Exam 1 Math 341 Name

1. Prove that n < 2" for all n € N.

We use Indyctisn, The inc1u¢l.‘ly

d ohvigus when 2 (' . 2')

Now assume thal n < 2% is troe.
n+!
Mv“ip'y h, 2 : In £ 2-2": 2 .

Note thal n+1 & 20, We obtoin

nst ¢ 2n € 2 Thu

1he ineqvali‘h (s tvve ‘fnr n¥,

By Indvelion, the inggualidy i
Leve for ol n



2. (a) What is the definition of an upper bound of S7

UV s an vpper bound o‘f S if

u2S forall § €85,

(b) If w is an upper bound of S, under what condition is u
a least upper bound?

U musi salisty If v is alsw an

upper bound of S, then V2 U,

oR: 1f €20, then there is anr

element _',,S£ € j Such theat

vu-§€ < g,



g E5 ={2 M% :n € N}, prove that 2 is a least upper bound.

Every element of 555 §iver by

S 2"-;- for some n ¢ N.

Nste 1hat ?“3,;; ¢ 2. Thus

228 for all S€3. 2 2is o0

vpper hound ot $



4. Prove that if (z,) is a convergent sequence, then
{x, : n € N} is bounded.

P£. we are given Ahat lim (X} =X,

1f we sel &30, Lhew Lhevre is o

KeN, 30 if n2K thes
IX“-*\‘ s

A PN 1t~ x) *)f)

< \xn-2) ¥ 1xl 2 44 \xl |
dor ﬂZ,K_

Henee,

jxal £ Mux{!#-l,f---,lﬁg..l, Hm}f-' M.



5. (a) Define the Nested Interval Property. 1’ 1"3 lan) k‘]
all setisfy 1,>1,2..21.2.-,
then there is o nomber % € Iﬁn

(b) State the Bolzano-Weierstrass Theorem.

A bounded Jequeﬂ(é hes a

convugul svhsequenc e.

(¢) Give the definition of a Cauchy sequence.,

‘xl\’ '3 COV'Jiy if ;or all £20,
bhere is 6 K € N, sothel if

m 2 K and n 2 K, +hen
‘x""Xn\< i.



6. If imz,, =z and lim g, = v, prove that lim(z.y.) = zy.

Note thot

| Zn Yo -xyl = lxﬂ {Yll"“ + (xn-x)y )

¢ Itallyp-y) + 1¥)12%n-x] it

Recall theve is o Ky 30 thol
if n2 K, , the I1Xe]<Mo.

I‘ M - Mﬂ)‘{"o, 'Y‘} " then (S

18 hounded by Miy.-y] 4+ Mixy=xl. (2



Hencc (2) is hovunded by

This implﬂ: thet lim (XnYa) = XY



7. Suppose that (z,) is a bounded increasing sequence. Prove
that there is a number Z such that limz,, = Z.

o d

Let x = Svp f Xn i NE N} . Choose
any € 20. Then there is K € N 3o

that X-€ < Xe Xn £ X ¢ X+ €.

The Second inéﬁualily ‘ollov.‘ Sinct

ied
casing and the thiv

(Xn) s ner
Since Q' 1s Gn UPPRY bound, Henee,

L-§ £ %n X x+§. By suhtrocting,

-f ¢ X=X < €. This implies

p ]

lim X 2 X -



8. (a)State the Squeeze Theorem. .s vp P 1 Y 4 ‘l h ‘i

X € Yn £ 70 and thel liva X 2 o
- 'iM 2'.'

Then lim(y,) = x.

(b) Show with all details how the Squeeze Theorem can be
used to compute lim i

n?

we know 1het fim -;-‘ 2 0, ond thet

Lhe product rule implies lim &, 2 0

We 5?" Xnt ";1 > In? {")"';;i
-l
] i ¢ l- i
o“d zn - -;-‘ . éll\‘ W n‘
s 0 s lim - i1 follows thaf

n: ?

lim (-1)" = 0O
nt



9. (a) Use the fact that lim(1 + )" = e to compute
lim(1 + %2—)3”2.

@ - "
If weset e = (), 2) , thea dhe

Suhsequence obloined by setting
e le? ; ~ ke?
n: k? s 8“1: (l 4 J';-z) satisfies
k? ; -
lim () 4 "i""‘,) — e lim 12 4)",
l (b) What theorem are you using to compute this limit? 1

and 30 We have vied
M t thet if
lim (l‘l‘-;-;.,) z €. the foct thet i
(x,) converyts
lo x, *hCﬂ Gl\y 3yh_{¢10¢n(¢
’
defines by X ¢ (%, )

alsp (onverges to x.



