Solvtione of Differential

£ "Ua*c’on&

Let Foex,v) he o continvous

‘Funcfion on o domsiv (a, blr (¢, d)
———

We will assume that

‘Fls,yt\ ¢ M, for il (x‘y)éR

ond alse 1thet F satisfies

$he Lipscht t2 condition




Fex,$)- Fex, 00 | ¢ C1s-21.

Let X, € (a,b) and y, € (c,d).
Choose hr»0 suthat the

rectangle Ry,

R, = [%p-h, %ot h]s[%-Mh, v, +Mb]

is contained in R.



and we also need that

Ch ¢ 1. If these equations

ace not Satistied, we just

Sheink h o bit



Under these conditions

we will Show thot there ;s

o tontinuous \Cungl.‘on Y (%)

for ol x € [x." h, 3‘0"‘"‘1;

Sveh that
X
Yx$ = Yo ¢ jx Fte,yces dt,

@

ﬂy the Fvndamgnfﬂl Theorew

af Calevive, the tighi hand



is differentiable in X So

®

thot it votisfies
Y'tx)z Fiex, yor .
Since Filx, yras) is tontinvovs
‘{1 follows thel Yix2r is
o tuntinvously diffecentiable

funclion Lhat is o Solutien

of the di‘“trtnhol eqvation

that satisfies Y(ixy) = Yo.



Peaof . We set Yo (52 Y

for all x ;a [x,-h, x,-rl»],

Then we sei

L
Yi(x}= Yo ¢ f Flt.v,) dt
X,

Nole Lthal

b 4
Ly, tx0 = Yo 4 ILF“,M“)
©

"
= S ]F(},y.slai & M ix=Xol
% ¢ Mh.



Hence (x,v,(x1) € Ry 4

which Showae ¢hgd

Y,tzt is wel) defined.

Now we define

b 4

Y02 Yo s | Fle,y,e)at,
Xo

which i¢ afain wel) defmu.

Canﬂnuing , W€ define



'POI' cvery j; L 2,..
&
Yju (%)= \[°+IF“:, YJ“’-?} di.
Xy

We will Show that

Yj(x) (OnVCU'ﬁeJ to a

fllno‘lion y (%} as j=r @

This will mean

X
yons v+ {“Fle i)
Xo

which means y(z) 15 &

svlution of the equation



6¢£ Y°r$’= Y.‘ Then

This 9ives

x
Y, (#)* Y ‘l'j; FlL,Y,) dt
o

This §ives
” i
| v,ex2= Yol -.:“on(t. Yol d )
&%
< f | F(L, v, ) dt
xD
¢ Mh.

Next



/O

| x
Yzlxlr Yo * f Flt, Y,(tl’df‘
X

@
which inu

%®
2 “ F(E, v, (t1)dd ‘JFH,Y,&M{}
Ky Xo
" 4
& I | F(t, v, (21) = F(3, y, (23 | a2
Xo

X
< g C ly,()-Yotts] a
Xy



€ C-(Mh)-b

= MCht = M-h-Ch.
One Can continve;

'y’(ﬂ’"‘lz(’“l
y, Mcz h’ o M-h.(‘h)
ond MoOve 3znera"7,

. J- '
1 Yiar (21 YJ{;n, <M ! h %

¢ M:b-(ch.

(1



We want o use the
Caucky Craten‘nn. Thvs, if

0¢< K&l ore integers :

Yic (%)~ Yy (a3 = _
l K'* Ly lY«fﬁ YK“fan,

RECILE Y
$ove P l\llﬂhﬂ "'Yer"

o M’"([C"]K*[Chj"*u
4 [en]t )

12



Jdince 'Ch' <, the 3come+n‘¢

Senries Z,j | ChI? Lonveryes .

Hence, the righd hand side
of the inequality above if
6s smofl as we please, for
K and L large, by the
Cauchy Criterion for

C(mverﬁui sevies , IF we



4

let L—re, then for all x¢f[x, x +k]

we¢ have

| YK‘M ~ Y]

A

Mh-(1ChI¥ + 1ens™ e )

. Mhlchl
/
|- Ch

T hus, it foll awa that

Y () tomveryes uniforwly

{o Yx1.



5
Definition. A sequente of

real-valued funclsons
fl,fg'.. i$ Said to Converge
umfom,), on & sS4 9
if and o 1y if for all 290

’!htft 4 QN iu‘lﬁatv N ~"170'

Jo that if n?2 N, then

| fixs - fatr] < E.



16
Theorem . 6uppasc that

'Fn ""“ Uniformly in SOME

neighbor hood of X, € IR

and SvppoJe that Cach

'Func{i(m Fn K (On*c‘nuaw



