5.6 Inver.ce Fuac.{ians {
If £ is continuous on a

closed bounded intervel
I- [c‘o ,"j, we showed thet

H\ere Lre 2 POSn‘tS X,,,, and X*

such thai P(x*) ¢ fxs S‘Pfx"'),



We will say that o function
£ is steictly increasing an
an interval 1 if whenever
X'« x” then 'F(x‘l < flx”l.
Let’s assume that f s
Strictly increasing and

tontinvous 6n Ix* ; X*].

ssuppo.se that k sotisfies

Pexy ¢ k ¢ Fexe



Thgn -},kc I»iermcdiafc Volvc

Thw ( IVT) says thal
there is a number x,e(x,,,x*)

such that fo“, = k.

In foct, this X, muvsi be

Unigue, for if X5 is another

nombhar with fixgy = ke fxd),

then F would not he 6"ricfly

increasing . Hence X, is vnique.



We can define the inverce

b‘l Sel"lina sfy).;x‘

whenever 'P{;” Ty '

Thus the funection 3 (y) i

we fl- defined Far all ¥
that satisdy

Pexy ¢ v ¢ Tox®



Note thot if x e[x* X*]
3

then fex) ¢ [#rx,.i, P(""]

= 3 1f we set Y= fra,

$hen v € Rgnae of f.

ThUi e(ylzx s s

J = "'(I)
T
¥ 5 . x.’



We wont to show thet

Une inverse func'hoa 3

i$ continvous O0 J.

Let c€ 3. For ory swall

number & sel Y 'Prc-rg«i)

and Set Y. = fre-€3.

This implies

gf{y,) = C+ré and Gly- )< c- ¢



1f ¢c-§ ¢x< Ct€  then

y. ¢ Fexr < Y -




It follows that it

Y € v§(\°m) . then
3(\/) € V£ (c) .

I't ‘FO"O\MS {l\bt 9 0 § con‘linuoul

a{ P(c), Since € 9 arbitrery,

3 follows that

F(B'} - [a,b] is

3'-’ [P(M,

Continuvovs ot €.



Thus we've Praved that if

“ 63 COn{'im)ouJ on Gn

inteeval 1, and if ¥

is Strictly incréasing on I

kl\en 4 hervre ¢S G continvous

'Fuv.r.hon g ow J: lﬁr"a ;“‘”]

g.4



6. The derivative .

Def'n. Let I IR beon

interval , let £: 1 — R ,

and lel ce . Wessy thal

L b the derivative of 'F ot ¢
if given any 20, there is
§rg1> 0 So that i x €I ond

sobisfies



0< {x-¢cl < 5(61‘ then

M
A- <

fm-l-'m-t } _—

We write -F'('c) = L

Thes the derwaﬁivc of &

at ¢ 8 given 'Iy

) : -Pfxl-'Ff“
Proyz lim
X C b LN A

10



(]

A usefol ihearem:

The 1§ £:I>R has a

derivative at ¢ € ], then &

is continvous at ¢

PL. For all &CI‘ R F C, we have

fos— fres = (’L:_f_’,‘..'.:.ii“)(x—c).

X= €

..Snn(f 'nr (‘Fb"-f(‘J} and

ljw (n-¢) @uist_ the



produo'l' rvle implies that

im (Fexr-ftes)
% ¢
- ';m(-an)-flﬂ} ‘Sm(x—c]
X ¢ X~ C R

o lim fexy = £ec).

EY

This shows that £ is

Continuous ot ¢
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(2.

These limit laws are

very imporia»t:
Thw Suppose that bath
£ and g are diffecentioble
at ceI. Then:

(o) (b“");c): bfte

{bh) (-f*g)'fch-' fro 4 3'(:).

(e) Peoduet Rule.

(£q)tey = Frargtar+ fterg'res



(3
(d) Quotient Ruile If qglcl #go,

/ ¢
o (3 Do o
T (9ra)t,

We'll prove the Produect
and Quotient Rules :

(¢ (Pua. Rele) Letp = £q.

PUU" P“’ _ ;‘x,afx] - ‘f'(usfu
&
g X=¢



L

- 'foigrx) —flugm & «Frugw—l’mam

o= &
- { = e
f 12 {rclar , 4 fro gtx) - §red
HK-€C X- €

Since q¢xs is diffecanticable

at € 4% olso continvous at €.

4

() =~P(C)
e_:__f—— e f'(clglui-f{ug'm

‘in
b £ X &

The Quotient Rule s
(Sef Qlxs 3 f_’_"'_’ )

3(::



| 21
Since 3 is differentiable, id'%

c.l.sa Ldu{'a'noou.f at ¢ Hence

Gexy #¢ in a neighborhood of ¢

(since gter # 0)

4x) - 9(c) -fhulﬂm —f(cllguy
X-¢ ) e

x-¢

- flx:gru - frusfxl
M

g rxs gre) (x-¢)



b

- 'ansru - 'Fftlslc) +¥'mgm --’m:gfm

§cxs 9tc (g-¢1

1

(gj-’ftl

- | ‘F‘x,‘ ff(’ j¢h) - ;‘f’ e

- P —— T s x"‘ J
9 uuaru X=C

flergrer - feesg'ces
_..,-—-'-""""—————
(§r)



1

1§ we use the notatioan

..é. (’(’“ ) d 'Em Yig)=Yrer

X=d & X

As n=¢, Bx=zXx-C—0

'lim Ay o S,GIPQ 0', the

%ﬁﬂacni line
a'* rc; Vlt&)



