H.i Limids of Functions.
led A € m A poin‘l ¢cin R is

S 4 ('u&*tr pOSa* of A f foe

every § 20, thece is at least
one poia{ X e:A, X$c, Such

that jx-<} < §.

One can also Say ¢ is a cluster pt.

Of A i'f every 5-nei3l~bor|~aod

V3(()= (c-§, c-t‘) of ¢ contains
ol least one point of A distinel

'Ffoln G



Thm. A number ¢ in fR is o

du.ﬂcr po‘.ai O'f A f ond only

if ihere exisds Q &9ﬁ08n(¢ (ab)

in A such thal lim(a,) = ¢

and Q, # ¢ farall ne N,

¥ ¢ is & cluster po;n{ oi A,
-tl.,g_nfor any n € N, the (V.)-

Neighhorhaod V\/n(c) cantains

et least one point Qu iv A disdinet
Ffbm C.



Then G, € A , GaF c ond

lan-c] < ';:;‘ implies lim (Gn)= €.

Veﬁl‘y converse on p. 104

Examples,
. 11 A= (o,u), then €0 and &=
are also cluster poinds os well

as ol Points in fO,‘).

2. A ‘fimlc sel A has no cluster

poin*s.



3. A‘-’-{"": neN} has only !

n

the poinl O as a clvster pi.

4y If A= Q, the sed of ralionsl
Pain‘ls, then gvery poo‘a% N R

iS o c'”-"‘t' Péia‘lr Of A

Tht main 1deg abou* cle'hr poi"'b

is thal ony de}

ines 'im.’ta of

‘Funcfions ot such Points



Yefinition of the Lim:t

Definition. Let A € R and

led ¢ be a cluster poirt of A.
For o funclion *P.A — IR ,

G Nnumber L is s0id 1o bea
'im‘,{ o{ { at ¢ ;‘f, 3iven any

& >0, therve exists 0 §70

Such that of XGA and .

O< lx-cl ¢ 5, then "P(x)-l."£°
M W
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We say ‘f cenverges jo L atc,

and we write |- lim foa
X<

The 1f f:A—= R and it ¢ is
o cluster poinl‘ of A, then

can only have one limit at C.



P{. 5Uppo.u that

‘im ;':L\ and ’im ’c s Lz.
X=C X=¥ C

A\SJUMiﬂﬁ L. #' LQ‘ Se{g: ‘L|'L2’

Cm———— Y
2

and chaose 5, and 5, *» O

350 that if 0<¢lx-cl €4, and
f 0<Ix-¢cl <4, then
l{(#’-l;‘l < f and

l{{x’,Lz‘ AN ; r?&pec‘lively.



Setting §eminf 5, 4], ono

if 0<lix-cV¢§, dhen

1L - La) = (- fud = (g fom)]
¢ |~ fro)+|Ly-Foo |

¢« & + E

< lLl'L"-, + ‘Ll-Lz’
c———— E——

2 2
= “-l"'l-zl.



This conirad;chon impliu

'|:|~a'l L| > ’-z .

Show that if hru=z x*, thee

lim x* = c2. Note 1hal
X ¢

lxz-c‘}: ’X-H-’-‘x-C‘ :

We estimate |xacl:

| x4 ¢| = l(x-cJ+2c|

¢ Va2lel |, if Jx-c) ¢l
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Now , for o qiven £>0, sel

§(¢) = mn{l , __9______}

(+21cl

Hence, if o < Ix-cl ¢ §(€) Lhee

!x+c“x-<! - (21:)-“)' _f.---
14 21¢)

= ¢.

y A
Hane' lim x® = ¢,
X9 L



i

z-
Ex Show that lim X~ 3 _ -2

X*2 X3 5

2
Let Wiy = u . Then
X4+ 3

I"Pm 4 3:..! . | 5x*-15x -*2(’“37
= = P2, S
§(x+3)

= | §x* - 13x ”’I“

W

5 1%+ 3

= ) §x- 3}

X Jx-a

§lx+3)
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Note that if Jx-21 ¢ ), thes
'5 b 4 f 3. Hehce . '-’ ’X‘Z'.‘!l'

| 1y
|§x-3) ¢ 15x— 3 £ |2

— hich
and 5‘3*3‘ §-4 = 20, whic

5x-3| '2;,3 )
i"\p'its 4hai ' . £ _zlx 2'
§)x+31 2

For a give” 570, sel

S(e)= IMn{)‘ f__{}
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It jx-21 ¢ §(¢), then

Jves- (2)] < €.

The 'fo”owinj makes it poﬁihle

‘}.o Cov\ver{ 'me.'lion |im:{$

ih‘lo carre.jponl'in-, ﬂueé‘hon.l

ahout Sequence limits.



Yy
Thee Let F: AR and lel

¢ he A clu.sfer poin‘l ] A.

T'\En ‘lhe {o"owtng are

quivalent :

(i) lim 'P=L

%= ¢
(ii) For every sequence (X,]

n A that (anerﬂg,; $o ¢ Such

thot X, #c¢ foralln e N, the
Sequence (ffx.)) Converyes to L.
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Proof. (i) (ii) . Assume thai
‘F ‘\M 'imil L al ¢, and Svppose

(% ) is a sequence in A wilh
lim (Xa)= ¢ and X, # ¢ foralin.
We must prave that the sequence
”fxn)) converges to L.

Let £ 20 be given . Thea

by dE‘finiiion ;o“ fuuchoa limids



6
there exists § 20 such thad

i xe A solisfies 0 ¢ 1x-c| < 5,

then "f(x)-—L ! < £.

Since (Xa) COnVeErges 40 c'
‘ar o given J 20, lheve exisis

G number k(‘(’) such that §

ny K(8), thee |x.-c] ¢S

But for each such x,, we

hove ,'r(x,,)-L’ ¢ ¢,
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Now we prov¢ (iid =2 (i)

We arque by confradiction.
If (i) is noet trve, then

"I‘tgte exists an £°‘Vlﬁjl\borlmggj

Vfl(L) Such that pno matier
0 which

b- neighorhoey of ¢ we pick,

there will be al least one

Nnumber Xy i AnVsru with

) 4
§ F L sveh thay fix,) ¢ V. (1}
®



1%

Hencc, for ¢v¢ry n € N,
the (“)- neighborhasd of ¢

contains G number X, Suchthat

0“",‘,’“‘5 and XnEA)
but such that
l-f(xn)- Ll 2 &, for all n eN

Weve showa thal Lhe sequence

(X.J_ 'n A\"t} Canveryes to ¢
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hot (‘[’(X..)) does not

convcrgg 1o L. Thus,

welve Shown (i) is NOT teue

Thig Lon'h-adachoa imrha

that (ia‘t.inpl.' es (i)

Diveraencc Cfc’{eﬁon. The

‘FUn(,fibn f Jou nel l\cvc Q limi{' at ¢

i‘f ond only i”f 'H-Qre '3 & dequence

(xn’ in A widh Xn F ¢ 'FG'
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all n e N sveh that the

‘S“l”“‘u [1{.‘) cohverges +s ¢,

hut the Sequence (‘“"a’)

db(& NOT CQ.VG"Q k

Ei. Iim S$n (‘/¥’ does not ex: st.
X =) O




2
!

S et Xn < o _}

.Sin(-;‘!;) = Sinf( nm+ )
I§ n is even , then
Sin (nn-rl})-:l .
I n is 0o9d, +then
Jin(nn-r.;.')'-'-' - 1.

x“—ﬁo, and X,. #0, lmd
Sin('/,‘”s does nel converge
= Sin "/x.) has ne ln‘\m-l- at x=0



