3

It -ae P we Soy @ is neqative

And we wrile a<0 or O0>a.

(5= RAESETER IR

(It G € [P we write 020

i T REREh o

or O <G

P

‘;;)I; G ¢ “)U{O}- we weirt e e;)__o

iy I1f -a € [Pu-[o}, then we

write Q& 0.

SRR R

I‘P f2)= (iid) ha'd‘ then we S6Y

IR 18 Gn orderedaﬁ‘ew,

M




1§
Arplyipa -“gg Tﬁck@a@ﬁﬁ*y P"ﬁp"*y

to &-b‘ we 9‘.‘

If a-b ¢ P. ihen G2 b.
A e A

If -(a-b) ¢ P ihen (b-alefP

= hya

Mﬂ—_—_—-
Tf oa-b=0, then &=b

i

S

- =
SRS R

Here are the Rules for

Inequal:{-;eg :



2Itm- Lel a,b, ¢c ¢ R

(a) If asbh anad bd¢ then

4

G ¢
(h) Ifarh, thenasc » bic
e R ——————————

(¢’ If a>hb ond C0 then

TGRSR T d é

ca > ¢b

|
|

ac < Gab

P o e

‘Proo; of (as: G-b )0 | b-¢ Y0
then (a-b)t (h-e) ¥0

6v G- Y0 - G > (

16



i7
hs If a-h 0 ihen

(ayc)-(bre) = O-b Y0

= Grec ) heo

: o s
L . aaw'

fer 1§ a» b _and €0, then

ca-ch = cla.bl Y 0.

- c¢a Y ¢hb

iy MCACES
o - oyt SR S R P A A
TR R R R RO T

1f <0, Lthen -c»0 . Nence

C(b-a) = =¢fa-p) Y0

-~ ¢h-¢a Yp = ¢b > ca.



The Ovder Praperiiu
in 2.1.5 4nd 2.1.6 lead te

2,010 and 2.0.001, which arve

I8

USE."U' ‘fmr &o’v:'nj inequal:hes:

\. Suppo.se that ab > 0. 14

0290 ,1henr h>o.

2 T4 ob?0 and a<0, then b2 0

3, 11 abec 0 and 620, 1hep bh<¢ 0

y 14 ob <0 ond a<O, ther b0
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Ex. Find all reol numbers X%

Such i‘\g{ Bx‘l"'f < 12

’

37 (bS of 2.0.7 Byv e

A
3

Ex. SO’VC xz, Yy - f < 0.

X'-ux-5 = (%-5)x+:) <0

& 18 x-5 >0 sthen X4 €0

By Pr»perfy

(3) abave No solution -



N By Pruperty (45

Or, i} %5¢ O, then x41 5 0

5°’V{3°» s =) ¢ X <%

Finolly , we have

Thm 20L&
(is i o € R and & 70, then
a* 2 0

(i;5 if neN, thea n>0 .

20



Absolvte Valve 2.2.

We can define [a] os follows:

a f odo
lal = o if a=0

o i if a0

we’'ll wneed these identitios:

(a} |-al= lal
(b )Job| = |af]bl
(c) la{"': ot

(d) =-1a) ¢ a £ lad

(e} if beo, thes Ibl=-b.



Proof

{a) Suppose 620. Then - - ¢

2 {-a}z- (- a)z=q = lal

(b) 1F either ¢ o b 20, then

bolh Sides equal 0.



Now suvppose a, b 0.

labl= ab - YN

Jdince ab vo0
Now suppose ays, b<o.

labiz-ab = a(-b) : 1a1}b)
When 2.¢0 and b0, ang

0,b<c0o, {he ergoment is

Similar.






The Fo"owins inegquality

S very useful .

Triangle Ineguality .

If o, b ¢ R then

las bl ¢ lale |b]

Pf. Suppose first that aabyp

- la+bl=zarh ¢ lal+ |b]

t

Using (a)



&

Now suppose that a+b < ¢

o |d+'o' = «-(as+h)

= -a-b £ la}+ bl
1

Using (a).

Wh;C" iﬂlP'iC) L"Q Tr;anﬁle
Incquolity., We can pProve

la-bli Slals ip] (1)

l’? "EP,ocins 2 by -b



We will also need:

lal-lbl) $ la-b} (+)

Pf.
0: (a-b) + b

lal€ {a-b) + Ib}

~» (lul-|bl) S la-bl (2}

5imi|arl~, b- b- G
2 h-a 4 q

bl € |b-al # {a}



Ibl-lal ¢ Ib-¢]
~(lal-1b1) £ la-b] 3
By combining (2) and (3),

we ob‘ltaih

,lal-lbll < la-bl,

which proves (+1



Anocther wversion is the
Bo..r.kwawds T'ian,le Properiy
|Q-B| 2 Jal - Ibl.

Pf.
lalz}a-b) +b‘

< ja-bi + | bl

=2 Ja~bl 2 lal- bl



One more identity

Suppose €3 6. Then

(., IO’ f 4 5‘ ang! un', ."

-C¢s Q¢ C .

Proc#i

Case ) : Asseme Q2 0.

lalec¢c = Ge¢

/10



I
Case 2: Assume a < 0.

Thus, in bolth coses | we

3& the desived inequaoality.
Now,6 let's prove fhe “;p”
direction. We know

Q< C. Alse, - C ¢ G

o—C
or -0 ¢(C




12

We obtain |al ¢ ¢

Thus, we've proved both

directions.

Ex Fing the set A of all x

such that {3 ¢4 | € 2

Set ¢= 2

s LG“.{ half ‘s
‘ and 0% 3IXEYH.

lal <cc a_c<cacc

G . 2 ¢ Xy < 2



i3
-6 < Ix ¢ -2

"
For the numeratore;

22 = ux + 3] ¢ Jaxt) + Jug|
. -

< § +8&+3

'
el
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For the denowminator :

‘fx-‘l.t_)_ ‘i‘x‘- {2}

> -2 = 3

Hence,

e B2
‘rlx‘ 3

De‘rn. Let O.E-W\ and & >0

Then the E‘neigl\borkoad of

G s the sed

Vi (a): {xem : ’x-a“ f_lj :



If we replace G in (1) by
X- oand ¢ by ¢ T
follows that x € Vifa) if

On‘y if
g ¢ X-a ¢ &

e O-f <X <@t

On the real line this is

i3



Thm, Let G R, If
X belongs to Vifo.l for

evefy £>o‘ t‘\eh X = G

Pf. Suppose x #Fa. I+ we

set £: VX% . the

2

defini‘kioh 0* Vifa), $then

‘K"ﬁ-‘ Pe \ -6} .

g

2

'D:violin5 by |x-c.l, we¢ hove

16

) ;
| £ 3. This contrediction » X= G,



2.3 Th
e Lea.c{ Upper Bound

Pro Feriy for R

s

of numbers:

N -2 -Q—R~({
Each System is mod;fied
to fill in o certain 9ap

Th ;
€ dﬁ:.niiign b{ ’R s the

mn
ost complicqted.



If we define define

Pvmbers X and Y in |R

(18§ inrin.‘{a decamc.l eupcn.ﬁou.f

Svuch ag

x'-'-fA,o,oz a, and

Y= -:_5: B. b' b‘l b, .- ’ {"eh the
Nine axioms for o ficld

and '“'oree order - pﬂ’perliu

are all Sa‘tiéhed,



y

One Can Show that m satisfies

'l‘\t LQGS*' UPpgr Bound Properfy:

i Ny — A

Definition. Let J be o nonempty
6ub.se{ of IR

(a) S ' S Lounded above if there

is a number U € R such that

S<v forall s ¢§.

Uis an
W—:——- Upper bound
—~—
of S



s
(b) 5 is bovnded below if there

1S a numher w € R such that

S?_W ‘For&il SES.

et —— W is 0
W o~ lower bounda

S of .

(c) 5 ) Louudu’ i it is bou»ded

obove and helow

w\_/\f’ v
S

I S is not bounded , thea

S X1 Unbl.tun.ded.



-)vppo.se thet 5 08 nonempfy.

(o) Anvmber U 3 o ‘eas{

SRR R TR A

vpper bound of 5 if
‘pper bovad of .

(1Y v is an upper bovnd of S

ong (2) If V iS any vupper hovnd of §

then v 2 v

M
| S vpper bounds
lower bounds o{ 5

of S



(b} A number w is o grectesi

lower bound of § if

(l') w S a lower bound o{‘ 3

and (23 iF & is any |ower bound of 5‘

then t ¢ w.

e

If o least vpper bound of 3 exists,

we wrilg ‘,U.b- S = Svpremum -S
| : Sup S
1f @ greotesl lower bound of.s ex.‘.s«l:,

we write 3.'-5. 5 = inFimum S
= inf S



The main fact aboui

rR is that if 5 s a subset

of R Lthat s hovnded ohove,
Lthen there is o number UV in R

such that u= svp?
Simitarly, if 3 is bounded

helow, then there is & welR

such that w= inf S

”WM g

'S



