"ll=< Ch'(ull, .., +lipl,)- (4.18)
If, in addition (u, p) is H -regular (i.e., |ul, +pll, = C\fl; see [21]), then
e ="l =< Ch"" ' ull, ., +pl,)- (4.19)
PROOF. 1t is easy to check that the approximation error, (u — u’, p—p"), satisfies the error equation
V'w—u',p-piv.g)=0, ©,EV". (4.20)
Let (', p’) € 7" be an interpolant of (u, p) satisfying (4.1), (4.2) and (4.3). Then, the triangle inequality gives
e = all, +lip = p"lf= CH'(lull, ., +llpll,) + e’ =, +{lp" = "Il
Hence, it is left for us to show that

e’ = ul, +1p" = p"l = Ch'lull, ., + Pl (4.21)
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It follows from the stability inequality (4.11), the error equation (4.20), (4.5), (4.6) and the Cauchy—Schwarz,
triangle, and inverse inequalities that

||ul _ uh”? + ”pl _ph||2 < Cbh(uh’ pl _ph; u —u" pl _ph)
=Ch'w' - u, pl —p; u —u pl _ph)
< Cll’ — ull Jlu” — "],

+Cl-A,@ —w)+V(p' = pl_, |- A —u"y+Vp" = p"_,,

+C 2 il =A@’ =)+ V(p' = plly gl = Aw’ —u") + V(p' ="l

KE T,

+ V- @' —u")p" = pll+ CIV-@" =] p" =

< (" —u", +lp" —p’1||)<||u’ —ull, +p" = pll + llp" = pll, + KE; hilld’ u)lloik) :
€7,

which, together with (4.1), (4.2) and (4.3), implies (4.21) and hence (4.18). The L*-error estimate (4.19) can be
established by an argument similar to that in [13]. This completes the proof of the theorem. [

The continuity assumption on P” can be removed if we modify and amplify the bilinear form b”"(- ; ) and the
linear form f"(- ) as follows (see [13]):

~ ~h
6w, piv,q)=bw, p;v, @)+ b, piv.g) + oy 2 hy L [p]lql ds

Ec#h

and

];h(v» P=fiv)+aB,f.-Av+V,q9+a, 2 hi(fv —Av + Vq)o,x

Ke7,

where

l;:(u, piv, q)=(Vu, W)+ o,(B,(—Au +V,p), —A, v +V,9) + a, 2 hi(—Au +Vp, —Av +Vg), .

ke,

Here, " is the collection of interior edges of the triangulation 7, h,. is the diameter of the edge E in &", [p]
denotes the jump of p across edges, a,>>0 is another stabilization parameter, and V, L) ->U" s a
‘discrete’ gradient operator defined by

(V,g.w)=—(q.V-w), YweU".

5. Symmetrization procedures

The discrete, stabilized formulation (4.10) is nonsymmetric since the bilinear forms bf_’(‘ ;) and b (- ;) are
symmetric and skew-symmetric, respectively. Furthermore, the pseudo-differential order of the skew-symmetric
form is the same as that of the symmetric form. Hence, perturbation arguments for iterative methods for
nonsymmetric problems arising from discretizations of scalar elliptic equations do not apply. These remarks are
true, in general, for systems of linear equations arising from stabilized finite element discretizations (see Section
6). In this section, we first symmetrize the problem by a procedure (not least squares) which has been used in
other fields of mathematics for different purposes (for example, see [16]) and show that the Schur complement
retains ellipticity and continuity with respect to the norm in ¥, thus guaranteeing the efficiency of existing
iterative methods. The second symmetrization procedure is a least-squares-like approach and gives a symmetric,
positive-definite problem spectrally equivalent to the symmetric part of the original problem. Hence, there exist
preconditioned conjugate gradient methods that can be applied with convergence uniform in the number of
unknowns.

Introducing the adjoint bilinear form of b"(- ; -) by
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b¥u, piv, q)= bf(u, piv,q) —b,(u, p;v, q) for (u, p), (v, g€ v
The problem dual to (4.10) is to find (u*, p*) € 7" such that

prw*, p*iv, ) =f"w,q), @ PEV". (5.1)

If @", p") and (w*, p*) be the solutions of (4.10) and (5.1), respectively, we define (., p,) and (m_, p_) by

1 I
@..p)=5@" +u*p'+p*) and @_.p)=5@" —utp'—p*).

By adding and subtracting (4.10) and (5.1), we see that (., p.) and (u _, p_) satisfy the symmetric, coupled
system

{bi’(u+, Pt )+ b, piv.g) ='W, )

" (5.2)
bwu_,piv,g)+b@m. ,p. ;v,49)=0,

for (v, ) € ¥"". Let B, and B, be operators associated with the bilinear forms b'(-:-)yand b (- : ); i.e., for (v, @)
and w,r) in V",

(B, q);w,=b"w, g;w,r), (B, q;w r=b(v.qwr). (5.3)
Then, (5.2) can be rewritten as

{B\-(uw pI)TBw_.p)=F,

Bw .p)+Bw, . p)=0, (54

where the right-hand-side F is defined by
(Fiv.q9)=f"@0.q), @.EV".

Let B* = =B, denote the adjoint operator of B, with respect to the L’-inner product. For convenience, let us
write it in the block 2 X 2 matrix form

B B, w,,p.) F

L + P+ _ ’ (55)
B* —B /\u_,p_) 0

which is symmetric but indefinite. By block Gauss elimination,

Bw,,p,)=F—-B@m_.p),

(B.+B%B 'B)u_.p )=B%iB 'F. 00
where B_ ' is the inverse operator of B,. The operator B, + B¥B_'B, is the so-called Schur complement. One
could solve the second equation for (_, p_) and then solve the first equation for (#,, p,) by preconditioned
conjugate gradient methods with possibly different preconditioners. The solution of (4.7) can be recovered by
averaging (u ., p,) and (m_, p_); ie,

, 1
@'.p=5@, tu.p +p).

This is a two-stage algorithm since each preconditioned conjugate gradient iteration for the second equation in
(5.6) requires the solution of the linear system B _x = b, which could also be replaced by an iterative method.
There exist single-stage algorithms (see Remark 5.1); nevertheless, efficiency of those single-stage algorithms
depends on the existence of good preconditioners for the operators B, and B, +B*B_'B,; ie., the same
preconditioners as required by the simple algorithm above. Lemma 4.1 indicates that for the operator B, we can
use any effective elliptic preconditioner associated with velocity, including one of multigrid or domain-
decomposition type, along with a simple preconditioner associated with pressure, such as one of diagonal matrix
type. The condition number of the resulting preconditioned operator is independent of the mesh size 4. The same
or similar preconditioner can be used for B, + B*B_'B, with the condition number again being uniformly

a

bounded, as a consequence of the following theorem.



Z. Cai, J. Douglas Jr. | Comput. Methods Appl. Mech. Engrg. 166 (1998) 115-129 123

THEOREM 5.1. The operator B, +B’:B»:IB“ is elliptic and continuous in V"; ie., there exists a positive
constant C such that

Lol + gy = @, + B2B. B e, 9xv. 0 (57)
and

(B, + BB, 'B,)©. g} w, =< C(lo[l} + gl *dwls + I . (5.8)
for all v, q) and w,r) in V.

PROOF. By the definition of B, and integration by parts,
B,@w,q)=(Vq,V-v).
Hence,
(B, + B*B_'B,)(v. 9);w,r) = (B,(v, q); w,r) + (B, 'B,(v, 9); B,w, 1)
=b'w, q;w,. ")+ B, ' (Vg,V-v); Vr, V-w).

Since the second term above for w =v and » = ¢ is always nonnegative, the ellipticity of the bilinear form
b:’(v, q; U, q)= b, q; v, g) in Lemma 4.1 implies the inequality (5.7). It follows from the Cauchy-Schwarz
inequality that

(B '(Vg,V-0); VI, V-w)<CB. ' (Vq. V- 0); Vg, V-0) *B. ' (Vr,V-w); Vr,V-w)''*.
Hence, to show the validity of (5.8), it suffices to prove that

B, ' (Vg V- v); Vg, V-v) < C(Jo|| + |qll*) . (5.9)
To do so, let

(. ¢)=B,"(Vg,V-v).
Then,

B(p, $)=(Vq.V-v);
its solution in ¥ satisfies the standard H "_regularity bound

lells + ll81* < Vgl + V- vl
Now, it follows from Lemma 3.1 and the inequality |[Vg||_ | <||q|l that

(B, (Vg, V-v); Vg, V-v) = (. 1 B.(¢, ) = b(0, b: . b)

< Cllel + i) = cpl +llal -

This proves (5.9) and, hence, (5.8). This completes the proof of the theorem. [J

REMARK 5.1. Iterative methods for similar systems arising from different applications than (5.5) have been
studied by many researchers. The traditional Uzawa method (cf. [1]) can be regarded as a variant of the block
Gauss—Seidel method in our application. Each iteration requires the solution of the system of linear equations
with the coefficient matrix B; hence, it is again a two-stage algorithm. This motivates the inexact Uzawa
method which either iteratively approximates the solution of the system with matrix B, or replaces B, by a
preconditioner (see e.g. [15] and the references therein). Other approaches precondition the indefinite system
either symmetric, positive-definitely (see [5]) or symmetric, indefinitely (see e.g. [23,24]) with possibly good
condition numbers. One can then apply the conjugate gradient method to the definite system and the conjugate
residual method to the indefinite system. The efficiency of these methods depends on the existence of good
preconditioners for B, and the Schur complement B*B_'B,+ B. For a comparison of the numerical
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performance of those approaches for some examples arising from mixed finite element discretization of the
Stokes problem, see [14].

In the remainder of this section, we present a least-squares-like symmetrization. Problem (4.10) can be
rewritten as

(B, +B)u". p")=F. (5.10)

According to Lemma 4.1, we can assume that there exists a preconditioner BO:H"I(Q)“ 'S 7" that is
symmetric with respect to the L*(02)""" inner product and spectrally equivalent to B,; i.e., there exist positive
constants B, and B,, independent of the mesh size £, such that, for (v, g) & 7,

BB (v, ). v, q)=< (B,(v, g),v, 9) < B,(B,(v, g),v. q). (5.1
Now, (5.10) can be symmetrized to
(B,+ B)*B, (B, +B,)u", p"y= (B, +B,)*B, 'F . (5.12)

THEOREM 5.2. The operator (B, + B,)*B,, '(B, + B,) is spectrally equivalent to B, + B*B_'B; ie., for any
CADYSE

1 _
— (B, + B*B_'B ), ¢),v, ¢) <((B, + B,)*B, (B, + B,)(v. 9), v. ¢)

1

1
-

h B()
PROOF. The inequalities (5.13) follow immediately from (5.11) and the identity

(B, + B*B_'B)v. 9). 0. q) . (5.13)

(B.s +B(4)*B:](B\'+BU)ZB.\ +Bzx:B\7lBu *

Theorems 5.1 and 5.2, Lemma 4.1 and (5.11) indicate that (5.10) can be efficiently preconditioned by the
symmetric operator B, with the condition number bounded uniformly in the number of unknowns. Hence, the
preconditioned conjugate gradient method converges uniformly in the number of unknowns.

6. Implementations

Implementations of the stabilized finite element method based on (4.10) and preconditioned iterations in
Section 5 require mainly applications of the preconditioner and the operator to a given vector. We describe them
in detail in this section.

For simplicity, let U " and P" consist of continuous, piccewise-linear functions in two dimensions. Extensions
to higher order finite element subspaces and to three dimensions can be obtained in a similar fashion. Let ¢ be
the usual nodal basis function associated with the ith node; then the nodal basis for the finite element product

ok h ho.
space V" =U" X P" is the form

Span{(¢, ,0,0), (0, ¢,,0), (0,0, )i, = L. . N} =Span{yy; , ¢/ . ] i = 1.... N},

where N, = N, is the number of internal nodes and N, is the total number of nodes (including boundary nodes).
Also, set

N=N,+N,+N,.

If the solution of (4.10) is represented by

N

3 N
(uh’ ph) — z Uc !’ , (61)
Jj=1i=1

(4.10) has the following block matrix form:



Z. Cai, J. Douglas Jr. | Comput. Methods Appl. Mech. Engrg. 166 (1998) 115—-129 125

'%ll '%12 %13 Ul ‘O};l
U=\ By, B, B | U, |=| B |=7. (6.2)
%31 '%32 %33 U3 ‘OJ:B

where the blocks correspond to the ordering of the basis functions given above. Thus, %,, = (Bf/.l), U, =U f),
and &, = (F¥) for k,1=1,2,3, where

Kl g hy gl gk k _ phy gk
Bij_b(d,/” (/’,) and Fi _f (d’:)
More specifically, the right-hand-side vector has the following components:

Fil =i, e) (B, —Ae)ta, E h?((f]’ _Aﬁoi)o.x >

Kegh
F? = @)+ a(Bof)y —A0) T 2 hi(fz’ —A¢)ox -
Keg"
Fl=a,B,f.V)+a, > hlf.Ve)ox-

KeTh

The third terms in F, and F are zero in the case that ¢, is linear or bilinear on each element. The second term
in F : and F ,2 can be computed by the definition of the discrete Laplacian operator in (4.6); i.e.,

((Bhf)ls _A;,(Pi) - (V(B;,f)ls Vﬁp,) and ((Bhf)z, —‘Athl-) = (V(B;,f)z, VQD,) B

and the remaining terms can be computed as usual, provided that B, f is known. Hence, it is clear that the
computational complexity for computing the right-hand side vector % is O(N), provided that B, f is known.

In Section 4, the preconditioner B, was required to be a symmetric, positive-definite operator spectrally
equivalent to A,, the discrete Dirichlet solver given by (4.4). Since the action of a symmetric preconditioner
applied to a given vector for an algebraic equation can be considered as one step of a symmetric iteration for
that algebraic equation starting from a zero initial value, B, f €U " can be computed as follows:

* Bf=3,G(¢,0)+3, G0, ¢);

s 9=(91%), 4= (G:) and 4, = (G[.Z) are then the result of one step of a symmetric iteration on (4.4)

with the right-hand side (%, /%,) and with zero initial values. Here, &, = ((f;, ¢)) and %, = ((f,, )
For the symmetric iteration required in the second step above, muitigrid or domain decomposition methods
spectrally equivalent to A, can be used. For example, the multigrid V(1, 1)-cycle with the Gauss—Seidel
smoothing gives such a preconditioner if the directions of the sweeps are reversed in the pre- and post-
smoothings. In this case, the evaluation of the preconditioner requires only O(N) operations.

The matrix % is dense because of the involvement of B, in the bilinear form, but it is never applied in
assembled form. Iterative methods solving (6.2) are usually based on computing the action of the matrix 9B
applied to arbitrary vector 9 = (9,, %,, ,)', where %, = (H"). Let 9 represent the coefficients of a function
pair

3 N
W, q)=2 2 Hipl,
j=1li=1
and let ¥ represent the coefficients of the basis function 4} for k = 1,2, 3. Then,
BIE = (BIE),, (BIK),, (BIH)3)
has the components
(BIHV; = (BKH. Vi) =b"@, q: ).

where (-, ) is the ¢*-inner product. More specifically,
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(%%)1] =W, Vg)+ aB,(-8v+Vg),, ~4,¢)+ o, 2 hf((_Avl +3,9. —A@)oxk —(q,9,4).

KE T,

(%%)é =(W,, Vo) + a,(B,(=4, v +Vg),, -4, 0) + a, 2 hlzc(Asz + 3,4, _AQDI)(),K —{(g.9,¢),

ke,

(B, = (B (—D,0 + Vg), V) + (Vv @) + s 2 hi(—Av + Vg, V) -

Ke.7,
The terms involving the discrete Laplacian operator can be computed through the definition; for example,
(B, (=4, v+ Vg)),. —A,¢) = (VB,(-A,v + V). Vg) .
while B,(—A,v + Vg) is computed as described above in the evaluation of the preconditioner. Also,

gﬂ = ((*A/IU] + 31% QD,)) = ((VU], V‘P,) + (316], (P‘)) s
Fy = ((=Av, + 3,9, 0) = (W, Vo) + (9,9, ¢)) .

The remaining terms can be computed as usual. It is then easy to see that the matrix and vector multiplications,
B, take O(N) operations. As we shall see, the iterative method for (6.3) also requires computing %', where

(B'I = (BH V) =b"W:0,9).

These can be computed similarly to those above and again require O(N) operations.

In Section 5, two kinds of iterative methods were introduced for solving (4.10). We describe the
implementation only of the preconditioned conjugate gradient (PCG) method based on the least-squares-like
symmetrization (5.12). The implementation of the iterative method mentioned in Remark 5.1 can be made in a
similar fashion. We define B, ' in terms of a matrix %, '. The assumptions on B, and Lemma 4.1 indicate that
we can choose

- N0

where 4 ' is the matrix form of the preconditioner B, and & is the diagonal of the mass matrix (¢, ¢))
corresponding to the L’-inner product. The blocks above correspond to the ordering of the basis functions into
those from U" and P”, respectively. Applying %J' to a given vector ¥ involves applying the preconditioning
process A ' to the U" components of % and multiplying the P" components by ' This requires O(N)
operations. Then, (5.12) has the matrix form

BB, BU=B B, F . (6.3)

Theorems 5.1 and 5.2 indicate that the PCG method with the preconditioner %’Sl for (6.3) converges at a rate
that is uniform in the mesh size 4. Since the main cost of each iteration in the PCG method is the action of
B, %"%Jl 9 applied to a given vector, the computational complexity of each iteration is then proportional to
the number of coefficients as discussed above.

7. Other stabilized finite element methods

In this section, we discuss other stabilized finite element methods. We will consider a general stabilized
formulation similar to that in [2] in which an extra parameter is introduced.
For (u, p) and (v, g) in ¥, define the bilinear form

b, piv. q) = (Vu, Vo) + b (u, p;v, q) +a, (—Au +Vp, —t A,v + Vy), (7.1)

where
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a'(—Dyu +Vp, —1 A0 + Vg) = a(B,(—Au + Vp), ~1 Av +Vg)+a D, hiA—Au+Vp, ~1 Av + V), , .

KET,
and the linear form
flo.@=(fo)+a)(f,~tAp+ V).
The associated stabilized finite element method is to find an approximation ", ph) €U" X P" of (3.4) such that
b, psv,q)=flv,q), © @EU"XP". (7.2)
When =1, (7.2) reduces to the method defined in (4.11); for t=0 and r=—1, (7.2) represents

modifications of those introduced in [19] and [18].

THEOREM 7.1. For any real number t, there exists an ay(t) > 0 such that, for a € (0, ay(t)), the bilinear form
bf’(- ; °) is elliptic and continuous on ‘Vh, the linear form ff'(- ) is continuous on ‘Vh, cnd (7.2) has a unique
solution in V™.

PROOF. Continuity of the bilinear and linear forms can be shown by an argument similar to that employed in
the proof of Lemma 4.1. To prove the ellipticity of the bilinear form, we use an argument analogous to that in
[2]. By Cauchy-Schwarz,

B, (A, v +Vg), —t A,v +Vg) = (B, Vg, Vg) — (1 + 1)(B, Vg, A,v) + 1(B, A, v, A, v)
= (B,Vq. Vg) — |1 + 1|B,Vq, V) *(B, A,v, A, v)' 7 — [1|(B, A,v, A,v)
1
= (B,Vg, Vg) — C,(B, A,v,4,0)

with C, = 1(|1 + ¢ + |¢]). Similarly,

1
2 hi(—Av + Vg, —t Av + Vg),, « 25 2 hi”VQH(Z).K -C Z hi”Av“é,K .

Keg, Keg, KET,
Now, it follows from (4.5), the inverse inequality, (4.16), and (4.17) that
h . -1 2, @ 2 2 2
b/, q.v, q)=(1 aCICI)”Vl)” + D) ((Bth’ Vg) + hK”Vq”O,K)
KeT,
2, @ 2
= (1 - aC,C)IVl* +5 C.lgl?
Choosing

1
%O =3¢7C

establishes the ellipticity of the bilinear form. Then, existence and uniqueness are immediate consequences of
continuity, ellipticity, and the Lax—Milgram lemma. [

THEOREM 7.2. Let (u, p) and (uh, ph) be the solutions of (2.1) and (7.2), respectively. Assume that
(u, p) EH ') X H'(2) with r= 1. Let a, be chosen so that the conclusions of Theorem 7.1 hold. Then,

e =a"ll, +lp = p"l < CH ul., + Pl - (7.3)
If. in addition, (u, p) is H 2-regular, then

e = u"ll< Ch"" ' lul, ., +llpll,) - (7.4)
PROOF. The proof is similar to that for Theorem 4.2. []
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As (4.10), (7.2) is nonsymmetric. It is easy to see by straightforward manipulations that the symmetric part of
bﬁ'(- :+) has the form

a(l —1¢
bf’_‘.(u, piv.qg) = bi_'(u, piv. g+ al-n 3 ) @'(—Au+Vp, Aw) + af'(Ahu, —-Av+ V) (7.5)
and the skew-symmetric part the form
h . - (1(1 — t) h h
b, (u,piv,q)=0b,(u, p;v, g)+ — (a,(—Au+Vp, A, v)—a/(Au, —A, v+ Vg)) (7.6)

where, with @, = a, = a, the bilinear forms b’(- ;-) and b (- ; -) are defined in (4.8) and (3.3). Let B, , and B, ,
denote operators associated with the bilinear forms bil,.\(' ;) and bf{(,(~ ; *). Then, the symmetrization procedures

of Section 5 applied to (7.2) give the symmetric but indefinite problem (5.5) and the symmetric positive-definite
problem (5.12) with B, =B, , B, =B, ,, and B, = B, ,, where we assume that B, ; is spectrally equivalent to B, .

1.5 1.a°

THEOREM 7.3. Under the assumptions of Theorem 7.1, B,  and B, , + B,”_‘UB;_l B, , are elliptic and continuous
on V. Moreover, (B,,+B

ta ta

)"‘B:OI (B,, + B, ) is spectrally equivalent to B, + Bf B,f_\l B, .
PROOF. The ellipticity and continuity of B, . are immediate consequences of Theorem 7.1 and the fact that
(B0, 9). (v, 9) = b, q:v. q) .

It is now easy to see that B, | + B,’iB:y] B, , is elliptic. The proof of its continuity parallels that given in the proof

of Theorem 5.1. The spectral equivalence is proved in an analogous fashion to that employed in Theorem
52. O

8. The time-dependent Stokes problem

Consider the time-dependent Stokes problem

ou .

E—Au%—Vp:f in 2XJ,

Viu=0 in X7, (8.1)
u=20 on a2 X J,

u(0, x) =u,x) in £2,
where J = (0, T} and u,(x) is the given initial condition. Let " = n Ar € J; then implicit backward differencing
gives

n—1

1
—Au"+——u"+Vp'=f" +% in {2,

At
V-u"=0 in 2, (8.2)
u" =0 on 942,
u’ = u,(x) in {2.

At each time level 1", (8.2) represents an elliptic system for u#” which is similar to and has better numerical
properties than that of the Stokes problem (2.1) because of the term u”/Ar in the first equation. When the
stabilized finite element method and the preconditioned iterations (with initial guess obtained by extrapolation
from the previous time levels) described in the respective Sections 4 and 5 are employed, only a fixed number
(usually, a small number) of iterations is required for each time step.
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