Root‘ ol Po.ﬁ‘ivo Nvmbcr.r

Thm. For every real x>0
ond every integer n? O,

'U\ere is one and l'ﬂ'ly one@

positive resl y such that

Y®z x. This number y is
written ”f;‘ - x‘i!a'

Proof. That there i3

a‘t mosf one Sveh Y is cleavr



Since O <Y, ¢y, implies
0¢Y"¢ Y, .

Let E he Lhe sei of ol

positive real numbers t

such that £ ¢ x|

1$ ¢ = X , then 01 <1,
i+X

Hence 4" ¢ 4 ¢X. Thus

‘l;eE, , and E s not Ompty.



3
1Tf 1+ Y14x, thes 1" > T ¥ x,

$0 thet t¢ E. Thes

[+ % 3 an vpper bovnd of €,

The Lleast Vpper Bound

Properfy implics that

theve is y = lvb. E
‘-————-"""“‘""

Tes prove thet Y™ = 2, we

Show that each of 4dhe



nequoalities Y® ¢ x ano
N AR leads to a contra-

diction
The identity

h" - ¢"s (b-a)(b™" 'y ™ 2a .,
. $ %)

vields the inequality

h*-a™ ¢ (h-a)nb™!

when 0 < a < b,



Absvmg y'\< x. C"Ooo.se

hyO <o that Och ¢ 1 and

Put @z v and bz yah Then

n-?

1) fy-vh)”- y® < hn(y+h)

< hn(ys) < x-yn



Thus (y.ph)"‘—x and Y+ h € E
Since yah 2y, this

Confeodicts thefoct theat vy

is an vpper houna aof E.

Assume now that YY" 5 x.

Pv{ k - y“""x
nyn-n
Then 0 <k <Y The above

identily ;) becomes

(A

o



?

Y* - (y-k)" < hknyn! = yhox

Thus (y-k)" > x and y-k¢E

Moreosvee, if £ 2 Y-k, then

th 2 (‘I-k)” >x. It follows

of E, which ctontradicts

Yhe fact 1hat Y is the

least vpper hovnd of E.
It follows that yh= x



2.5 Iateeveals
We need to prove 0‘“-eorem

obhoul "nested intervals”

before we stvay 3 4.

We S&y & Sequence of closed
interv_ﬂ_{
bovnaed "are nestad f

1\

I' 2 Iz <o 31” D-In*; > T
If Ih = [aﬂ)"n], 'L'nen

(b,) s decreasing, ong

(Cn) o+ increasing e



we have the picture

+—F——3+3}

a, @ 6y " by b b

We prove the

Neéted I'\* "VG' prgpgrc" ’

C’rivea. G .sequence o‘f
Nested closed intervaly

os above theve is « point

M in I, ‘;orauneN

M
F



Proo‘f . dince I,, c I,

A

we ge‘l

Gn £ by € b, forallnen

Hence the sequence (an}

1$ i :
inCreosing and bounded
By ‘k‘nt MOno{onQ Covbvcf9
enee
T
hwm., theye is an n

.Safi:‘fyina m = lim(a )

30



.l
Clearly a, ¢ ;m , alin eN. o

We wani to show that

M ¢ bn for all n

We do this by show-‘»a that
for any porticular 0,

bn ) Gk 5 k:’."l',‘,,

There are 2 Cases.
(3 1§ n&k, thean Since

I” 2 Ik , we hove



tii) 1§ k ¢ n, Lthen Since

Ik 21, , we have

We conclude that O < bn‘
for all k‘

sa thot b, is

an vpper bound for

{°k3 k""}



Po.s.h‘nﬁ 4o the [Jimit as

kapproackes o, we obtain

m<cbh, . for all neN

N
Cow-bin-\’/ (1) ond (2),

we have

g & M < b» , all
née N-:

Hence m e In for all n



We ¢can vse nested

intervals to show thal
the set R of real numhers

14 NOT countehle .

5u”w.u- that {here is a

$f‘i020‘¢t I:{ xu, Kg' .o }

Sbch that ’[or ény X in L“,'],

‘thtre 1S an n'n‘ltegef n Suceh

that Xn = %.



1)

Choose a closed Subinterval

1

C [0'03 Sveh that x.¢I'.

closed
Now choose « *Subi.terval

I, ¢I, svch that X, € I,

In this way we obtain

& Jttiuenu: of'..fubin{:ervol:
closed

Sueh 1hat
ft21;2.. 24



I6
svch that for all n=t, 2,..,

Xn €L, [.r 1]

The Ne.sted Interval Thesrim

imp(ies that there is o

point M € I,. 3 for all

ﬂ-‘-‘l‘,z,-“
Since x,, ¢ In {0' all n,

it follaws that



14 follows that 1= [o‘n}

1$ not countable

b ]

I+



