!
Princi p'e ﬁf

(.2 Mathematicel Inducfion

Let S be a subset of IV

that satisfies

(13 The number 1 € S

(2 For every k €N,

i keSS, Lhen ket 65
Then forall neN, neS.



Note (2) does not ask

vs to prove thai ke S

We only need 4o show

thati if ke.‘;, then k-ntSt'



2.0

U.Svﬁ“‘l , Moth. T ad s

vsed 4o prove thaot o sequeue

of Statements are aolf frue,
For each neN, let Prn)

he o meuningf,] statement

eshovi neN. We fet

VE {neN; Piny is h“fo}



2.2

The ahove Mathemaial

Indvetion principle becomes:

jvppose tﬁa{

(v Py is true

(2°) For every keN, if

P(k} is trve, then

Plker) is tege.

Then Prm is trve for ol neN



2.3
Ex. .Suppose an) is the

statement theat

ﬁr..s 2 nlent Y1 s Prime.

Note that when n-=),
1214 9 s prime.
Then P15 is trve,

But (after some calculahon)

Pluyp)s 1600 s Prime and
Fluy = Y% = Je gy



2 O s NOT peime

Hence P{qo] s true but

Pty is 4alse.

Thus (2} ‘Fails when n= 0

Ex. Use M(ﬂ:ho Irnd to Brove

that

| 2
"¢ 2 4 3 XYY n".-.- "(M'Ufznﬂ)
M

“



When n=1, Ppgq s the

.S'I:o»tement

I1: l'?.‘(3)
e
6
. Pty holds.

Now Suppose Pewy is teve.

Then
12, 224... 4+ k? = k(ku)(zku)
T —TRRTD
b

By the inductisn

GSSUMF‘l’iow



Now check Plkars:

1.0 k& fkn)z

Klkaisl2kat) 2
e+ (k)

= A

R

= (k.l-:)[ kfaksr) + (kn\)
6

= ”‘"‘)[ kt2k+1) + HHL}
G .



- ) |
Q(-::L [Zk"-l 7k + ¢

AL ALEN Ty AT

&

= (kav)(ka2) (20K} #1)

. m&ﬂfwﬂmﬂ

P(kn) is true.

S (2) hoelds



6.4
Since both (1) awne fa)

aore trve it follows that

Peny is true forall neN.

Hence

1. h{M-lJ(znu)

,\14; 2 y... 4 N =
’———-ﬂ""‘
6



E
x. Prove thal gin
-4 9

(1) When n:=1
1
5" -13 284 = 3-8

LY Plll s trve

ue

i.e. Szk

' 4

—' ) 5
is divigihle

by 8.



Check Plkaot:

Ssz-l'l]_' 2
: 5% 5k

2
= § (5'”'-)}1-5‘1 - )

- gt (5““-,) + (5%}

1 t

Buth ove divisible by &

< Plk#r) is trve.

~ (25 holds = 571 s du
by § for el] n,



Bernoulli's Ineq‘ualsty

Show that

for all nE&€N and for all Xy=l

"
(14x) 2 (14nx)
Pf. First we check Py

CiaxY = (1ar) V.



10
Now check (2)

.Suppost thet (H-x)k?. 1+ ky

for all x ) =)

Note that

(ko)
(13 x) 2 (axd® (14 ¢)

3 (1+kxl)li4 22

by the indvckbive hypo*huis

ond that 14 ) O



i

= ek 3 x 3 ky?

2 1+ (ket) X .

Thes P(kar) is trve,

ond hence (2) holds.

By indud'io'n, Pn.s i {rpg

for all n ¢N

= (l*)‘)”?. l'l-h!(' when

XI=},



[}
Sume{:ime:, the Jlatemen{’

1S only definea for n> n,

Modified ?rinciple ot
Malth, Iwndevcetion.
SVPPOSG {h&‘t

(1) P(no) is trve.

(2} Foratt kzn, f Prk) is

trve , lhen Plwkar) is trve

Then Pins is trve #mr all 2 no



12

Ex. Peove thot

2'." n 'Forall "y oy
Note that when ns y
29216 < 24 = y

This shows that Pry) helds

Now let k be an inlzes e

2, ‘i, and assume tha



/3

2k < k.

Nole that since k 2 %

2("“) = ok, 2 < (ki)2

4 (kl jfk.“) = (ke )!

!

Since 2 < kau,
Hence Plker) is trve BY

induvclion p(h) is trove for



L |

Sometimes dthe Il»du..clion

Princ:ple con he expressed

Qs ‘Fo“ow.s,

Let S he a subset of N

such ‘L‘\a{

“) p(” id {:rue.
(2) For every ke N

@



I§
i P(l),.... Pfx) are all

Lrue’ then Plrar) is trve,

Then P{nl is trve for

ol n GN‘

This is sometimes called
{Lc Princiv‘t Of Strona

Indvction.



(6

Ex 5u
- P”JE
P 0 Seqwen
¢ ¢

{x§
w is defipea by
X.=', x;’ 2 &
nd
X : 2
42 2 {"nﬁ + Xy }

Use 5£ron’ Induc{ion to

Jkow that

V¢ X é 2
et n e N



Led ans 58 the statement

that | € %, ¢ 2.

Note that Pris ana Pra)

both hole by hypothesis.

Now let ke N with k22,
and suppose that Pr;y is
Lvue for ot j s k, ie.,

)¢ x; 22, f s jak

i?



Th 2 ,
en xk-u - -{ ka + . xk")

< "'2'_’(2+2)=2
/

Ily Stron g induction
h" pothesis

and

|
Kkn - "'i (Xk + xk")

23 (v41) =

,I

5y stron 9 ‘nd,
hypothes:s

|§
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Hence 1 4 xk“ ¢ 2

which shows that Plkar)

is drue . Thus the Sivong
Il\dU({ian ﬁg-;mo'i"plg

imrlie.n that Pln) is

";rve fov ofl n e N,



Conjecfuu Q Fornula ""or

| + E I (2""'). D I
Set S, =

IR 1 Y

-4
"

n:=2 .S,:H-'gsq
n:3 , 5,32 1435 = &

nzu, Sy T )43eqe7® 6

It seems that 5,.: n®

Prove by induction.



et

When nzo , it s chvious

that S5,= 1 = 2

Now assume thet 5".'. nt (4

Snn

(143 4...4 (2n-1} ) + (2m 41}

(]

nt &+ (an+y)

s (nedt.
This shows that (1) is trus

'ro" nel.
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B 5
Y induction

1432 54... +(2n-1) = n*

for all w € N.

Ex. Find all ne€ N svch that
< )



23
n=4 |6 <« M e 16 X

neg 25 ¢ 2° =32 Vv
We prove h.?‘ < 2" {for n s,

We alveady proved this if ney

A$$ume n* < 2" for N2 §

]
(n-l-n)‘l - f_f‘__f_‘_{ . n* :[.'_‘%3)12"

n*
t indvctive

If nts, hyroiht-ﬁ‘-

(1+45) ¢ 14§

"\\0‘



1
(2) ¢ (£) <36 £ 2
25
Hence
)t < 22 e
n

We conclude by indvetion
bhat nt* ¢ 2" f

nz)| or if N29

24

.V



