I
Defim. Ld A€ R ona f1A=R
 We soy that £ is uniformly
confinvovs on A ;{ for every
€20 , theve is a §tg) >0

Suech that f

f ,x’ ‘A :

are any nunber{ S“i-_’fﬁﬂj
IX, <Xyl ¢ 8¢6) . then

”(x.)- flx,)l < &



The po;..-t is thet if

we want to 3uaran‘|e¢ 1{hat
,hx,) s f!x,s , , i guffices

do choose § svéficiently

Smoll  say Ix,-x2) ¢ Jtes

Thm I Iz [a,b} is &
tlosed hovnded interval,
and 'F is continvovs oW Io

Lhen 1 is uniformly continveus
on I.



PL 31f £ ;s net uniformly

('o»'hnuov.f on I. then ‘“urc

i§ &6 number f. 206 5 3ueh {that
for any number J 20, 1here

are nvmbers U = J(§y9 enea

v VI(S) such 1had
| vegy- vean| < §, bet

that [F(ues)-fevanlze



In fact , for eveey née N,

'“\tvc avreé l\vnbcu V, ond Vi,

in I Such thad Jup-val < 4

hut thed "F(u..)—- ‘ffva." 2 &,

dince I is bounded, the
Bolzav«pn Wtigr.&*ﬂi“ Thm

implies thal the JQquence

(U..) has o .Sulue’uo»cc



(o“k) that tonverges

to a numher X in E‘R ,

Jinu & 4 unk & b "fn all

kfl,_i,,‘., it follows 1hat

Xz ‘lm U,,
k=

. alie i in [a, n]

Note 1hat
lvﬁnk - x ls "vmk-whk' + 'uak" X'

We know [va-val ¢ 2 g



In peviicylar , l;,.,, 'Vn -V, ’
k = oo k k

Capproaclnc,; . ln addition,

we know {1hat uhk - X also

Gp'\fgg‘l.t‘ 0. wWe CG"C‘V‘Q‘

{"O{ l‘ﬂ‘l vﬂk - X- ; ‘W A
k-t

It is cleay thel hotl

Unh Gnd \/"k approach



Since £ is tontinyovs ot 2
hoth ““n") and f{v,,k)
Lanverge o £y, Bud
this is impassihle gipce

| f(ua) = frvar | 2 ¢,
Thus, aur assumplion thai

‘F s neot U"i'O'M'y conhnuoua

impliu that § not

Continyovs ot Some Point ¥ in I



C&n#t‘iveni'v . if '[ '8

Contipvous ot ¢very point

of T then f is uniformly

Cén’linuous on 1 .

Lipschitz Functions.
Det'n Led A € IR awa let £:A=R.

If bthere exisds 6a tonstanl k)O

Such that [fex)- Frusl ¢ Kix-ol
(1)



‘FOr all x u eEA  dhen
{i.i Said to he s Lipacltil:!

fwc{:“ on A,
Geometrically, dhe Ls‘p.scl-ilz

condition cam he writfen as

‘ffx)-“(V) 2 k

S LM L
el



Thes, the slopes of a ll
".'\0 segme.i. join:», two
POiﬂlS on the ﬁrap" of
Y= f‘#’ ove bounded by

hH CG ng “ Q“‘ Ko

ThMI‘ 'fA""" m W & liP;(hi'lz

fu:nclioa, then fi.l uniforn(y

Cont iNYous

jo



Given £
20, we can tek
e
5= & |
. xe eA
Satist
y |x-v| ¢ §, ¢
, then

Hoo- fim) ¢ K
X-wl

< K- &
K - &
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Ex. The ‘ruaLJio» ﬁf:l'l‘ V X

15 Camdinyoys om {G,lj,
but id is met Lipechite,

bemusz of

Grar-9ter € K ix-o3: Ky

bher \y ¢ Kx forallxelonl)

Thys |4 KVx . But tnig

Cannot ‘\q.«ppcp it % ic Small c‘n[o‘gl
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_De-f’,.. Led 1 < m be anm
inierval and et $: I R .

Tl\:n S is CG.“cd & s*ep {unc*iou

i‘f ;‘l' has amly G ‘in:l'c num ber

of volves . Monover, on each

infcr\nl‘ the Step 'Fun;ha»

takes on only one wvaly, in 1he

inftmior o; each i»fcrv(.l.-



4

;rhm. Led I:[a,b] bea closes

hounded interval, and led

;.‘ IR be continvove am I.

I ¢r0 , then theye exisls
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a step fumetion S : 11— R

Such thai "f””‘ -‘%5’1 < ¢

for oll x ¢ T.

P5. The funclion { is

Uniformly conlinuovs , so
9given £ 28, there is a
Pumber §(g) such that

v Xy €I and lx-ylf_ 5, ’



[

then |fles- feys) < &

let 1= [a,b] oana let m
be sufficiently large so
bhat h = (b-al/ < §co
Now we divide [0,h) into

n dil‘joi.} intervals of

'en’“. h .

0.7-‘{. < X, .- ‘x,,,-. < ¥, b.

Wh(f! X =X :h o 9:_6.



Now define

'SE (X)= ‘ffa-& kh) , for all

XEL, , kateeeim,

80 S¢ is constand on each
l'u*tnrai (The velue of 5&
on Ik i 1he valve of f

ol the YigM endpoint of I,

\7



\8
Hemee, if xe I e

| for - Sgeor] = | fur-Fraakn)|

{ ¢

Hence  [f143 - S s} < ¢

$oe ol 2z € T.



