Basic Facts aboul +the

Dar bouy lnfes ral

1§ f is Darbovx in'ﬁagrablc

we write f €D [a,b].

T hm. 5uppose that ‘faad ;)

Are wm ‘D[a'bj. Thew

(o) 1§ ke R , the function



kf isin .D[a,b]" Gnd

b b
L kt = kjaf :

(b) The function ‘f* 9 isin

j[a,b] and

b b b
I(&‘ﬂ)):]f%j%.
& G G

o I8 Py ¢ 92, for all &Gt".‘i]

then I:f 4 Sbﬂ-

¢



(¢} If fe Dla,b), then

|'Fl 1 In ‘b(“,h]’ and

“:#‘l ‘ [bll-'l ¢ M(b-a)

B.

w here “(:J‘ < M far allxelﬁ‘,hl
ey The produc{ ‘Fﬁ is$ in Dl‘.”

The ganawiﬁg is§ morve d.‘"iwﬂ.



Tlme Compo.ﬁ'l'i on Theovem

Let f € Dla b) witk
F([“,"J) < [C.d] and

’2{ 0 llc 6 continvovws

function . feom [c,al 1o R.

Then the tomposition cpof

kelongs e Dla,b).



The Additivity Theovem
Let f:[a,b] @ R ons
feDla,bl, ana let

C€ [%"). Then its
resdrictions ts [a,¢] ons
[c,b] ore both in Dla, ¢}

and ‘Dlﬁ,d], and

b C b
e o



T'"C Qu es'l:cu Qvised,

when 8 a hﬂst‘l‘ida f in[“,"!*

th.’ni*ion tas A set 7 <R

is o null set if for every
———"

€50, there is o collection

{(ak,b,)}

intervals Jsvch that

ez 0‘ open



Example. The sed of all
ralional nNumbers in [d,b]

s o null set. In facl

def' N -_§_
‘nhe lTk ( k e ,ﬂk-} 2_%“)



4

C'CQ"Y 3 i"f union

Tk

i =

of these infervels contains

evny fﬁhﬂhal poln‘l in [&,51~

The sum of the 'enaﬂns of
o

the intervals s z (f/zk)"f.
k=

Theovem (Lebesgue) A
bounded function £:lab]= R



'S iniesrable if and only if

the sed of discontinuidies

;J G llU“ "‘*n

g it
- ..‘-'-f’"’

- /"g’“"g — A f‘.%‘ﬁ{,w 1557 .;.,;rwsw,v P it

Funda mental Theorew Of (alevlos.

( Fiest Form). Suppose there
is o finite set E in [a, b),

and thatl these functions

satisfy



0

(o) F s tontinuovs dh[“.b)-

(h) FI(:H: f(n for oll
x in [a,b]\ E.

(cr f helangs ts Dla, bl

Then we have

iy
[% = Foo-Foa

(78



In the casc when FE is the

empnly case, we S8y the

f(m(lun F i$ aw oanlidevivotive

m«m

‘fi_f: if F is tontinvovs at
all x € [a,b) and if
'F s Jifferenlichle at cach

point of (4 b) and

F'(":’ ’;‘g) ‘IO' oll » ¢ (‘.‘)



2

Then one hgs the Same

b
f £ = F(p)- Fra) ()
[

In other woeds, to compute

B @
j 4 ,  we ju.s{ have o find
G

an an‘tzduiva{iw F on $4,0)

and apply (1)



3
ono{. We Pravg ~“\¢

above “\eorcn in the Cas?
where E: {“’.b}- The

5encul case can he obtacined
by hreaking [&,b) indo a
""m‘lc set ol intevvals.

“The Mean Value Theovew



