3.9 Caucky’: Criterion.

Deda. A Sequence X:(x,) is
¢« Covchy Sequence if

for oll €20, theve exists o
number H  a N so that

if nm > H’ thee
c———

'X,\"xm l <&



Even 'U\ouah the de'finifian

does not mention o lim;d X,

\S'Ll“' ‘L“g '\Uﬂb‘rf Xn and X,.\

Gel closer q N, m — o

<R -

Lemma. 1§ ¢ 38quence approgches

et g s g PR

6 limit X Lhew dhe Sequeacy

(Xgl K Caucky

g S G



2.

Prap“ o{ Lc»:mm 1{ x:‘im (X,.,

&

then given £20, there is a

nalural number K’ so<h that

i1 n? K, . then ,X,,-x,‘.i{_

Thus, i

n’m ?- K ’ '“‘tn we havg

| X=X = (X0 =) & (- o) |

- lxn"l“"xm"‘l ‘.£4_§ :f
2 2 .



Since £>0 is Gfbiff‘ry‘
it follows 1hat (x.) is o

Cauchy S€quence



|
“

'8 bOUnded,
P L
et X = (x,) bhe Cavch
veé y’

and Sed £ ]
&z |, ‘\erpg s Hin NV
| N .30
thai,d nal, th
» €n

1, -
nl ¢ 1.
By tke

Tr;
angle Ine
quality, we hq
v
'xhl‘:lxggi'( B
. X~ X )’

Z
< )Xl 40



If we set

M- m&x)lx.l, X1, 1% |

Hel 3

'x"’*'f:

1hen it follows thai

Ixal ¢ M, forall n.

Cauchy Co nverag,.;g Th ™,

A sequence X:= (x,) is

Ctnwer’ent- ;'F it is a CGuf-“Y

Sequence. We have to find % !!



We already Showed {hat if
X is canversenf, then i4 is

Ca-vt.hy. To prove the ather

diteciiop, .fuppo.sc X ¥ C‘W“‘Yo

We Showea obove that X ¥

therefore bounded. By 4he

Bo'zano- Wezersinu ‘“oevreu- .

there exisls a Subsequence



X' = ("nk) of X that

tonverau to 2 number y* :

We will show that lin Xn = X*.

Jince X s (Xn) is @ Couchy
Sequence, given €20, there
'$ & notural number H .

duch that ;¢ nNm 2 H

'H\en X - < ¢
l n X,..‘ "’2"’ (”



3

Inge “ne Subsejuence

X"-'- (x"k, Converges to X*,
*here i & rnatvral number

K 2 H thet ')elcngs‘ ta the

Sel {n., n,,... } such that

Since K2 H, il follows

""ron (1) wilh m= K 1hail



J X "H‘-f- for n2 H

Therefore, if n2 H,

we have
| X0 x*| = )(x..-xK\ X, - x*)l

- lx,,-xKI +| X - x*|

“..5.4-5-
2 2 °

Since £ >0 s arbi‘lrary we

Ohtain dthat |3m(x,,) = x¥,



Ex The pelynomial equation
' x3 - £x +\ =0 hos a root
N with Q< JU ¢ L

We detine an iteralion
Procedure Lo construct a
Sequence (x,) that

Gpproaches the rost AN

We define X' 1o be any

Number with 0 < X, 41



0

and we define

Xn = 5Xp, + 120,

o Xner © "5"'-'(":“").

We can estimote ,(xn-t‘l "xnu7l

by 1x

nir = Knar
5t - F i )]

) f:[)(:“ - anl



i

[
3- i Xnwi * Xpoy X € Xi,lxn“-x',

f % 'xh,.'xn‘ o

Definition. We Soy ¥hot

6 Sequente (Xa) of reol

numhers is (ontractive
g g A M

if there is o canstant C,
0o <¢<C ¢, svch that
‘x"*‘l"‘nwi < C‘xwp"xn'

for all neN, ¢ is the constant

of the Sequence .



)
We've U.Sin@ the f&&% thged
f 0 ¢ X, ¢ ', then Xn also

Satisfies O€ xn 61 For

all ne N. (b7 indvc‘h’anj

We now PYroVve.
Thm. Every coniractive

Sequente is a Cavehy
Sequcnu on o i:henfou

8 Convtfgenl.
Observe thet in the ahove

Cample, (Xn)is contvactive
with € = 3/



3

Pf. U.Sinﬁ the contractive
mequalily, we get:
‘xh"l- xn-n‘ f C‘xb-ﬂ = xh‘
2 € |Xp=Kn-h
é Cn ‘xz"xl‘

To Show that (x,) is Cavcky,

W e LG.VQ



Hepnee .

lx”_xn‘ (2’

S 1K= X | Hoe ., = 2]

& oo & \xn.}g -xli'

€ (€™ e ) enat

- C“" (L:_—-C-—; )lx,-&‘
1-C

¢« ™ (-;-_-':-c)lxa-*-l

We conclude theatl (x,.)



(5

is ¢ Lavehy sequence
and }.hcre*’orc tonverqgent.

ol;Jerve *'\ﬁ,‘l we can e‘*f”&‘?

Lhe Geccvvracy of (2%n) ¢

le"xnif .-.::. "‘1""-'
I-C

Since lim (Xa) = 3?, we have

s ch"‘
X - X < - ng"xll

s D

1-C



533‘1"6' 'y,
Ch-l

xm-' Xn z,‘ -.——-. lxz-x.‘

o~

Letting x,, = X, we obtain

de‘linﬁ the lnequalilus, we

et the inequaflily

Rey
‘;n"xn‘ < E-"""" ‘xg‘xl’

1-C '

which Shaws thot the

ervar — O exponentially



Since Xngs = L3 (x:' -rlj

we can take limid a5 n > e

The limil of (Xa) = X, 30
c X 3
X . (x? «1)

e I ¥ 3‘3“1 il

x‘-s'x-l-l =0

17



