Infinite Limits

def'n. Let A R, let £: AR
and IH C he a clu.s-ler Foinl o(A.

We say { lende 10 o asx—=r¢

and write [im $ = oo
X -re

if for all o€ & fR, there is d>o0

36 {hal if ¥€N and 02 l1x-cl <§

then ffx.l > «
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Limids at o0

Pef'n Let A € R, ano led f:A=R

‘S“PP“O ‘l’hﬂ* (0,041 4 A {B'

Sssme a.e R . We s6y L is a

lipil od ‘f &8s 2%, and we write

fim fras - L i giver any £§70
Xy oo

there is K ?a So 1hal

f X2 K‘ thew ,f(zn- L, < §
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Ex, Show that lim 2 1
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1t's easy o show thal limX = 0.
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Def’/n. Let AR, el f:A- R

ana let ceA. We say f is

tontinvovs at ¢ if for any
Y T —————

£ 70, lhere exisls § »o Such

f‘tai a‘f X2 Satisfies xXeA with

lx-cl < §, then |ftxs-L[] < E.
. ————



1f fis continvous ot c, then

'Ulvee conditions must hold:

() 'F must Be defined ot C,

tiis The limil of f ot ¢ wust exisd,

(iii) These twe valves mus| he equal.

Of eourst we l\ave the "o“owin,

result.

.Seq wc:nhal Criterion 'For Coaiinuify.

A function ‘f AR is continvovs

al L if and only if For every
Sequence (Xu) in A that .



converges to ¢, the sequence

(ffx..i) converges to 'Ffu.

-

And we have a

Discontinvity Thm. Let Ac R,
led f: A= R, and let ce A.
Then F is discontinyovs ot ¢
if and only if there exists

¢ Sequenct (Xn) in A Such thad

( 2y} converqes lo ¢, but the

Sequence (f(xa1) does NOTconverge
to fres.



P£. 1 +is discantinvous at C,

{here is a number & ¥ 0

such that for every n eN,

there is o number X, € A

with [Xo-cl 4 ",':.‘ and

“(x.)- 'Flui > &,




Def'n. Let A SR le? PA"'"[R 5.1

If B is o svbset of A, we soy
'“"0'! ‘Fis continvovs on lhe set B

i‘f 'F is ¢oniillllou.3 a{ every

poinl of B

Er Let A IR, and define

the Divichled fuvu.-llonf by

| i x is vational
'}(ﬂ:
O 4 X s irrational



We show dhal T is discontinvous

at every peo;nd of R.  Firs,

wWe Suppose thal C is rational,

S0 thal fraiz 1. Led (xas

he a sequence

0* irrﬁeibh‘t opav 8O
num hers that e

C
Comverse o C f;

Set An® C"'-'r"

Then -F(x..) t 0 for all ne [\
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Since 1‘((.):', it follows 4hat

“.(x.) does nal Converge te 'f(u,
Dy +the Discontinuidy Lriterion

fis noet ctondinvovs al ¢

Simila'ly , Svppose C is an

irvalional hvmhbher, Since the

calionals ave dense in IR, for

every n we can find & vationsl

nvmhey X, € (¢, Ct),



56 that lim Flxas = 1.
N-? o

Jincc (x“] convergw to ¢,

and frer1z 0 , it fellows that

Aim({fx,)] does nol tonvevi¢
h- o

to fee By 1he Discanlinvily

£'|"l¢7nn, id ‘fcllows that

'f fs discontinvpvs at C.

;iJ disconlinvovs ot each

point of [R.



Ex. Thomat Fen . We define .

‘Ff [o,w) —3 IR by

l,q id 2 qu and P, § have

) no cow focd
hitx) = - g S8

0o if xis irealional
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We show that the function h

1 continvous at each ivrational

num bhet X' and discontinvovs at
each rofional numbher x

1t's tasy o show hal b 18

d“Lon*inuov.{ atl Gﬁth raliongl.

In faci, as shave i ¢ i1 ratiorel,
then htedrs '/? for sawme

posilive 9. But et
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(Xn) be a Sequemce of

irrational nuwhers that

Converges to C. T hes

-F(x.) does NOT converyg t+o -fru.
Hence the Discontinvidy T hwm
i“‘r,l‘t.i that h ia distontinvovs

ai ¢.

Now we JLQW ,‘I i,;,‘ Con*invous

ol each ivrational nvmbepr b.
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Le{ & be any pasi-la've . Thewn

't‘ltfe S @ number Ny with

L o< §  Theve ars only

No

a finite number  of rationsls
with denominator |ess Than n,
in the interval (b-t, ba1) .
Henu we ¢on thovse J v &

S0 smot] 4hat the neighborhood

('o'é, b+ 5) condains no
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roationgl numbers wilh denomingtor

less thaw he. It follows that

for |x- bl ¢ &, xe A wehave

“slxi-ln(b)l = Jhea | 4 " < .

Thus h is condinveve ot

‘“u irvational number b
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Exy. Considcer the funclion

3(::: Sin(Y ), Weshowed

lim Sin () does rol exist,
y o X))

$6 3C005§£ hever he made

fo bt continvovs al 0.

xXsinle) , txto 2
O s o f %30 .{

But Gilxs* i

is continvous at 0.

i net & .jUMP'
dil(onf:ny;;r




