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.3 Fmate wnd Infinite Jets
Le'l Nm - {loz}'“t n‘}

1. A gel § has m e‘emen‘h of

'p ".f'ont

 there s o hijec‘lion

N, onto S

2 A set S s finite if it has

m elements (m is U"“i”e) :

3 95 is nfinite ifit is not
. L BTOnies

fintte



4. A set S 1$ denome«-rablt
S —————————

:f Ythere is abijcc'lioa of

N onto S

5§ I is covn'l’.oble i§ i1 s either

'fin‘-‘l:e o dcnvmcvable.

6. Jis uncount ahle +f i is

not countoble



Ex. Some examples.

The set E fl‘:'{lh: n € N}

of even natvrel number.s

is denumercahle.

Jo is Z * go.‘."‘, 2."»“'}
So is P: fz.".;, 7, ll,...}
({.he sel of prime 'W"‘be"‘).

P.‘:Z‘ pgf 3, p3= s’o Q{‘o



frn) = % £ n is ever
o ‘ d
-f(n\ : ..--{' f nisod

is the farmyula for the

bije:c.{iun of N onta Z.



Is Nx N d@numerﬁb'e?

(v, M} ’
“ N
(1,3) (3,3}

3)
\2
(1, zl,\n 2)\:3 2) i

(Hi (z») (3.1} (‘h)

Follow First diagona\’

on
fhen the gecond, th

Lhe 1hird, etc.
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Using this methoa et

P(m,n) = wvalve a.ss;gned

o (m,n),

Thus Fro, =1 fe,22 2

fe24)= 3, Persy = M

P(H‘ll = 10,

£ first 2 diajane.‘s o
Pra, ) = 3

Sum ©

- 142 =3

Sum of k diaﬁonds e S

kfk#dn

1+ 24 3 4.4k =
2

‘P(k’z] = kikary
y)



We cee thot the Ehdpo:ni.s of
(masn-1)-th dicgunaet are

(a‘mq-n-l) ond (m-tn-l, |).

Hence the predecessor of

(I,nn-tn-a) ¥ (l,mnn-Z) :

b

g
(v M4 m--»a)..ﬁ
s 91
g (=Y, neis

‘y

®
(m, n)

K
\
Y
N\
& . &
(man-t, V)
(man-2,1)



Hence,
‘p‘M;ﬂ, - 'f‘m"'s I\{l) +

- 'F("""* ﬂ-l'Z) + 2

-y, manar) & (m-)

s -P(m-&n-l, W) tm

(m&n-ll‘"‘*""‘) Lk

fim,n) =
2



Observe that as we move

a‘on3 the path, f(m,n)

INCreases 671 with each
step. Thevefore
P: NgN = N s 1-10-1
Ongd @ﬂ%ﬁ

It ‘Po“ows ‘U\c»‘l 'P Has GQw

inverse 9 : N — Nx N dhot

18 alss |-to-) and onto.



3 Sa‘lu‘"ies

3(.): (1,1)
3(2’ - (l,l)

cb (3) = (2.‘)

%(ul = (LY, edc.

In
general

9(k) = (m(k), "“"}

-Po( k=t,%,..

|10



)

Now dc;ine G '

""vncfi’on Ml n) = M

W

and olsp define

h(k) = (gl ) ~ MK
n (k)

This is the k-th positive
ratisnal number ot

.kke k"‘lk Pﬁihf on
the Paih.
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Thus we obltain o

p uncktion h N —

B &
ool
Qe

that is onto }u¢

not I-to-1?
e

W e wan'L to modify 'q

and onto

to make it 1-to-l




3
But we first prove :

Thm. |. Svppost thet
h:N—85 is surjective,
where S is infinite, Then
there is o function

H:N =S that is (- to-
and onto. Thus,

S s denvmervable.
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Pf. Setl xn = hny, and

sed h, =1,

Let X, be the smallest

posilive in'tejer Such ‘l'ka‘t

x"z # Xn, (Hence, if n<fen,

{heh x! e R, }

Hoving chosen n, , Mo aeees Ml

ke = .
let N, be the 3, .

Smollest integer greatler than

nk.' su‘h ‘l:"lca

Xnk ¢ {hl) h; y v°° hk".i



]

(No’te 'H'\a.'l o] nk_| < § < ny |

Then Xn & i X, 5o x,,k_‘s )

NOW .Se"_ H (k’ = xh\t > ke 1,2,...

Then “ 15 O laijec'hon of
N onto 5 S
If we opply Thwm t 16 Lhe

sequence h:N = Q7  then H
1$s G h;jet‘{'ion of N anto Q+.



15.1
Thes we have listead alf

the ralional pumbers hy

N Nn

'

ZJ n,)... nn

g S 3

H"l:"., Hrl)tn:’..

1_" we arply {‘\C ﬁ"ﬂVC‘

we See {had il Poirs of

na‘li.ml numbcrs can be

Writien in a list, but nel I-te-t.



s

We can weite Sty = Hlk),

Now tonsider the list of orvdered

nl,"q numben .

™~ \
n‘)"’ nz.,-{!} nz‘ )‘!;
N n.\\.\ng,}“n..,n.

In the usval way W€ ohtain
a 5"0"3 c'cfionhof N gato

Q XQ* Thm 1 implies there
is o hijection H of N-‘Q"Q
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Thus TQtx 0" is denumerohle

By Ihducf:‘tm , the sed Q%,,.‘XQ"
O{ oll P-'l:ur’ts of rotional

Nvmbers i35 denumevable.
N



