Lecture 2 Cont’d. .

Sometimes ¢he I'»'Ju.cl ion

Princi

ple con he expressed

as ;o“ows,
Let S he a subset of N

sSuch ‘L'\a{

(1) P(lj i ‘Erue.
(2) For every ke N

' 4



s
i Pay, ..., Prx) are att

‘Lrue’ then Plwar) is trve,

Then P{nl N krve For

oll n GN.

This is sometimes called
‘L"c Printip‘t Of S*rong

Indvction .



EK Svp
e

Ko §
{ w is defipead by
Xy= 1, X, = 2 ond

X : 2
na 9 o (an + Xn}

Use S‘l’.rong Indvclion to

Jl'\uw that

v <
¢ Xn & 2 ot ne N
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Let Prny be the statement

‘tl‘l&‘l { s Xn $ 2.
Note that an and Pr2)

both hole hy hypothesis.

Now let ke N with kZZ,

and Svuppose that P,y is

Lvve for old j < k.



Then - | ¥
xk« . ‘2. (xk + xk-l)

< ';.",_"(242)'-‘2

/

by Sé&@v‘%g induction
hypothes;.

and

|
xkft - .i (xk + xk-\)

/'Z.‘i(l*'):'

57 stron 9 ‘nd,
""I PSthes;s
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thce | 4

which J‘!ow.s thot Plwa)

' S ‘lruc . Thus the S{ron?
Inducl".«»u P.r;ﬂoip'e

""l"""-' t hat Prnr i

'Lrve :ov ol n e N



‘) Finate tand In#inﬂ:t Jdetls

Let N, = {l,i,...,m}.

i, A sel 5 has m elements f

o bijecdion £ from
—

there s

N, onto S

2 A set S is Finite :f it ha$
m elements (mis unique) '

3 3 is infinite fit is not
. -

fintte



. A set S is denumerabhle
R

if there is o bijeciion of
N on‘tO -S

5 3 is countable if i1 is either
. ”-—'—"'—'

fim’ce or denumevable.

6. Jis unc¢ount ahle if it is

not counteble



EX‘ 5"'08 e)‘ﬁm?'es'

The set E :'{zn: n € N}

of even noturcl numbers

'3 denumerahie.

So is Z = gO,l,-i, 2’-1,...}
So is P: {203,5, 7, u‘,..}

(-U-e set of prime numbef.t).

P.':Z‘ pQ: 3‘ p3= 5" 2{‘.



Is N=xN denumerable?

(Y .

(1,4}

v N\

®

‘ ;
(1,33 (2,3 (3,3}

J ta'z)
\'\” |

fui rz.) {'m (...,

(1, zl

.

Eollow First diagonel,

then 1 he gecond, thenr

1he ihird, etce. .
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U.Sing this me{kbd’ |Oi

'P(m,nl : wvalve assigned

o (m,n),
Thvs #('.l):l #lllz): 2
fe2,09= 3 Py = M

Sum of k ﬂiaﬁonois ¢

14+ 24 3-}...4-’( = kiker)

‘P(k,l) = k(k-&\i.z
2



We ¢ee that the endpw,,{_, of
(M3 n-1 - th diﬁ?ang‘ are

(|‘m+n-|) ond (m-tn-i, 1)
e ————" ———— |

Hence the predecessor of

(1, man=r) s (l,m;n-z) :

8\....
(1, ma n-n)..'..
o (=) DA






Observe that as we move

along the path, £(m,n)

in(rea,gu 671 with each

Step. Therefore
" F" NxN = N s I-10-2

and antp

It ‘Po“ows 1het 'P ;\faé aQw

ipverse 9:N— Nx N dhot

18 alss [-to-] and onto.



9(u) = (1,1)
9 (2 ¢ (1,2)
cb(‘ill‘ (2,1)

In general

9(k) = (m(k)) n(ki}

$°f k:l,?-,...
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N
ow de‘fine G

function T (v
,n) = m
1 4]
and olso def'
N
h(k) =
n(k)

. '

radi
Iﬁﬂﬂ-) l‘\Vmb
er
ot
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Thus we obtain

Punt{ion hN — Q+

we want to modify h

to make it 1-to-1 and onto
M



3
But we First prove .

Thm. |. Svppose that
h:N—$ is surjective,
where S is infinite, Then
there is o function

H:N =25 that is -te-!?
and onto. Theus,

5 ' $ denvmerable.



Y

Proo‘f. Our goal ' S to

construct o seqvence

nl“ nZ’ ...,ng,,.,

50 that all the elements k(n;)

are oll distinet | j<€o <06

M

oand S8 every eleme»f S 0" S

equvals hin;) for Some i,

Thos the fonction H:N—S
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defined by

Heais= hnpy, iz, 2, 3,...

¥ abi‘ie;{ign of N onto S.

R
e R R P T B i -

wwwﬁwmmqm-* .

Set Nzt There ave two .

possihble cas es:

iy 1§ he2y # hto = hing,
M

or



(iis There 1S Gn integer l'\z

with “?2 3, so that
h(n,) # hin,) ond so that

heks = hin,3 for all fe

with n ¢« k <n,

O-+++0
n, n,
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N

im:farly , ane obtains

G Jequenu I'lﬂ 5 y-; ', 2, 3,..

with
l?ﬂ, 4"2 < ... ‘ng < .

¢ that ofl the points
Ngr B=21,2, . ore ol distip t

ongd So ‘“»a.t if

' £ <N
n_, <k<n,



I8
then

] nz n3 n."'-- nn" ) ¢ oo

Since all Lhe elemenis

h‘nl)’ h(nz), o oo h(n‘) ool

are disdincet , il follows
that H:N— & . defines

'57 H(';‘)-.- h(n;), 1210,9, ...

E 4
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A""’a H s onto since

any $€J satistfies S=h(k!

s hfn;) “or Som @ h;‘k,

thcc S e H(:) ‘hn sSome 1.



_Sei:.n con he arbi'l:ron"y

|ar9e: For any sed 5, [et

P (S} be the set of ab
subsets of S.

C antor's Thwm:

T heve does NOT exis o

map P: 5 — P(s5) thot

is onto.

20
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‘Proo‘r. 5UPPb$e
p: 5 — B3]

oM.

‘s o surject
subset

Since Qx> iS5 ¢

of 3. gither X helan?:

P(x) or 4 does nod

to
")ﬂong Lo @ (x). We leti

D: ixe&: x4¢,x,}
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Since @ is a svrje! tion,

there exists Xo € 3

such that fixo1: D

There Gre 2 ;ases .

1. suPPDJQ Xo € D.

Then Xo€ Plxo).

x, § D. Comtrediction
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2. Suppose X, ¢ D.

Then Xg ¢ P (x,).

By definitior of D,

X, € D. Con‘tfadic‘lwr\.

Ex Suppose 53‘50, b,c}

P(s) - {¢, fay , §b1, 14},

{ab} ac). b,c}
and a,h,c} }
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S5 has 3 elements

@‘5) has §& elements .

There does no‘l exas{

e Surjection from

S ente ().



