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Scalar Hyperbolic Conservation Laws

« Scalar Nonlinear Hyperbolic Conservation Laws

[ w(x,t)+ Vy-f(u) = 0, in QxI,
< u = g, on I'_,
. U(X, O) = Ug (X)v in €,

 Numerical Difficulties

 |ssues on mathematical theory of PDE

« Solutions are discontinuous without a priori knowledge of locations
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Approximation to Unit Step Function with Unknown Interface

 Unit step function with unknow interface c

« Best continuous piece-wise linear approximation

0, z € (a,c —€),
p(z)=¢ =29 gecle—¢gc+el,
1 z € (c+¢,b).
* Error estimate
1 gl/p

If =plimiy =5 and 1f =2l = 5= 707
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Approximation to Unit Step Function with Unknown Interface

 Unit step function and its best CPL approximation

0, z € (a,c — €),
0 7€lac) i
fz) — p(z) = (25 ) z€c—e,c+el,
1, z€lcb).
1 z € (c+¢,b).
* Error estimate
gl/p

1
17 =Ple~m =5 end W =Pl = gy

« CPL approximations on fixed quasi-uniform mesh
- very fine mesh-size h=¢
- overshooting and oscillation

* What is a right class of approximating functions?
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Neural Network (NN)

Fully-connected (Multi-Layer Perceptron) NN (Rosenblatt 1958)

Input Layer FC Hidden Layer N i Output Layer

= DNN function (models)

y=Nx)=NDo...o N® o ND(x): R — R°

—7 N X 3
\‘0{ okﬁ/{’kﬁl{o‘
: V{i‘i’o’i‘i‘%’i“

NO(xED) = g(@wWx(=1) _ pD) . Rr-1 _, g

= The number of parameters
L

N = an X (nj—1 + 1)
=1

= Activate functions

« RelLUX th, t>0
o(t) =
+ Sigmoids 0, ¢<0
* Etc. 1
o(t) = /
1+ e?
PURDUE v Figure | ORGANIZATION OF THE MARK | PERCEPTRON I
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Approximation Property of NN

* Universal Approximation Theorem (Cybenko (1989), Hornik-Stinchcombe-White (1989))

M(o,d) = {v(x) € M, (0,d): ne€Z,} is dense in C(K) for any
compact set K € R¢, provided that ¢ is not a polynomial.

A Priori Error Estimate (DeVore-Oskolkov-Petrushev (1997), DeVore-Hanin-Petrova, Yarosky,
Shen-Yang-Zhang, E-Wojtowytsch, Siegle-Xu, ...)

Why using NN instead of polynomials, finite elements, ...?
How to design NN architecture?
Why using more than two layers?

 Two-layer NN
Mn(O’,d) = {CO -|—ZC¢O’(L¢J1' - X — bz) 1 C; € RO, b; € R, w; € Sd_l},

1=1

I
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Approximation to Unit Step Function with Unknown Interface

 Unit step function with unknow interface c

0, z¢€(a0),
fla) =
1. 2 jch)
» Best 2-layer neural network approximation a b
1
p(m):b ; {a(m—bl)—a(x—bg))}, b —¢c ¢ bh=c e
27— V1

1" One-hidden layer with two neurons !!!

* Error estimate
cl/p
21-1/p(1 + p) /P’

1
||f_pHL°°(I) = 2 and ||f _p”LP(I) =
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LS formulation for linear advection-reaction problem

2

* Linear advection-reaction problem

ug +yu=f in €, u‘r_ =g

* Least-squares formulation Find u € V5(Q) = {v € L?(Q) : vg € L*(Q)} such that

L(u;f) = min L(v;f)

veVg

where L(v;f) = |lvg +yv — f||g,§2 + |lv — 9||2—5

» Coercivity and continuity there exists positive constants « and M such that
2 2
allvlig < L(v;0) < M ||v]i5

De Sterck-Manteuffel-McCormick-Olson, 2004, Bochev-Gunzburger, 2016
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Least-squares neural network (LSNN) method

find u, € M(d,n) such that

2

LSNN method

E(U:N . f) - -ij%/lli(l(}.-n) E (JU’ f)

where M(d, 1, [logy(d+1)] +1,n) = M(d,n)

Quasi-optimal approximation

My
llw = uy |HB = (:) lve;/lll(f;l,n) llw — 'U|”ﬂ’

* A priori error estimate
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o=y < © (lo — sl VE+ _jut -+l

C.-Chen-Liu, JCP, 443 (2021), 110514, C.-Choi-Liu (2022)
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LSNN Method

Numerical Issues

2

» [ntegration

random sampling vs numerical integration

= Differentiation

automatic, exact, numerical, etc

= Algebraic solver (training NN)

methods of gradient descent, ..., 7?77?

P URDUE Department of Mathematics
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Linear scalar HCL: f(u)=au, i.e., ustau, =0

Liu-Zhang, CMAME, 2020
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Famous Transport Equation u+u, =0

(2-6-1)

1.00 0.75 0.50 025 000 02s 050 075 100
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Two discontinuous interfaces
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Adaptive 3-Layer NN for Linear Advection-Reaction Problem

_ * N

current network breaking lines

—— newly added breaking lines
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(a) Exact solution u (b) PP by 2-6-1 NN, the marked

element (red dot), and new breaking

line (red line)
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(d) PP by 2-7-3-1 NN and the marked (e) PP by adaptive 2-7-4-1 NN
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(¢) Approximation by 2-7-1 NN

a

Liu-C.-Chen, CAMWA, 2022
Liu-C., CAMWA, 2022,
C.-Chen-Liu, JCP, 2022.

Approximation using adaptive
2-7-4-1 NN

f)
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LSNN method for scalar nonlinear HCLs

« Scalar nonlinear hyperbolic conservation laws

ur(x,t) + Vi - f(u) =0, in Q x I, u‘r_ =g, u(x,O)|Q:u0(x)

» Least-squares formulation

Find ue Vg = {ve L*(Qx I)|(f(v),v) € H(div;Q x I)} such that

ﬁ(u; g) — min E(U; g)

UGVf

where L(v;g) = [[v: + V- £(0)[I§ qus + [0 = gll5 r_ + [v(x,0) = uo(x)[[§ ¢

* Well-posedness???

S PURDUE | oot of mathematics ~ C--Chen-Liu, ANM (2022); arXiv:2011.10895v2[math.NA] /== | v



LSNN method for scalar nonlinear HCLs

» Least-squares formulation

Find ue Vg = {ve L*(QxI)|(f(v),v) € H(div;Q2 x I)} such that

E(u; g) = min E(v; g)

UGVf

where L(v;g) = [[ve + Vi - £(0)[I§ qcs + [0 = 9llg p_ + [[0(x,0) = uo(x)[[5

« LSNN method finding u"(z;6*) € My such that

N(.. g*)- 1 g By
L(u¥(56%);9) = min L(v(6);9) = min L(v(;;6);9)

* Numerical Issues: integration, differentiation, ...
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C.-Chen-Liu, ANM (2022); arXiv:2011.10895v2[math.NA]
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Discrete Divergence Operator

 Divergence operator

0 = 1w + Vx- f(u) = div (u,f(uv)) = divF(u)

» Discrete divergence operator
+ based on conservative numerical schemes (C.-Chen-Liu (2022), ANM)
+ new discrete divergence operator (C.-Chen-Liu, arXiv:2011.10895v2[math.NA])
Let T be a partition of the domain 2 c R4+,
For any K € T, let zg be the centroid of K.

1

= —— F(u) -ndS
K] Jorc "

div, F(u(z,)) =~ avggdiv f(u)
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Inviscid Burger Equation f(w) = "-u?
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Inviscid Burgers
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Riemann Problem with Higher order flux — f(u) = }u“

2
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(a) 'Iraces of exact and numerical
solutions u) - using the trapezoidal
rule on the plane t — 0.2

(d) Traces of exact and numerical
solutions u1, using the mid-point
rule on the plane t — 0.2

FiG. 5.

Department of Mathematics

Numerical results of the problem with f(u)

(b) Zoom-in plot near the discontin

uous interface of sub-figure (a)

(e) Zoom-in plot near the discontin
uous interface of sub-figure (d)

1.4
111

(c)

solutions ug,

I'races of exact and numerical

- using the trapezoidal
rule on the plane £ — 0.4

(f) Traces of exact and numerical
solutions u2, - using the mid-point
rule on the plane £ — 0.4

(2-10-10-1)

using the composite trapezoidal and mid-point rules
g9 ¥ /2 I
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1 3

Riemann Problem with Non-convex flux  f(u) = ;U
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20 Inviscid Burger Eq

2
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Summary

* NN provides a new class of approximating functions

moving mesh vs uniform mesh and adaptive mesh

« Scalar hyperbolic conservation laws

NN is possibly the best class of approximating functions for scalar HCLs.

* Non-convex optimization

Bottleneck, the method of continuation, ...

« Adaptive Neural Network

« Automatically design a relatively small NN within the prescribed tolerance

» A natural continuation process for obtaining a good initial
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THANK YOU
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