.Sei.u Con be arbitrarﬂy

la'ﬂe3 For ony sed 5‘ let

6)(55 be the set of all
subsets of 5.

Cantor's Thm:

T heve does NOT exist o

map . 5§ — Prs) thot

' S onto .



Since f (x> 0 $

of 3. gilher X helon?:

Prx) or 4 does not

We leti



Since ‘P '8 G .surjcl-tion
]

20
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2. Suprose xo ¢ D.

Then Xo § P %)

By definition af D,

X, € D. (onifadic'lion.

Ex Suvppose® L E: {a b,c}

@(s) - %¢, fa), fb],g‘},

fand jo. e}, fe.ed
oand {a,h,«.} }
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5 has 3 efemenfi,

P(s) hos & elementd.

There does notl exisd

G .Surjecf'oon from

5 ontl0 6"(5) :



2.1 Aljebra;( and Ovder

Properties of IR.

On IR » {hefe Ore twg

Opero{iaaé , oddition 4+
T ———

multiplications Tlncy sai:.sfy‘
-—-—-—'——_————__— ) '

(AIJ ath = bra conmuiaﬁve)
addition

(A,) (arb) + ¢ = a+(bee)

associative
addition

(A')) Theve is an element O

in R so G+ 0 = G
(0-element exi.s{’



(A} For ¢ach @ in R there i3

on element -Q v R 5o

tha
s (-a)= O ond (-a)ra = O

(hega{ive eleme,.{)

multiplicotion

(mi) G-b = b-a (commvfal:?ve))

(M2 (a-b}-c 2 ‘d‘(b'C)

associative
(H\UH:S plicahon)



3

(M'S} There 15 an elemew‘l linm

so thel a-1 = 1-a =@

(um‘l elemeint )
2xi1sts

R

»

(MY). For each afoir

Uaere exists an thenf

'/a such that
& - ("a_) = | ond

(‘lﬂt}' 7 )
{exis*ehac
af recipro'“l)



(95 a-(hac =(a-b) +(a-c)

ond

(bt c)-az(p-a)r (cal

(d:;t ri butive prop cr{v)

Inco word, R s o field
E——————

By upplying some of the

obove properties, one

can show 1hat the



(1) 2ero element O, ihe

(2) unit elemant 1. and

|
(3) Lhe reciprical g ©7€

ﬁ“ Unfﬁue.

For ¢example , Suppose a#0

and 0'b= i. Ther

b = ((5) - a) b

M,} (n'-n

> (g) (a- ») (....}, ..

This proves (3)

b
™



Also  if ae R {hen G-0:= 0
In fac-l'

G+ Q-0 Q! + a-0 = Q@-(1+0)

by (My) by (D)

: Q! oy Q

Addo’ns (-a) to both SidesS , we 9et

00 = 0.
Alse , 0z (<a}f-140} 2 (1)(-13 +C1).

Adding 1 to both sides, we get

(=)-1) = )



We define Subtraction by
U~b = 64 ¢-b)

ond also we wr ie
ab = a-b,

GG and

of

ard Q°

ol ata and

ant! < am" & |, et

$

Q, IR are both fields.



Thm. Thevre does not exisd
G fG'hbnal number N such

thot nt= 2 Vi g,

I
.5::':?052 hy contradiction

'Lhat Nz P/q : The.‘
2

n® = {quj = 22 p: Zqz.

We tan assume that

[) and 9 "\ave N COmmMmon



‘P&c{or_ Thena-& most one

e ——
of P ond 9 ;5 even
—

Since P": 292, we See

that p2 ;5 even This implieg

that p is alse even ( hecauvse

ﬂ/
i1 P = 2n+1 s odd, 1hen

Pt': "}h‘-l- Wn ¥ s alse odd.)

Henr.e we tan write P:zm,

R AR T



|0

2

Hence 9" must he evep,

which implies § s even

IR i gy MR R AT DR T

This shows thot boih

P and 4 are even, which



s o (ontradiction.

W

T+ follows that

m MU-‘{ iﬂ(‘l-lcle numbar;

thal ore

Tirrational

(i.c.’ not rational )

For this purpore we need to

6{'"'7 Ovder Pnper{i es.

ioe.. < ah‘ ) .



i2
Ovder Properties of IR

Therve s a nonempty Subset

P of IR, colled the set of

posilive real humbers Svech '“la‘t

(iyIfa,b €eP, then atb [P
/‘

(irIf a,b e P, then ab € [P

_——”

(5ii) I @ &P, Lhen exacily one
of the 'foucwing holds :

aefP a=0, (-a) € P

NG

Trichotomy Pro Per-&y
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IF -G € IP, WwWe Soy Q s neﬁafive}

Gnd we wrile A< 0 or O0>a.

Ry T RN [ e ARES SR L TR

1t 6 € P, we write 020

P a—

or O <G

PRl

1f a € Pufo}. wewrike @20
M’_”_

1} -a ¢ Puio), then we

W
write Q& 0.

CXIf iy i) hold, then we 36Y

[R is an Ovdered: f:"eld‘

M




15
App“li»g the Tf:ck@ﬁmwy ‘Praperiy

tﬁ ﬁ'—b‘ we 9‘{

If a-b € P. e G b.
s

If -(a-b) ¢ P {ren (b-alelP

= h)a
”M/_—__k

1§ a-h=0, then a:=b

LR T

_’

A PR

o

ﬁ‘—‘-—-

Here are the Rules for

Inequali{—;eg, .
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Thm. Led Q,b,t (4 ‘R ‘
2.1.7

(a) If asbh anad bd¢C dhen

SRS T R R 4

/S N 4

R TR A

(hy Ifoarb, thenasc > bec

Spcypnsily M

(¢cs If a>bh ond €0 then

EIRSRNER (SNt i

L g

|~
)
A
5
~

————
‘Proo; of (as: 6-b )0‘ b-¢ >0
then (a-b)t (h-e) PO

6r G-C 20 = 6> €
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by If a-h Y0 . then

(asc)-(brec) = a-b 20

- Ga¢c Y bhac

fer 1F a> b . amnd €20, then

ca-¢chb = cla-bh] Y oO.

- ¢ca Y tb

1f c<0 , then -¢c>0 . Mence

¢c(b-a) = =¢(a-p}) 20

- ¢h-¢ta 0 = ¢cb > Ca,
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The Order Pro pev{iu

in 2.1.5 and 2.1.6 lead to
2..10 ang 2.l.ll, which ave

ysefvl for solving inequalities:

\. Svppo.se thet ab > 0. 19f

0.70,{“&» byao.

2 T4 b0 and a ¢V, Lthen b<o

1 If abc O and @20, 1heph<¢ 0

y 14 ob <0 ond 6<0, then byo



g

F;"'“’“Y; we need to preve

Several facts:

Thm 2.). &

(a) if a ¢ ,R and a:ro’ t hea
at v o | o )

(by i{f NEN, Lhen n>o

Since 12> (w3 |>o0

(¢) IfneN, then ndo.

A“’,‘I (b) enag (i) from Dnlu
Propcr{iex. Use Math Ind.
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(dy If @>0, then ' > 0.

{e) I‘ 0<¢ Q@ ¢ b‘ {then

a' r b,

This contraciction shows

a' »o



2!
Pf. of (). If 0 < a <,

then ' - b = (ab) (b-o) >0
$iuce. (&b)-‘ 0 and bh-a 79

we ged a' Y b
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Ex. . Find all real nuabers %

Such 1hal Ix 44 < )

i £)2ed IXEEE X T
1 *

By rb) of 2.0.7

£
3
By e of__ 2.1.7

E x. So’ve Xz-tfx-f < 0.
Xtoyn-5 = (x-5)x+1) <O

& If -5 >0 sthen xn <0

By Pr»perfy
(3) abave No solution -
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Of, by Prope"ty l" ;'P

X-5 <06, ther x41 >0 .

Solvtion is -1&x4¢5.

F"‘“"Y A& we have

711.._ 2.1.8:
(a) fo.e[R and a # 0,
/ { ht!‘l 't az -7 0.

(b) ﬁwo . Since la.l"

this 'Fo“ow/w’-;rom (as



We w;ll d“lne R "y
‘hke set of 'm‘Finife

decimal equn.sion.f:

x:=tB.bb, ... |

where B 18 G non-nt’a*s‘ve
integer ond bd. is the

coefficient of 10'5 ond

o< b ¢ 9



For QxamPle'

m = 314159265
e - 2.T1825182845...

Va2 = L4142135623..

I+ turns oul that

ro{‘iona\ numbers Gvre

{‘\053 d!(’.ima. € pan:i@ns



Express - HS.23Yy3q3y,..

hﬂultipfy by (0 .
0% = qu.?o‘i'i"i---
Muitiply Jox by (00

JDoD x = 45234 3NN
Svbtvacd :

44132
S

960



