App"cc.n.‘iiou o1 Completeness
Ardﬂimedeaa P"operf)’.

. If X S0, then theve exisés

n, € N so that x <1 .

Pe. qsuppo.sg this is NOT truve

Thew for every n € N, we

would have n ¢ x, for

oll n inm N. By the
Complehnéss Profcriy ,

N has a .Sulbremun U.



Then U1 is nel an

vpper bound of N o
there is an integer m e N
with U-1 < m. Adding 1,
we ged U< mtl, Thig

tontrodicts the fact that

ney for all n Hence,

theve is an in{eggr Ny with

n, » X,



2. FOV Gﬂy i > O‘ ‘t"‘er.

1§ Gn inieﬂey K i« N s

that < § " for oll n) K.

n
E_& Sel %+ ".g . We shawed
Gbove thot thece is on
inleger n,, Sveh that

Ny > X. If we set K= N,

- and o f ny K-’ t{hen

\
n 2, n x ) x - E K I ( € .



3. If Y50 ihea there

exisis Ny € N sueh thet

y"“'l < b Ny (% )

Pf The Avchimedean

p——

Property implics thel the
subsel E = {mgN: ¥ < m}
'S nonemply, The Well-

Orderinj Pruperty implies

any l\anempfy Suhset E & N



has a lescst element. Thes 5

Ey has ¢ least element

which
we denote by Ny . Thes

ny -] does not belavq ko E,

Bence we have

n-lf‘l‘ny

Y



.Densaiy Theorem .

14 x and y aft 80V real
numbers with X <Y, £ hen
theve is a rational number

ne () svch that X&n<Y

P$. We teon assume that

@R

90 (Let meN satisty

Mix >0 Then replace

with Xem and VY with y-ut)



Since Y-x >0, i follows

-rrom 2. that there exists

neN svchthal - < Y-X.

wh".ch gives N +1 <« nY, '

If we opply (%) 1o nx,

we obtain me N with
m-1 & nx & m,

Therefore,

m & NxX4) & Ny .

\ By (1)

(i}



which leads to

Rx < m < Ny,

Thus the rational number
N= m/ setisfies

X €N &y



2.M, Applica*ranx of Least

U{’per Bound Properfy.

Led ﬂx,.]” he & sequence.

1. We Say )‘Xn} t4 fncreasing

i; th‘ ? Xp‘ +b' G" ne |,2,...

9 We say lim X, = X if

Nn=y

fov all €20, {d heve 2 &



| 10
.n‘leger NG Y6 <o 1het if

”2 Ne . ‘l‘ﬂ'l\

’X,.-?’ < £ for oll N2 N£~

"?Ono{onc Convergenct Thm
5“[’?04& {X.} 14 N

incveasing Sfquence Suek thet
xn é M » {6' ‘-“ n:l.‘.'“ o

Then there is a number

o~
¥ €M, Such thal



o d

Iimx,. s X, F

na® = A

Pf. Led S5° {xn; nz.','m}

ond let X ¢ Jub J .

Choose § 20, Then

Since {xn} IS incressing,

I



.‘F l'l). Nf s ‘l‘itu

P
X"E4X~ & Xy 5;.
£

The last i’nequa,ily follows
feom the facl that

An € )?s‘ '.u.h.s.
et ”
Hemee X -¢ 4x.5§'¢ X+§

- § ¢.Xn-'§‘f

for nz Ng,

i,

N
o lim %oz X.
nte

12
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Exomrle. .Suppo.se that ¢

19 6 hounded function On an
mmterval I. Then there is

a number A>0¢ so that
|fexr] € A forall x€ 1 ie,
~A < fixs ¢ A,

If we let S= {{'(x); xel}

Tl‘&n S ‘\qs Gn im'Finum



1y

myz infS | apa S has a
Svupremum m, = .sup.s.

We conclude that

m, < 'F(xs for all x € L. ono
for every €20, theve ;s

an X; so that

mlf.'rrxél < m e .

Alss , since m, = .SUP.S



for every €30 , there i

an x;' $6 that

15



Problem 2.4.2 . L6

Let 3 : {%“'!.;;1 m; eI}

Catcuvlate va.s ond inf 9.

Noie ‘Fif.“l‘.i . : ..
NG =
" vsing -.
L1~-0 =t andgvo

L]

L
GRS
N we

-o..‘.
L yp-1=7"
" ysing

}.- I
n “2y -
and

:P-;wf

14 seems likely thol

Svp S =\ ond ind S: -



)7

Note thatl )= aw vpper bouvnd
ot .S, ond -1= G lower bound.
M
-\

Set m= ) and, for every
€20, dherp is on Nng , S0

thol 2 ¢ ¢
Ng

T L ow e -1,
hen - m(El

Thus ;nfS = =1.



Jimilarly, set n=t are

C‘\DOJP mi é N 36 “kﬁt

|
;;5 < £, Then

L.) < y-¢
n mir

11 fallows ihad Supy =1

18



19
Ex. Let S be a svbset of R

that i1 bounded below.
Led T - {-x: XCS}
v_,:"_:.,% e

Then inf$ = .svp{-xzxcss

Pf: Lel w= inf §. Then

by Criterion 4 on p.32)



20
G number W ;s an infimem of S
i¥ (it wis & lowey hound |,
ond i (i;) for every £ 20,
there is G y£ € 5 such thal
Ye ¢ wa &,

Since wis o Lowu hound

of 5, it sotishies we x
for &ll x £ -S



ry

Multiplying by (=17, we get
ew 2 =%, for all x6 §.
Jince every element of T

'S §iven by ~x, for xo 3.
we conclude thal -w

1S an vpper bound of T.

Let € » 0, then

Ye ?-w-¢.  Again
(Note that | "'Yg € T’



22

Criterion 4 on» y?t
implies thot -w - gup T

z .Supj-x: xej}

We conclude that ~w=
ip'f.s S W :-(--—w) =-$ufT

= - supf-¥; xeS}

This gives the desired equolity,



