3., Setiuencer

A Je?uenr,e X 5 v 'FUnc{'ion
{rom N to R Sometimes X s
de'rined ‘07 G ‘;ormula ‘fur the

n-th teem Xe ' Suech as

Xa: 2
" = ;‘—:l . 5omeiime4 we jul‘l

define the First few terms,



We can olse qive 6 vecurdive

"ormu‘a 'For Xa:

xﬁ-l

- . ! hra,
Xpey + 1

Xp °

J1 is very EMPortan4 to

compute the {imit o‘f&.sequence,
De;iniiioa. w: Say 6@ S¢eqQuence

X C“'""'ac.i to x if forall ¢ » 0,
there is a numher K N N. so that

i f n K, then Ix"—xl < £



The pumber X is the fimit of

X , ond we sey X i convcr’en{

1“ x ¥ no‘t canverljenf, we Say

X is divergent |

A Sequence can only have al most

one limii. .Su_ppo.se limx = x*

ond lim X = x"  Set g2 lx'-x"l

2.
Ckoose k| S0 ‘xn"x“ < s

;'F“?.KI



and cthoose K‘}. Sa that

IX“-K"’ if n» K,.

Now sel K: maximum of {k., Kz}.
Then if n2 K
boe'- X"V | (xt- x5 - (x*- x..)]

¢ {x-xal +§x"- xal

¢ £ +§& = 2¢

= Ix-x" |

D;v;d:ng by ‘X"’x”‘ we 39* 1 <1,
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Ex. Prove thsai ‘uﬂ(h*f)::o_

Note that 3 <

Qe R ey

3
n+§ n

For a given € 20, choovse K20

$o thal ifnz,K,-U-.e,, S 2z &
n 3

If n 2 K' then

3 :i <2_<3--§-
n 3

l 5B e

ns n+4H

3
Hence lim ""'"'"') = 0.



Ex Show that lim (<1)" does
not exist.
Assuming lim (-1 = X,
sel €= 1. Then thece

s o« KeEN so that if hy K.

thenr 5(-»:)".... x, < 1.
1f nis even ond 2 K, thesn

|x-—ai<‘ = X-1 >~} +X20



I nis odd ond ) K, dhenr
EXIREE ix-(-a)"’ < 1.

Hence, x41 ¢ | which

l

implies {hat x < O.

This contro diction. (mplies

“‘.laa‘l ‘im ("')" does nol €xist.



We now prove

Let (x,.) bhe ¢ sequence of
nvmbers oned let ¥ ¢ [R.

1f (a,) is a sequence of
posilive numhers with lim(a,) = 0

and if for some constont (20

and Some m € N‘ we have

|x,-x} £ Can dor all nym

then it follows thot [im Ay = X.



[0
Proof ) Is Er0 s Given then

Since |im(&,‘]=o’ we know
there exists K  such that

N2 K implies G.zl0.-0]¢ te .
Tt Follows that if bolh nz K

and niwm, then

I xo- x}) ¢Cou ¢ C(€/c} =€

Jince £ is arbitrary, we conclude

‘Lka‘l X = lim(xn) .



We will vse this 2o show thet

f 6<bel, then lim(b™) =0

BV{ Fil’J* we P'ove .

Ex. 1f 670, show li...(' ):0

l+na

éincc : 020, thew

& £

“‘lore‘fou 0e Ve , L

l+na n& .
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Thes Wwe have
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Since lim (%, =0,
the ocbove theorem with C:1
Q

Ubnd Mm=1 implies {hat
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RCCO“ {kol Bernou“:'é

Inequality stotes that
if X2, then

(14 x)" 2 l+nx, ollnepN

—
e . puees ;T ahd
N“"“ » PO R T e B 8 K7 L AT g g e T £t i NS

We now Show thet i"
0<h 21, then lim(b") = ©.
Sinee 0¢bh el . we can write

h: .

L+ a



q.

where g - (..;-;}_" S0 that

& ? 0. By Bernoulli’: In?quoh’lyj

we hove

(Ha)n 2 l1+na, where
a?vi-

Hence

} |

n
(13a) I*rRG

Feam the ahove theorem . we

(onclvde that [im () = 0.



3.2 Li»il Theoreas.

U“"‘f) the regults of thig

.Seo’tion, we car analyse the

EOnvel‘genLe of Many SCGUENnces,

-Defim‘fion‘ A Sequence X"" (x,)

1$ bounded if Lhere exists

6 numbey M>0 Such that

fxnl £ M, Fova"néN.

I5,
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Thm. A convergcn‘t‘seqfuence

of real Nnumbers s Bounded.

Pe. Svppose that limx, = x

and let £z). Then there s

« KeN such thot |x,-x| el
for all n ? K. The Tﬁonﬂle

In eqlaaiihywi'lk n?2 K implie.f

thet
EINE IX,. -X +¥ lﬁ* 1= f 4 (%)

< 13 1x).



¥
1f we set

M= ma:{]x.l LA lxK_,l’ I 4 lxl}

then Lt follows thed

)%, ] & Ms foe all ne N,

We wont te learn how
‘Lakimj (imils interqcds

Wilh the operationy of

oddition, sSubfeq ction,

Mu”.iplica 'lion G d divisian.



$( Ke)
Given two sequences X (%

and Y : ‘Y..)‘ we d@fine

X+Y = (x,49.)
X-Y ¢ (X,.“Yn)

XY = (% Yn)
cX * (an)
and

XA o= (==

} (

"bvio'o'aj

Yn#D

)

X



.Suppo.n Xelxnd ond Y: (yn)

Converge 1o X and y

respectively. Let €20,

Aad;tion.

C hoose k, and K, S0 Lthat

1x',"¥' < i“ n 2 Kl and

£
2
3
2

Ivn-Y] € if 2K,

Now set K= Mox{Kt > Kz}

9
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1f nz2 K: %"e" no K, ond

¢ ¢
Tt g

Hence lim (-Xn+7-) = A+ Y.
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For svbtraclion, we vse Lhe
Seme argument. Jyust replace
Xn + Y, by X = Yn and
X+ Y by X-y.
Multiplicotion. This is o bid
More complicoted: Note that

‘ xh\/p“xy ,2 (xhvn‘“ 337)

+ (Xpy - XY)



< Ix..(vn-yj/,.. I(,",,,,I
5 ,xn”Yp'Y' -+ 'x..“‘)‘l'y,
B'I *-"il bﬁUﬂdGJngss Lkeﬁftln‘

theve is M' YO Svch that

ixnl 4 M, |
Now sef M = ﬂox{ M, , ]”}.

We conclude that

ol n.

lxav..-—xyl < Miva-vl + M)x.-xl}

22
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Now let € > 0 be giver,

Then theve exists K,

Such that

£ 4
e ‘ — 8 n ZK'.
Ix, -x} f

Simslarly, there exists Kz

Sveh that
£ fn2K,
,YD'Y <2M :

Now sei K= P‘“‘ikg,lk;}
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