Sub
3.4 ‘Sequences

Let X = (xX.) he a sequence

and |et

n' < "z""‘ nkc,..

be [ S&fﬂ:*'y increa.‘in’

Sequence of integer: n N

Then the sequence
x'z (Xnkj given by

(xn, 3 xnz g )



2,1

13 called a Subsequence
e ———————

of X.

Ex. (é’: ":;‘a %’)

s & .va.scc,ucuce ol

L L) -
(1, 7 3°% ) X
cOrrespond:nﬂ to I’Ik e 2Kk.

y s
But (3,5 57°3°")

'8 nol a Subsequence of X.



2.2
The F‘l,awinﬁ {"ié“Orem

'S ‘fmndamcnfa.’ tc the

theory of calcwlus

Balgan o - Wei er'&fﬁjd Thm

A hounded sequence of

real numbers has o

Converﬁgn{ .sub.5¢1u¢nr.e.



P‘f Since }X,“. neN}

s bounded , lhis sed

'S (On{Oihtd n Qan

interval T, [a” b']

We seli n, = .

We now hisect I, inte

two intervals I.' e I:’
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More precisely )

I,, - la' ’ EL;.'_!"} and

We divide %n(Ni n>n,}
nio {WD 6&133

A e ;ngN: n»n X,.£I',}

B - {neN: nn, x,.ej[""f



ong ot which is in'fi»ift.

In act A, v B, contains

every element of N except

{97 n with 14 n<4<n,.
According lo our construelion,
;neN: naN,, X, € Iz}

5 l'n'fini‘l.t.



/0

I‘F A. 3 in{ini“P , then
we set 12= I: , ond
we |et N, he the smallest

natural number in A,. Note

thai Xn, €1,
It A, is afinite set, then

B, must he infinite

&

We lel n, he the Smallest

na{ural numbher in B' ; Gng

we Set .Iz < I:I



We Now Bisecf 11 inte

Subintervols I; and I:
and we divide the set

ine N: n>n, X, € Iz }
into 2 parts :

A, - {neN: n?h, ,x,,eI; }
Bz 2 Zjhe N: n2n,, X.—.GI:}

lf A: s infinite, we

L\
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take I3= I; ; and we let
Ny be the Smal|est natural

Number in Az. I¢ Aq_ s
G 'F:..;{._- set, then B,

must he iufc‘n:ée, and we

take I3= I: , and we letl

h; he the swmallest naturel

Pumher in Bz . Note that

Xn, € I3

3



\Je (.onfinue in this way
ta obtain ¢ sequence of

hested intervals

I.D Iz ’--c 31\‘,'..

and we obtain o Subsequence

1 %n, } of X svech that

xn € Ik “‘ot k € N.

K

/3



e e \
In addition, for each k, ’?;.t

the set

nelN: nang, X, e]k}

is infinite This fact
3uaranieu 4hat when W€
split the interval I
ih{b Ié ana 1;: 5

one of 1he

corresponding sets i« nonew piy.
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Dy the Nested Interval

Propcr‘ty, there is ¢ point

’? Such theat

oo

me ) I,.

k=

The lenalk o} Ik i3

(b‘a'] g 53!“2 bO*h

nm——

I

)(h,k and M hoth lie in Ik,



it follows that

lx“k —;}:!

which implies that +he

subsequence {X"k} of

X Cth(ragJ to 4}

5



Arc‘\imedean Properiy.

. If x>0, thea there exists
n, €N so that x < n .

Pe. .sllppo.sQ this is NOT trve

Ther for every n € N, we

, tor

wovld have n < x

a“ N e N . By *‘il
CDMp‘e*enéss Pro‘)cr{y "

N has a SUfrcmun U.



Then U~ is nol on

vpper bound of N  se
there is an integer m ¢ N
with U-t < m.  Adding 1,
‘we get U< mil, Thig

tontrodicts the fact that

h £ X ‘For all n. Henu,

tkcre 1S awn "-nleggr Ny with

N, > X,



2. FOV Ny £ >0 l"nqr.

£

'S Gn inllﬂey K E“N Jo

thet -'; < § foroell nyg.

Pf. Sel x- "‘g . We Jhowed

Osbove thot there is on

inleger n, Sveh that
Ne > X. If we set K= N,

then if n2 K, then

\
h?.“,t7x="§“
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3. I Y20 +thea there

exists Ny € N <cueh that
ny"‘l é. Y o n‘l (*}

Pf The Avchimedean
Pfuferfy inpliu that the
\SULJI‘I Ey'&{meN:y‘M}

' S honemp*y, The Well-

Orderinﬁ Prnperty imph‘«



"

that Ey has ¢ least element

we denote by Ny . Thex

ny - { does not btldn, ko E,

Bence we have

n-lf‘l‘ny

Y



Density Theorem 1z

14 x and y 0rt 8% reol

numbers with X <7, t hen

theve $ @ rationo‘ humber

ne (3 svch thet Xen<Yy

P$. We teon assume that

X v 0. ( Let ™ eN Ja*.‘rf,

Mmix >0 Then replace *

wilh Xq4m and Yy with y-nn)
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Since y.y » 0 , it follows

-rrom 2. that there exists

heN svch that -"; < Y-X,

which gives nx 41 < nY.

= T
= o - = 3 >

If we opply (%) 1o nx

we obtain mée N with

_ —-
- @ *T A F =

Tl\e re ‘fore,



P
m € NX 4+l <& "Y,.

T R e g & e o & = T

which leads %o

RN < m £ Ny,

Thus the ra‘tional number

N= m/), setisfies

i
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Ancsther Problem vsirg

'“te Mona’lohc 5@’06»:8 Theorem

Ex. 4 2., pege 77.

let x,>2 ana x,, - 2- =
"

Find lim (x,).
F.’rs}' notée that if Xn .2 }3,,
then L ¢V 50 thay

% ’

Knpe = 2-5 21 Hence
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Xn ¥ 1 for all nz;

o Toor® o

We want 4¢ shaw thei (%)
'S8 dccreas:»s, We hove

X, "'Xz = x"’ (2‘%‘} o (xl‘ "z)z yO
Vs — -

2
5im;larly, we have :

g .
Xnsr = Xpap ° (7'"5?: ~(2’M )

Xngi !
- ('L - a-‘— ) - xn‘ xn*'
Xn xﬂi'

£ {Xn"x""‘]
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where 4he finof inequalily

'rh“BWJ “Nun Xn 2| 5 X,..,., p N |

for a)l n.

It follows from the Monstone

COhV!fﬁ 2nce Thesvem 'l't&'l‘

elimid (Xn} exists, which

implics thol im (Xnd 21

Ny

¢
We ¢conclvde that » = 2--’:‘:,



which Vietds that

(9’,,}13 O ie x=I
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