Ansther Preblem using

'“te MOno'lo»c 5é’uence Theorcm

Ex. 4 2., poge 77.

let x, 22 ana x,, 2 2- =
N

F;“d 'l‘m (xn,.
First, note that it x"“zi:
41hen %:‘ < Q, so that

Xmee = 2-5 21 Hence



¥n ¥ 1 for all nzy 4 ..

We want d¢ shaw thai (%,)



where the fino‘ inequalily

fa“ow.s ‘f'#n Xa > | Xne1 2 U
B

for all n. Jince (X,) is decreounj

14 follows from the Monstane
Convercjance Thesvrew 1hal
Zzlim (%n) exists, which

implics thal lim (43 21

Ny

We conclvde that ¥:=2-%,
) 4



which Yyields that

(A .
(;"l) =0, e,



Svub
34 "Sequences

Let X = (x.) be o sequence

and |et

h, < hlc...c nk4...

be [ .S'l:ric“y Increadsin 9

Sequence of integer: n N

Then the sequence
x'= (X"k] gf'ﬁven by

(xﬂ., x'\z y» )



18 colled a svbsequence
M

of X.

E x. (é‘“:"‘!’, ";:"')

s G Jubsequcnce ol

(4,45 %0 = X

Corre.fpondinﬂ to l’lks 2k.
. g [

Put (‘;".'1 7 ;"'5")

$ nol a Jubsequn‘cc of X



The 'Fo”owias theorem

UScful.

Thm. Juvppv® Xz (%) converqes
bo . If (X..n) is any

Jubl(ﬁuel\te of X, then

'im (x,,r) - X.
k ~?oo



7.
PL. Let €20 and let KfE)>O

be such thet if ny Kre),

then 'Xn"’“ ¢ €.

Since
n|‘ n’,‘.--‘ n"(...
i$ Gn increasSing Sequence

of nalural numwbers, il is easy

to prove by induction thgy

n, 2 k.



Hence :f k > Klﬂ’ $ hen

N, 2 k 2

Kee)

so that 1% - x) <.

Thys (xhk

to X.

) also convers es

7.2



The 'F‘“bwn'aﬁ ":"'90?00" 23

S ‘fu.adamtn{'a,l 1o the

theory of calcwlus.

ﬁai?an D - Wei er’,sfyﬂgj.; T hw.

A hounded sequence of

real numbers has o

convergenl suvhsequence.



Pf. Since jx,‘: neN}

s hounded . lhis sed

1§ ¢contained in an

interval T, : [Q. , b,]

We Se‘l n,=< t .

We now lDiJCCi I. inteo

two intervals I,' and I.”



More precisely

and

5.




ong o1 which is in‘rini’h.

In facd A, v B, contains

every element of N except

for n with 1¢n ¢n,.
Atcording 1o ovy consdrvelion,
;naN: naN,, X,é& ]z}

S in[ini‘lt.



/0

I1f A. R infinaf? , thean
we set 1,= If . and
we |et h, .‘)e the smallest

natural number in A,. Note

It A, s adfinite set, then

B, must be infinite

g

We |ed N, he the Smeallest

na{ural humbcr in B' ,and

we Set 11 5 I:,



We Now BESCC{’ I‘l inte

2"
Svbintervals I; and ,I2

and we divide the set
{nen; hang, X, € 1, }

inte 2 PariS:
A, - ;neN: nrh,  Xeel, }
Bz':'-zjheN: n)na,x"e]'_;'}

l'f A2 'S in"inc‘fe, we

L\
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take I z

; and we let

n} bt the SMQ”QJ* ﬂa'EUfG'

num"Q' 'n Az. 11 Aq_ s
fa 'F"no‘{t set, then Bz

mhy gt ,)8 iu‘finzte, and wWe

take 13 Iz , and we let

'\3 he the swallest naturel

numher N Dt . Note 'Hna"

Xn € 13

3



/3

\A/e um(:inue in thig wWay

te obtain o sequence of

hested intervals

I,>21I,2..21I,° "

and we oblain a Subsequence

{""k}" of X such that

Xn, €I for ke N

%



In oddition, for each k, |3\

the sel
nelN: nang, X, e]k}

is infinite This fact

3uamn{ee: 4hat when W€
split the interval I

inlo I‘: and l:. p
one of 1he

corresponding sels i« nonem ply.
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Dy the Nested Interval

Propcr‘ty’ {h@r& s G painf

’? Such thaet

G

me Il I.

k=t

The length ol Ilc is

(b"a] . 53!‘(3 ba"’l

P ad

g K-t

Ay and M hoth lie in I,
k



it follows that

o -

which imph‘g( that the

Subsequence {X”k} of

X Converges te 9.

T3



