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Alss f: A — B s Surjective
if whenever y ¢ B then

there is an % in A se fixrey

(4‘ '3 on'l:o)

'F ;s onto

hvt not
- o~




Lecture 1 contid: 24
We sov £ is bijective

if f is both injec'l'ive

D T W

and JVf‘ch{ive,

fiare b

g(b)':a.
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Theovem . SuPPuge 'F:A'—"? B

'S bijec'hve , (ie., both

Ther there is a bijection

9: B— A that satisfies

(0} 9 (fear} = 6 for auA
Q "

(b, -F{s(k)) ] b -For all
h in B
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First we define g (b) for

oany b in B
Since f is onto, ‘tkere is one
element o in A so thatl
() fearz b, Moreover there
is only one Svch a.
For it G e A with fea)=b,

and if G F G, then thig

wovld mean fra) - ‘pfﬁ'l,
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wki:‘- con{:ra dicts the 'rﬁt‘l
‘LLG{ “'. is l-ta-)., Hence

we define G(b) = a. (2)

Now we show that (b] helds

Apply # {o both Sided O‘r (1‘

=3 f(g(u] = fray = b
\ by (1),
Sincc h is al‘bi‘lrury‘

this proves (b}
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Now let ¢ be in A.

Then b= 'Ffa.) and of we

saw obove G(b) = a. (3}

If{ we apply 9 to b= 'Fl'al'

ST

we get

%(b): 9(#(@1).
So according to (3

o = 3({(&)) . for all

e in A .
This proves (a}.
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Finolly, note that (al

proves that for any a in A

3 maps F{m to G, g s onto

Also, if Gk = 9(b,)
} hen (a) shows thel
frq(by) = f(a(my)),

which by (b) implies that

b, = l"z, Hence g is [-to~1

and so, § is bijective.
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Ex. L
el Jtxd= x* The

(0¢ x < o)

Inveryp
o" 3 o \r;‘.
x*: 3




‘S“PP”-" Sinx: .42

-' .
°

APPIY Jin

Sin-! [(sinx) = sin'(.u2)

- x = SinT (.42

Ex. Let A-‘;ixc[R: x;.,}

and let Foes = X0
X4

Show that £ s injective.

3
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Now Ffino the ranae of f.

t
Find all y such tho
n 3

s =0 YX+Y = 2X-1

X+

2 = Y=)
Solve for x: (V-2)K=z =y

This can be Salvegd only
|

4 YV# .2, R(f”lyem;yﬁz}



!
Principle of

(.2 Mothematicel ITnductign

Let S be a suvbset of IV

that satisfies

(13 The number 1 € S

(2, For every k e N’

it keSS, Lhen ket 65
Then 'fmr all ﬂéN‘ neS.



Note (2) does not ask

vs to prove thai k¢ S.

We only need 4o show

thal “if keS, then kS



2.t

U-’"""Y , Moth. Tand s

vsed ¢o prove that o Je«iueue

O‘f S{a{ements are alf fr'ue,
For each neN, let Prr

he o mMeaningf,] statement

ehovi pn e N. We fet

S- {niN; Pinr is ‘h'“f-}



2.2

The above Mathemcial

Indvcetion princ:ple becomes:

Svppose 1that

(vr Py s true

(2°) For every keN, ¢

Pk} is trve , then

Plker} is tege.

T"\eh Pﬁn is true for all HEM



2.3
Ex  Suppose Prnd is the

Statemend tha{ ni. In+ 22 0,

Nate that Py is drue,

hecavse 1*-31 42 = 0O

Bu‘[ id s nol tveve ‘l.l\ﬁ-t

f Prk) is trve, then Plicsr)

s trve,

In fod. if k=2, thea P(2) is

true But, P(3) is felse.
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Ex. .Suppose Prm s the

statement thet

'pfnl 2 n‘- n 4+ N s Prime.

Note that when n-=),
|" -0 4+ 41 s Prime .
Then P15 is trve,

Beut (a'Pfer Some ('a.lculahon)

Pruo)s 1601 s prime and
Feay = g1t = e gy



f RO i NOT peime

Hence Pf‘lOl ' *rue bui

Ptyr) is 4alse.

Thys (2) 'f'asl.s wheén pn-= HO

Ex. Use Moath. Ind ke Brove

that

1. .t L2
1"+ 27+ 3%¢... p- "{ne1)lanyd

T TR T B

«



When n=1, Py, is the

.S'l:é":ement

'1: l°?.'f3)
—

6
s. Pty holds.

(4

Now Suppose ‘P”ﬂ '3 i:rve.

Then
|1+ 22 4 ... 2 k? = kfk-u)flk-n)
TR AT S TS
(A

by the inductisn

assumpl'iow



Now check Plka:

14 s k¥4 (k4)’

Klkayiil2kar)

S —————————— + {k'l‘l)

= A

(ki-l)l kfak+r) + (km‘]
C

- ”‘“)l kt2k+r) + bk*L}
G |



=(ket) .
e 2k*as 7k + ¢

s (kad
—— (ke+2)(2k+3)

b

= (ke )( ka2l ( 204} +2)

mém_

- Pfl(-n) is true.

S (2) holds



6.

S:ince both (1) and fa)

ore trve , it follows that

an! is true ;or all néN.

Hence

"z y 2% 4.0 A nt = h{nnl(znu)
’——-—_‘
6



Ex Prove theat 5'“‘-1 H

divisihle by 3. /’T;“
1S Pln).

(1) When n:=1

§'-1: 24 = 3-8

(4

S0 P(ll is trve.

(2) .‘)wppoée thot P{k’ s *rue

'.‘ eo

' 4

25
§°7 -1 s divisiple

by 8.



Check Pekaa:

Slfk'l'l]_' - 2
: §% g2k

2
= § (flk-)}-rs"- .y

n ! (S"k—:) + (5%}

1 f

Both ave divisible by &

(4

~ Plkar) is trve,

2 (23 holds =5 5 =1 is aw,
by § for ol) n



Bernouvlli's Ineq‘uold'y

Show thot

-’u- oM né&EN and for afl x>-:'

b
(1+x) (1 4+nx)
PE. Ficst we check P

(|+xf = (l-\'l'x) V.
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Now check (2)

Suppose fhel fu-x)kz 1+ ky

for all x > =)

No‘t? fhcn‘.

(e
(1+x) ’ =(u-xlk(|+xl

3 (1+kyx)(14 x)

by Lhe indvchive hypoihtﬁi

ond that 1+ ) O



- l+ky "
+ X+ kyxt

2
1+ (Kkaed X

The
$ P(k‘l-l’ is r
ve,

and
hence (2) hol
olds.

fOr all n ¢ N

{
=$ I ¢ X
) ?.l,\-nu h
P W en

Xd¥=},



[ B

.Some{imes, fhe Jlatemen{’

1S only definea for N> ng,

Modified Principle of
Malh, Indvction.
Svppose Lhat

(1) P(nb) is trve,

(2} For alt k> Ne, 4 Prx) s

trve . lhen Plxer) is trve

Thern Pint is trve #or all 72 n,
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Ex. Prove thot
2'. < n? ;or all » P '3
Note that when n-= 5

212 )6 < 24 - h!

This shows that P{q] "w‘d.i,

Now let k be an ;uleg er

2 Y4, and assume tha t
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2k < k.

Note that since k2 4

'Z(k“) = 2% 2 < (k)2

4 (kl )[l{.“) = (ke )!

f

Since 2 < kar.
Hence Plke) is trve By

indvclion p(n) is trve for



Iy

Sometimes "{‘\:e- r»dv.cl ion

Principle con he expressed

Qs to“ows,

Let S he a subset of N

such 'L‘\a{

(1) P(l] is true .
(2) For every ke N

o



i Py, ..., PO) are all

‘Lwe’ then Plwar) is trve,

Then Pn.) ] i;rve For

ofl n GN.

This is sometimes called
":.LC Printiv\t 0" 5*!’0'\3

Indvction A

I§



Use 5£rong Induc{:ion to

| Jl\ow that

V¢ Xn € 2
, ot ne N

(6



i?
Led Prny be the statlement

tl‘i&{ { S xn é 2.
Note that Pris ana Pr2)

both hole by kypafhe.ﬂs.

Now let ke N with k212,

end Suppose that Pf_,-l ' §

'Lvue for all J < k.



The = !
" xk« - 'frxk-l'ixk..)

/f ";"(242)'-'2

by stromn 9 inductlion
h" pothesi.

RV

by strong /ng,
hypothes;;

I§
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Hence 1 ¢ x

which shows thot Pk

is drue | Thys the Shon,

Ir\ducficn pr;ac'_i"pl 4

imrliea that Prnr s

{rve :ov ol n e N,



