Complex Num‘»:r:

Number
A complex Yis & number of

the Form 2oXtyi, wheee

X oeand Yy are real "mbhers anyg
i Setisfies 'z, T4 ie
Obvious hew te cad Lomp lex

Rumhers :

If 2.2 X viy, and 2, = Xatiy,

then 2,425 = (X2 22) ity ey,



Fﬁf h\b“l‘pla‘caic‘on we have
Z,2,% (x,+iy.)-(x,,+‘h’

: (3‘.“:" Yo Yq ! H(x,y,_ '“’zYa)

All of the stapdard Propertie,
of a ‘:icld are satistica .

Aedition auna Multiplication

Gre (ommoutative and wsSaciafive.



A Nnumbee 2= Xiy also has
(3 ”\U't:"'i(al;vg inverse,

i X=Yi

namely: (xu,:f —

Alsc the disteibhviive property

holds:
Z, (11 *23’ < 2,2, + 7173‘
How ever thevre are no order

felalimu. OU\C carnel Jeoy

2. ‘ 21.



w! define limids of camplcg

funclions as follows : 14

Za , N34, 2,..., iS5 & Sequence of
complex numbers, then we Séy

lim 2o =W for every Ero,
h—d

Lhece is on inteqes Nter, svek

bhat if n2 NC€,

'?n“‘”E ¢ &,



There is 6 version of 4 he

Bf)‘z&hﬂ' - Wcagrs}ra.u T‘\m

Theorem. Jvppose there is

6 Sequence (2n; w=y2.-)

in the reclan’le

R- { (x+Mi)) @wétxs b, }

and C Ly &4¢d

Then thepe is ¢ subsequence



(T, ; r=i2,...) bhet

converau to a numhery 27/ ¢ R.

To prove . this, there

must he an infinite

numher of the complex

Numbhers in one of the 4
rccianﬁlu ohtained by

bisec*ina [G,b] ana Le¢. d)



Continve ¢his aryguoment |

So thal tach Successive

rectangle has infinitely

mony elements of the oviginet
Sequence. By the Nestea

Interval Préperh} ) Gog

ohtains & Sequence

2.\’ < Xn' + ;an tkql ‘ORVCC"QJ

to a complex number 2' ¢ R.



Suppou thet f:R=~¢C

that s continvous, 1.,

lim ﬁfli < ;f'l“) ) for )l
'1-"‘{.. Z € R

Then the Bilaane - Weierstray,

Theovem implies that theoe

¢ @ wumber m Jdveh fthat

[fiz)l & m, tor all 2 € R



Fur{hcrmore‘ there GUe
complex pumhers 2, and 2,

"o R such that
i o le 1fal,  terahzeR

end

(0 [fezn) 2 1$c2:]  For at 2R

wWe will vse (1) in QuY proof

of the Fundamental Thevvee

of Alqebra.
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One more algebraic propevty

C‘iun Z2 € ¢ , we car wrife

v

1]

n(cost »+ isinB )
£ 2,2 N, (casy, + isinB,)
and Zyz N, (cos By + isin§,),

than by the Mulbi‘pli’sal’iaa

formvula, one ohlaing

2,82 2 N1, (w:(@.* B,) +i1din {"e,* B,_})



/'

By ;
y indvclion , one Lesily vbhtains

de Meoiveps Fo'mwla:
If ? > n (LOJ O +is5in &) p Plheon

2% = a" [cos(nB) tisinines )

We ton easily tompute n-ih

coots, JTF W= Rces gp +idiv @),

v,
bhea 22 R ™ [cos{. _g.)+ isin( 8 )

satisfies 2% = w_
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Now we prove:

Fundamental Theavem of

,,34'(9%@, Crivc any palgnoma‘al

Pf?ﬁz anzn $o- ¥ e,z t Yo, “n"af

with complex coetficicats o&nd

—_
nzt Gtheveis @ 2, sweh the

Flg,i &%
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Proof. The functiaon 'F(z;

” W n- |
= 2 *a“,ll ‘-.'-"‘ "“a‘.

i.S Lbl\‘fl'n,uau), I‘ w e write

Z=x+iy and take k-th powcrs,
K
suehh as (rariy)’, ome can

verify that the veal pact
1y G Pﬁ’1h¢n2¢l a8 18 the

imeuqinary port, Alsa, hy

vsing the composiliee of

Continvors funclions 4 alte

Lon‘hnuaul’.



14
If E(ay = 4p 2" ... + 0, ,

we want 2 estimate VEtas) .
Let A=z Max(lagl,..., | 6p-s 1)

If 12121, then

'E‘}J , £ | Gy 7"-‘&-“ * aql

¢ nA1aI"g o a2l

’#

2
41721 2 an AL

-

Jummsnﬁ wp, i izl > Ma,(u,zn/ﬂ

bhew JEc23) & 1217

g 0

Z
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we have shown that if

121¢ M=max [ 1,20A) , Lthen

[fear [= (2" E,,f!l'

y (270 = 1217 | gw
—— ® 8
2 2.

In par-}uular, £ 12t 2 M

P e

and alse 121 2 "\ 5 |feart, then



Now let [a.b]" e, @]

be 0 closed rectangle which
comteins f: ¢ mas (Vi )

and duppast tha{ {'hg RN L

of 1fl on [a,bfefe, a] i
attained at Z.;,’ So that

(15 ”‘('1,,)\ e H(z}-l for 7 in
[a}ij].c,al].

|

It follows . " Par‘%icular

é
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that “}lzo)l £ 'f{ar‘, Thes

(23 i |21 2 max {M,hm;mil)
then

“"(;ﬂ = ”(HI 2 ”(atf 2 hcfz‘,)’,

PR I.L“:l;q"-»ﬂan\‘”“:"{fi'—'{ﬂ!hwh‘:—" 5 AN R ST P T i AR .| .
F P T T i
i

<

iy P A A 5 : = "
e it : -




COMbWa‘nﬁ (1) end (2) we

see that |frzsl 2 Mftzarl,

-y all 7.

It is Lanvgn:;nl

the function 9 by
qi2) * fra.za.

Then 3 s O polynamsai af

18
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degru*~ N whose Minimum

absolute vealue occurs ot O,

Svppest instead that
qlo)= o 4 0. If m s
the Jmaiﬁe.@* pw;{-wc Pow&r

of 7 which occurs in the

exprassien for 9, we wrike

Mt

(2 - of + MZ™ +Ca™¥ 4. H (a 27

where B 30
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As noted ahove there is

numﬁﬁcf Y Juch that

o c,,ampfu
" _ of
Y 2

Then setling dy - ckyk, we have

l o« 4 f')szm 4 dm.“ 2"‘"4... d" 2" !

=y M
T |- w27 3

= \un-z"""’ 2 Fmn L P I

a————

[~ &



2

:‘“‘("Zm'} ZM[d.::;.ﬂi.}',,J),

v 4

- ‘“l !I—Em 3 zm[dﬁl'z;,,.}l

1f we cheoose |2 }o he

équucn“Y small y recl ond

pusitive, then
‘3 [d"“' . ] <™ o= ™
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