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Highlights

e Counterexamples are presented to demonstrate inefficiency of the ZZ indicator.
o Efficient new estimators of the ZZ type are analyzed and applicable to diffusion problems with full tensor.
e Computational costs of the new and original ZZ estimators are comparable.

Abstract

In Cai and Zhang (2009), we introduced and analyzed an improved Zienkiewicz—Zhu (ZZ) estimator for the conforming linear
finite element approximation to elliptic interface problems. The estimator is based on the piecewise “constant” flux recovery in the
H (div; {2) conforming finite element space. This paper extends the results of Cai and Zhang (2009) to diffusion problems with full
diffusion tensor and to the flux recovery both in piecewise constant and piecewise linear H (div) space.
© 2016 Elsevier B.V. All rights reserved.
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1. Introduction

A posteriori error estimation for finite element methods has been extensively studied for the past four decades (see,
e.g., books by Ainsworth and Oden [1], Babuska and Strouboulis [2], and Verfiirth [3] and references therein). Due to
easy implementation, generality, and ability to produce quite accurate estimation, the Zienkiewicz—Zhu (ZZ) recovery-
based error estimator [4] has been widely adapted in engineering practice and has been the subject of mathematical
study (e.g., [5-18]). By first recovering a gradient (flux) in the conforming C? linear vector finite element space from
the numerical gradient (flux), the ZZ estimator is defined as the L2 norm of the difference between the recovered and
the numerical gradients/fluxes.
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Despite popularity of the ZZ estimator, it is also well known (see, e.g., [19,20]) that adaptive mesh refinement
(AMR) algorithms using the ZZ estimator are not efficient to reduce global error for non-smooth problems, e.g., in-
terface problems. This is because they over-refine regions where there are only small errors. By exploring the math-
ematical structure of the underlying problem and the characteristics of finite element approximations, in [21,22] we
identified that this failure of the ZZ estimator is caused by using a continuous function (the recovered gradient (flux))
to approximate a discontinuous one (the true gradient (flux)) in the recovery procedure. Therefore, to fix this structural
failure, we should recover the gradient (flux) in proper finite element spaces. More specifically, for the conforming
linear finite element approximation to the interface problem we recovered the flux in the H (div; {2) conforming finite
element space. It was shown in [21] that the resulting implicit and explicit error estimators are not only reliable but
also efficient. Moreover, the estimators are robust with respect to the jump of the coefficients.

In [21], the implicit error estimator requires solution of a global L? minimization problem, and the explicit error es-
timator uses a simple edge average. This averaging approach of the explicit estimator is limited to the Raviart—-Thomas
(RT) [23] element of the lowest order, i.e., the piecewise “constant” vector. In this paper, we introduce a general ap-
proach of constructing explicit flux recoveries using either the piecewise “constant” vector or the piecewise linear
vector (the Brezzi—Douglas—Marini (BDM) [23] element of the lowest order) for the diffusion problem with the full
diffusion coefficient tensor. With the recovered fluxes, the improved ZZ estimators are defined as a weighted L?
norm of the difference between the recovered and the numerical fluxes. These estimators are theoretically shown to be
locally efficient and globally reliable. Moreover, when the diffusion coefficient is piecewise constant scalar and its dis-
tribution is locally quasi-monotone, these estimators are robust with respect to the size of jumps. For a benchmark test
problem, whose coefficient is not locally quasi-monotone, numerical results also show the robustness of the estimators.

A related, sophisticated a posteriori error estimator is based on recovering an equilibrated flux over vertex patches
(see, e.g., [24-26]). Estimators of this type are reliable on coarse meshes and, hence, perfect for error control.
Nevertheless, they are not asymptotically exact.

The paper is organized as follows. Section 2 describes the diffusion problem, variational form, and conforming
finite element approximation. Section 3 describes the a posteriori error estimators of the ZZ type and two counter-
examples. Two explicit flux recoveries and their corresponding improved ZZ estimators are introduced in Section 4.
Efficiency and reliability of those estimators are established in Section 5. Section 6 is devoted to explicit formulas of
the recovered fluxes, the indicators, and the estimators. Finally, Section 7 presents numerical results on the Kellogg’s
benchmark test problem.

2. Finite element approximation to diffusion problem

Let {2 be a bounded polygonal domain in ¢ with d = 2 or 3, with boundary 82 = ', UT',, ', N I, = ¢, and
measq—1 (I',) # 0, and let n be the outward unit vector normal to the boundary. Consider diffusion equation

-V - (AXx)Vu)=f in £? 2.1
with boundary conditions
—AVu-n=g, onl, and u=g, onl), (2.2)

where the V- and V are the divergence and gradient operators, respectively, and f € L?(£2). In this paper, we consider
only simplicial elements. Let 7 = {K} be a regular triangulation of the domain {2, and denote by &, the diameter of
the element K. For simplicity of presentation, assume that g, and g, are piecewise affine functions and constants,
respectively, and that A is a piecewise constant matrix that is symmetric, positive definite.

Let

1 1 R 1 —g!
Hg‘D(Q) =fveH () :v=g,onl,} and HD(Q) = HO.D(Q).
Then the corresponding variational problem is to find u € Hg]_ , ({2) such that
au, v) = (AVu, Vo) = (f,v) = (@gy. V)5, = f(v) Vve H;(Q), (2.3)

where (-, -), is the L? inner product on the domain w. The subscript w is omitted when @ = (2.
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For each K € 7, let Px(K) be the space of polynomials of degree less than or equal to k. Denote the linear
conforming finite element space [27] associated with the triangulation 7 by

S={weH () :vlgeP(K) VKeTl
Let
Segp={veS:v=g,onl,} and S§,=3,,.
Then the conforming finite element approximation is to seek u, € S, ,, such that

(AVu,, Vv) = f(v) Yves,. 2.4)

3. ZZ error estimator and counterexamples

Let ii; € S, , be an approximation to the finite element solution u, € Sg , of (2.4). Denote the numerical
gradient and the numerical flux by

p,=Vi, and &, =—AVi,, 3.1)

respectively, which are piecewise constant vectors in %¢ with respect to the triangulation 7. It is common in
engineering practice to smooth the piecewise constant gradient or flux in a post-process so that they are continuous.
More precisely, denote by N the set of all vertices of the triangulation 7. For each vertex z € A/, denote by w, the
union of elements having z as the common vertex. The recovered (smoothed) gradient or flux are defined as follows:
fort=p, oro,

G(t) e 84 c c')? with nodal values G(1)(z) =

1
/ tdx VzeN, (3.2)
2| o,
where |w;| = measy (w;). There are many post-processing, recovery techniques (see survey article [16] by Zhang and
references therein). With the recovered gradient (flux), the ZZ error indicator and estimator are defined as follows:

§k =1G@ —tlox YKeT and §,,=[G()—1lon

for T = p_ or o, respectively.

Despite many attractive features of the ZZ error estimator, it is well known (see Figs. 3 and 4 in Section 7 that
adaptive mesh refinement (AMR) algorithms using the above ZZ estimator are not efficient to reduce global error for
interface problems. In this section, we demonstrate this failure of the ZZ estimator by two counterexamples for which
the finite element solution is exact while the ZZ indicators along interface could be arbitrarily large.

The first example is a one-dimensional interface problem defined on the domain {2 = (0, 1) with the Dirichlet
boundary condition:

u() =0 and u(l)=(k+1)/2
for an arbitrary constant k > 1 and with piecewise constant diffusion coefficient
A=1 in (0,1/2) and A=k >0 in (1/2, 1).

The exact solution and its derivative of this example are piecewise linear and piecewise constant functions,
respectively, depicted in Figs. 1 and 2 and given by

kx x € (0, 1/2],
uzi

k—1 k x € (0, 1/2),
x—i—T x e(1/2, 1),

and u =
{1 x e (1/2,1).
For any triangulation 7 with x = 1/2 as one of its vertices, the conforming linear finite element approximation
is identical to the exact solution: - = u, and hence the true error equals to zero. Without loss of generality, assume
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u(x)

(k+1)/2
k/2
0 0.5 1
Fig. 1. Solutionu = u .
w(x)
k
(k+1)/2
1
0 0.5-h 0.5 0.5+h 1

Fig. 2. u’T (x) and G(u’T).

that the size of two interface elements is /. Then the recovered gradient is depicted in Fig. 2 and its value at x = 1/2
is (k + 1)/2. A simple calculation yields the ZZ error indicator:

1
— Gk —Dh'? xe@/2-h, 1)2),
| | Wi / /
§zx = 1G,) —uzllox —Zﬁ(k—l)hl/z, x e (1/2, 1/2+h),
0, otherwise.

Hence, no matter how small the mesh size & is, the ZZ indicators at two interface elements could be arbitrarily
large.

For this simple one-dimensional example, to overcome the inefficiency of the estimator, one may use the ZZ
estimator based on the flux. However, this idea could not be extended to two or three dimensions. To see this, consider
the second example defined on the domain {2 = (—1, 1)? with scalar piecewise constant diffusion coefficient

A=kl fory>0 and A=1 fory <0,

where k > 1 is an arbitrary constant. Choose proper Dirichlet boundary data such that the exact solution of (2.1) is
piecewise linear function given by

_Jx+y if y>0,
T lx+ky if y<O.
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The conforming linear finite element approximation on any triangulation aligned with the interface y = 0 is identical
to the exact solution, and hence the true error vanishes. Since the exact gradient and flux

Vu = {(1, D, for y >0, (k, k)', for y >0,

(1. k), fory<o 4 o=-AVu= {(1, k), fory<0

are not continuously across the interface, similar calculation to the first example yields that the ZZ error indicators on
the interface elements based on continuous gradient or flux recovery could be arbitrarily large no matter how small
the mesh sizes of the interface elements are.

4. Improved ZZ estimators

The second example of the previous section shows that the gradient and the flux of the exact solution of (2.1) are
not continuously across interfaces. This means that inefficiency of the ZZ estimator is caused by using continuous
functions (the recovered gradient or flux) to approximate discontinuous functions (the true gradient or flux). In this
section, we introduce improved ZZ estimator that is efficient.

To this end, let

H(div; ) ={t e L’ () : V.1 € L>()} ¢ H' ()¢

) 1/2
with the norm || 7|l g (giv; ) = <||T||%,Q + ||V - r||%’9) and let
Hy  (div; )={tr e H(div; 2) : T -n|pN =gyl

Denote the H (div; {2) conforming Raviart-Thomas (RT) and Brezzi—-Douglas—Marini (BDM) spaces [23] of the
lowest order by

RT ={t e H(div; £2) : tlx € RT(K) VK €T}
and BDM ={t € H(div; 2) : 1|k € BDM(K) VK €T},

respectively, where RT (K) = PO(K)d 4+ (x1, ..., xg)" Po(K) and BDM(K) = P1(K)4. Let
RT, y = RT N Hg y(div; £2) and BDMg y = BDM N Hg y(div; £2).

Let u € H'(12) be the exact solution of (2.1), it is well known that the tangential components of the gradient and
the normal component of the flux are continuous. Mathematically, we have

“ue HY(2) = Vu € H(curl; 2)” and o = —AVu € H(div; 2),

where H (curl; 2) ¢ H'(2)? is the collection of vector-valued functions that are square integrable and whose curl
are also square integrable. This suggests that proper finite element spaces for recovering the gradient and the flux are
the respective H (curl; {2) and H (div; {2) conforming finite element spaces.

For the conforming finite element approximation, the numerical gradient g, is already in H (curl; §2) and, hence,
the resulting improved ZZ estimator based on the gradient recovery is identical to zero. Since the numerical flux
0, is not in Hy y(div; {2), the improved ZZ estimators introduced in [21] are based on either explicit or implicit
flux recoveries in RT, y and BDM, y. The explicit recovery is limited to the scalar diffusion coefficient and the RT
element. The implicit recovery requires to solve the following global L? minimization problem: find 0, € V such that

147G =6 ). = min 147 =5 )llo.0. @D

where V = RT, y or BDM, . With the recovered flux ¢ € V, the improved ZZ estimator introduced in [21] is
given by

£@,)=1A""2G, - Dlo.n- (4.2)

Even though the solution of (4.1) may be computed efficiently by a simple iterative solver, in the remainder of
this section, we derive two new explicit and efficient flux recoveries applicable to the problem with the full diffusion
tensor based on the respective RT and BDM elements of the lowest order.
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Here, we introduce some notations. Denote the set of all edges (faces) of the triangulation by £ :== &, UE, UE,,,
where &, is the set of all interior element edges (faces), and £, and £, are the sets of all boundary edges (faces)
belonging to the respective I', and I'y. For each F € £, denote by n,. the unit vector normal to F. For each F € &,,
let K~ and K ;‘ be two elements sharing the common edge (face) F* such that the unit outward normal vector of K -
coincides with n,; and let x; and X; be the vertex of K ;-L and K opposite to F, respectively. When F € £, UE,,
n, is the unit outward vector normal to 32 and denote by K the element having the edge (face) F and by x. the
vertex in K , opposite to F.

Let 6 be the Kronecker delta function. For each F € £, denote by ¢, the global nodal basis function of RT
associated with F, i.e.,

/F/ (¢, n)ds=5,,, VF e& (4.3)
denote by lﬁ], e ¥ o &lobal basis functions of BDM satisfying

Vot otV =0, VFeE (4.4)
and let

RT, =span{¢ } and BDM, =span{y ., ..., ¥ .}

Since g,, is piecewise constant, for any T € RT, y or BDM y, we have that

1= Y 1,4+ Y gy,lFl¢, with 1, €RT, or BDM,, (4.5)
Fe&UE, Fe&,

where g, » = gy|r and |F| = meas;—; (F).
For any K € 7, restriction of the numerical flux 6 - on K is a constant vector and has the following representation
in RT (K) (see Lemma 4.4 of [21]):

Grle= ), GrklFl$,,

FCoK

where 6, , = (6| -1 F)F is the normal component of 6 - |x on F. On each interior edge (face) F' € £,, the normal
component of the numerical flux has two values

=6 _ and 6 =6_,.
F F’KF F F,KF

o

Denote by ¢~ and qSJFr the restrictionof ¢, on K~ and K ;L, respectively. Then the numerical flux also has the following
edge (face) representation:

N . L G |Flg, +61|Fl¢t, VY Fe&,

0., = o, with 6, =1_.C F F ! (4.6)
T erg F F {O’F|F|¢F, VFe&,UE,.

For any T € RT, vy or BDM, y, (4.5) and (4.6) give

T—0, = Z (TF_&F)+ Z (TF_&F_|F|¢;)+ Z (gN.F_&F_) IFl$ .,

Feg, Fe&, Fe&,
which, together with the triangle inequality and the choice of T, = ¢, |F|¢, forall F € £, implies
£ =min [|[A”% (1 -6
§ =min |47 (x =57) lo.c
= 2 min (AT (= 6)) low, + D IAT gy = 5;) IFI9, ok (4.7)
FEE[ rFe F FGgN

where w,, is the union of elements sharing the edge (face) F forall F € £,V = RT, y or BDM, y and V,, = RT, or
BDM

Fe
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Foreach F € &,,let 6, € Vr = RT, or BDM,. be the solution of the following local minimization problem:

14712 (6, = 6,) low, = min (A7 (t =&,) 0.0, @9
eV,

by (4.7), it is then natural to introduce the following edge (face) based estimator and indicators

. . 1472 (6, —6,) llo.w Feé,
£2 = g2 with &, = “ip AL 4.9)
FE&ZUSN F r ”A (gN,F_ap) |F|¢F ”()’K; Feng
which satisfies
E<E (4.10)
To introduce the element based estimator, define the recovered flux ., € RT, n or BDM, y as follows:
Gr=) 6,4+ ) G IFlb,+ ) 8y, IFI$,. @.11)
Feg, Fe&,, Feé&),
Then the element based indicators and estimator are given by
£ =1A""26, —6 ok, YVKeT and &=[A""26, —6)lo.0 (4.12)

The minimization problem in (4.8) is equivalent to the following variational problem: find 6, € V. such that
(A—l G, 1:) =(A""6,.7) VeV, 4.13)
@F @F

The local problem in (4.13) has only one unknown if V, = RT, and d unknowns if V, = BDM . The explicit
formula of the solution 6 , will be given in Section 6.

5. Efficiency and reliability

This section establishes efficiency and reliability bounds of the indicators and estimators defined in (4.9) and (4.12),
respectively, for the diffusion problem with the coefficient matrix A being locally similar to the identity matrix.

To this end, for each K € 7, denote by Amax,k and Amin,x the maximal and minimal eigenvalues of Ax = A| K’
respectively. Let

Amax = Max Amax.x and Apin = Min Amin K-
KeT KeT

Assume that each local matrix Ak is similar to the identity matrix in the sense that its maximal and minimal
eigenvalues are almost of the same size, i.e., there exists a moderate size constant x > 0 such that

A
Imax K . VK eT. 5.1

)\min,K
Nevertheless, the ratio of the global maximal and minimal eigenvalues, Amax / Amin, could be very large. In order to
show that the reliability constant is independent of the ratio, we assume that the distribution of Apiy(x) is quasi-
monotone (see [28]).
Let I', be the set of all interfaces of the diffusion coefficient that are assumed to be aligned with element interfaces,
and denote by f, = m /[ o, f dx the average of f over w;,. Let

1/2
~ meas; (w;) h2
Hy = D el A A PRI DD Wi el V]
min,w min, K

2eN\(I",Ul'p) T zeNn(T,ul'p) KCw:

Note that A is a constant matrix in w, if z € N'\ (T, UTp).
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Remark 5.1. For various lower order finite element approximations, the first term in H f is of higher order than n,
(defined below in (5.5)) for f € L?(£2) and so is the second term for f € L?(£2) with p > 2 (see [29]).

Theorem 5.2 (Global Reliability). Assume that the distribution of Amin.x is quasi-monotone. Then the error
estimators é and & defined in (4.9) and (4.12), respectively, satisfies the following global reliability bound:

1AV —up)llo.o < C (& + Hy), (52)
and

142V = up)llo.o = € (E+Hy), (5:3)
where the constant C depends on the shape regularity of T and k, but not on hpax / Amin-

Proof. It follows from (4.6), (4.11), and Young’s inequality that

2
Fe&EUEN 0, 2
= Z Z (A_1(6F_&F)’(&F/_&F’))K—+ Z (A_l(&p_&p)v(&p/_&F/))K+
Fe&JUEN\F'COK £ Fcok} F
d N . d A
< > (5 + 1) 1A2(6, = 6 )G o, = (5 + 1)52.
FeE Uy

Now, (5.3) is a consequence of (5.2). To prove the validity of (5.2), note that for any K € 7 and for any vector field
7, we have that

1/2 12 1/2
bk ITllok < A2 2ok < A2 ¢ lTllo

and that

—1/2
max, K

1/2

_ —-1/2
hax ITlox < 1A 2llox < Ai/% ITllo.x. (5.4)

With the above inequalities, (5.2) may be proved in a similar fashion as in [21,7] with the constant C also depending
onk. [

In the remaining part of this section, we will establish the efficiency of the indicators &, and &, given in (4.9)
and (4.12), respectively, by proving that the indicators &, and &, are bounded above by the classical residual
based indicators of the flux jump on edges (faces) given in (5.5), which is well known to be efficient for interface
problems [30], (i.e., A = «(x) I with a(x) being a piecewise constant function). More specifically, Petzoldt (see (5.7)
in [28]) proved that the edge (face) flux indicator

|F||&;—&:|/m, Feé&,,
Tr =\ IFl16; —gnl/ /o5, Fe&,, (5.5)
Oa F GED,

where af = g, is locally efficient without assumption on the distribution of the coefficient «. More specifically,
there exists a constant C > 0 independent of « and the mesh size such that

hZ
n; <C (||a—”2wu —u) G, T D, N~ fTu%,K) (5.6)

KCcwr K

where f, is the L? projection of f onto the space of piecewise constant with respect to 7.
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Remark 5.3. For the diffusion problem, define the edge (face) estimator 5, according to (5.5) with af = Amin, K>
then the local efficiency in (5.6) holds with « = A and the constant C depending on «.

Theorem 5.4 (Local Efficiency). The local edge (face) and element indicators defined in (4.9) and (4.12),
respectively, are efficient, i.e., there exists a constant C > 0 depending only on the shape regularity of T and
such that

172
h?,
ghim < gt < C [ 1A Ve llow, +| D 2Uf = fr Bk | | YFe& SR
K'Co, ~K'
and that
2 172
g gl =14 Verlow, +| D EIF =Sl | | VEET. -8
K'Coyp K

where w,. is the union of all elements that shares at least one edge (face) with K.
Proof. It follows from (4.6), (4.11), and the triangle inequality that

Ee=1A""26, -6 )k < D> I1AT26, -6k < D &. YKeT.
FCoK FCoK
Hence, (5.8) is a direct consequence of (5.7).

To prove the validity of (5.7), first note that the first inequality is a direct consequence of the minimization problem
in (4.8) and the fact that V;’ C Vﬁdm. To prove the second inequality in (5.7), without loss of generality, assume that
F € & and that )‘min,K; > Amin’K;. By (5.4) and the fact that || ¢ x ||0’K; < C with constant C > 0 depending only
on the shape regularity of 7, we have

r_ -1/2 ~ —1/2 =+ ~
£ = Tgr;F A=t = )0w, <I1A”77(0,¢, =)0,

-1/2

(At 2=\ a—1/2 5T — 67
=16, —6)A™2IFI, llok- < |6, =6, Hnin. K 7

IFll$, llo.x -
o -1/2

= ClFl |UF _UF | (Amin,K; +)‘min,K;r)

Combining with Remark 5.3 implies the second inequality in (5.7) and, hence, (5.8). This completes the proof of the

theorem. [

6. Explicit formulas

This section presents explicit formulas of the recovered fluxes defined in (4.11) (see (6.1) and (6.5)) and the
corresponding indicators and estimators defined in (4.9) and (4.12), respectively. In particular, the explicit formulas
for the indicators and, hence, the estimators are written in terms of the current approximation u.- and geometrical
information of elements. For simplicity, we only consider the two-dimensional case.

For each edge F € &, denote by s,. and e,. the globally fixed initial and terminal points of F, respectively, such that
Sy —e, = |F|t, witht, = (¢, ., 1, )" being a unit vector tangent to F; by n, = (z, ., —1, ) a unit vector normal to
F; and by Xf the opposite vertices of F in K ;E, respectively.

Denote by s and 2., the nodal basis functions of the continuous linear element associated with vertices s and e,.

of \V, respectively. For any v € H'(£2), denote the formal adjoint of the curl operator by V+v = (dv/dy, —dv/dx)".
For the RT space of the lowest index, the nodal basis function associated with F' € £ is given by

— L 1
9, = (hs, V¥he, —he, V2is, ).
For the BDM space of the lowest index, two basis functions associated with the edge F € £ are given by

1 1
Vo, =hs, Ve, and ¥,, =—he Vi .
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respectively, which satisfy
/ /
(v, m)| = rsp b I and (v, m) | = 2e,8,, 1 F)

for any F’' € £. It is easy to check that (4.3) and (4.4) hold. This choice of the basis functions for the BDM leads
to a recovered flux whose normal components are weighted averages of the numerical flux (see (6.6)). For a detailed
discussion and implementation of these basis functions, see [31], and [32] that employs the iFEM package of [33].

6.1. Indicator and estimator based on RT
Forall F € £, let

Vi

+ —1
Yy = (A .. ¢ ) and a, = —5F—.
’ B Tove

Using the basis function ¢, defined above, a straightforward calculation gives

2
1 2
+ _ —1/2/0F ot H —-1/2 +  aot
= A X X + A X 3x ,
T e 2, O =) L
F/'COKF F/COKE
where || - || is the standard Euclidean norm in R?. Solving the local problem in (4.13) with V. = RT, gives the
following recovered flux in RTg y:
6= G IFlg,+ D G, IFI$, + > gurIFlb, (6.1)
Feg, Fe&,, Fe&,

with the normal component of the recovered flux, & :_’, on each edge F € & given by the following weighted average:
6" =a,6. 4+ (1—a,) 5 . (6.2)
The edge indicator é;t has the following explicit formula:
o 3 1/2
67 =& 1IFI (U —a vy +a2y)) . Fegr,
é";t =40, F e gD,
|UF _gN,F||F| J/;s FGgN.
Next, we introduce explicit formula of the element indicator & I’(’ in terms of the current approximation .- and

geometrical information of elements. To this end, for any K € 7, denote the sign function by

if n,=ngl,,

. VF C 0K,
if m,=-ng|,,

signK(F) = {1_]

where n,, is the unit outward vector normal to K, and let

t
RFF’ Z XF” - 3X,;> A;1 Z XF” - 3X1:) + Z(XF// _XF/)IAI:I(XF// —XF),

"CcoK "CcoK F'CoK

3

t .t

T,. nF,< E xF,,—3xF>, and S, =mn_ Agn;.
F"CoK

For each element K € 7, the indicator élr(t is given by

1/2
—1lart art ATt
£l = ((A 6", a;)K +2 (67, Vuy) + (AVu, WT)K) (6.3)
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with explicit formula for each term as follows

“lArt A 1 . . art A
(A 6", a;’) = ®E S signg (F)signg (F) [FI|F'|67 67'R, ..
K FCOK F'CaK
N 1 . . R
(67, Vur) === Y Y signg(F)signg (F) | FIF'16] ur(x,) T,
12|K| FCOK F'CoK
and (AVup, Vu,) = 4|K| D> urxp)ug(x,)signg (F)signg (F) |F||F'|S,,,,.
FCOK F'COK

Remark 6.1. For interface problems, the recovered flux in (6.1) and the resulting estimator defined in (4.12) are
equivalent to those introduced and analyzed in [21]. To see that, let A|, = «, I for any K € 7, where o, and I are
constant and the identity matrix, respectively. Let

-_ +_
o, —ozK; and o —(xk;,
then
_ g ]
Ve = E (¢F’ ¢F)K; and y, = E (¢F’ ¢F)K;f'
For a regular triangulation, the ratio of (¢, ¢, ) ,_ and (¢, ¢,) .. is bounded above and below by constants. Thus
F
VF ~ F and 1 _ aF — yF ~ F . (6.4)

aF = — ~ — — —
Ve tvs o ep o R A
(Here, we use x &~ y to mean that there exist two positive constants C1 and C» independent of the mesh size such
i z

that C1x < y < Cax.) (6.4) indicates that the weights in (6.1) may be replaced by the respective a,afa + and a,afaJr
F F F F

Hence, it is equivalent to the explicit estimator introduced in [21].
6.2. Indicator and estimator based on BDM

Forall F € £ andfori, j € {s, e}, let

£ (4-1 o .
ﬂi}lF - (A Vi wij)K;g and  Bij p = ﬂlj P +,3,] P

and let
b . (IBS_S,F + ﬂy_e F)ﬁee F (:89_9 F + ﬂg_g’p)ﬂj‘e,p'
S, F .BS‘Y Fﬁee F ﬂ?e P
and be,F _ (IBS_e,F + ﬂec F)ﬂAS F (,35_3 F + ﬂS_e,F)ﬁS(f,F '

ﬂss Fﬂee F M F

Using the basis functions ¥ . and ¥, . defined at the beginning of this section, a straightforward calculation gives
that

B, = 24|Ki|”A 2 —sp)I?, B, = 24|Ki|”A 12t — e,
-1 +
d (xF —sF)AK (XF —e)
and B, = el
F

Solving the local problems in (4.13) with V. = BDM . gives the following recovered flux in BDM, y:

6,l;dm _ Z ( ~ bdm v, + Abdm V. F) |F| + Z 5 |Fl$, + Z gvr |Flo, (6.5)

Feg, Fe&, Fe&,,
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with the normal components of the recovered flux given by the weighted averages:

62 = by, 67+ (1 —bs,) 6 and 62" =b, 57 + (1 —be )G (6.6)

S'F

The edge indicator & fdm has the following explicit formula:

67— IFlwy’ Fe&,
_Jo, F € &p,

e _ _ _\12
67 — sl IFI (B, +260,+B2,) . Feén,
where w is given by

wp=(1=b ) B +2(1—b )1 —b, B +(1—b, ) B+ bfjﬁ: +2b, b, B+ bjFﬁ;.

bd
g

Next, we present explicit formula of the element indicator égd’" in terms of the current approximation u and
geometrical information of elements. For each ' C 0K, denote by F and F, the remaining two edges of K that is
opposite to s, and e,., respectively. Then the indicator Ef{’d’" is computed by three terms as follows:

1/2
S[l{]dm — ((A—l(;l;dm’ &dem) +2 ( ~ bdm Vu,,> + (AVu, V”T)K) . 6.7)
The third term above is given in the previous section, and the other two terms may be computed by

(Ail‘;T’ O = Z Z |FIIF'| (BFF’ DFF’ +MFF’)

FCIK F'CaK
A 1
and (6,,Vu,), = —FZ 12|K|uT(XF)SIgn (F)|F| (n'L,,).
Cok
Here, the B pirs Dpprs My and L have the following formulas:
oo (I +ds,s ) o _ .
Buy = 60 ol e (4K oty ) sieng (R signc (FOFell )
o (L +6s e ) ,
D,, = &limghin TIFﬂf(A 't,.. F,)51gnK(Fe)s1gnK(F)|Fe||F|
(I1+3de,.s,)
b g bd FoSpr -1 : :
+6,°" A,,jn 48|K|F (AK th,tFé>51gnK(Fs)s1gnK(Fé)|Fs||Fé|,
(I+6e.e.,) , ) .
M., = ozdFm O’:i/ TIF{'F (AKlth,th/) signg (Fy) signg (F{)| Fs|| Fy),

and L, = ) IFI( b sign g (FOIF{It,, — 600" signg (FDIFJIt, )
F'COK

7. Numerical experiments

In this section, we report some numerical results for the Kellogg benchmark test problem [34]. Let 2 = (—1, 1)?
and

u(r,0) =r¥ud)

in the polar coordinates at the origin with 1 (0) being a smooth function of . The function u(r, 6) satisfies the diffusion
equationin (2.1) with A =al, 'y =@, f =0, and

R in (0, D> U (—1,0)2,

a(x) = {1 in 2\ ([0, 1 U[=1,00).
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Fig. 3. Mesh generated by the ZZ indicator & ,%Z.

Fig. 4. Mesh generated by the modified ZZ indicator & ,%Z‘

The y depends on the size of the jump. In the test problem, y = 0.1 is chosen and is corresponding to R ~
161.4476387975881. Note that the solution u(r, #) is only in H!TY~¢(£2) for some ¢ > 0 and, hence, it is very
singular for small y at the origin. This suggests that refinement is centered around the origin.

This problem is tested by the standard ZZ estimator and its variation:
§u = Vuy —G(Vup)loe and &, = la'?Vu, —a™2G@Vup)lo 0.

Here, &,, is the standard ZZ estimator, i.e., the L? norm of the difference between the numerical and recovered
gradients; and the £,, is a modified version, where the flux is recovered in C” continuous finite element space. Both
versions of the ZZ estimators perform badly with many unnecessary over-refinements along the interfaces.

Meshes generated by &, and &,. for both RT and BDM recovery are shown in Figs. 5,7, 9 and 11, respectively. The
refinements are centered at the origin and there is no over-refinements along the interfaces. Similar meshes for this
test problem generated by other error estimators can be found in [21,22,26]. The comparisons between the true error
in the energy norm and the estimators, & and é , are shown in Figs. 6, 8, 10 and 12, respectively. All the estimators
have effectivity indexes very close to one. Here, the effectivity index is defined as the ratio of the estimator and the
true error in the energy norm. Moreover, the slope of the log(dof)- log (the relative error) for both & and é are very
close to —1/2, which indicates the optimal decay of the error with respect to the number of unknowns.
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Fig. 5. Mesh generated by &7

Energy error
049 T T T

10”
e 1a"¥(u-u )il S .
~—&— estimator S~ ~.
10° 10° 10"

Fig. 6. Error and estimator &7,

Fig. 7. Mesh generated by & 2‘1’”.
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Energy error
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Fig. 8. Error and estimator 24
Fig. 9. Mesh generated by &7!.
Estimator vs. True error
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Fig. 11. Mesh generated by S?d’”.

Estimator vs. True error
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Fig. 12. Error and estimator &4
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