2.1 A'jebra;( o Order

beper‘tiea a‘f ‘R

On 1R , there are twe

OParn{ionJ , oddition +
———

multiplications They sotisfy:
M’* 5 L] ]

(A\) oah = bra, conmvfﬁfive)
addition

(A,} (arb) + <+ at(bae)
(a::oc.‘atwe)
addition

{Aa) Thevre is on element O

‘n R S0 Q% 0= G
(O-elemen‘! exi.si’



(AH) For ¢ach @ in m' there 9

on element -0" R s
thed
s (-a)= 0 and (~a)rG = O

(hega'live elemeni)

(mi) @g-b = b.-a (commvfativc))

muiiiplicn{iou

(M2f (a.b}.c e 'D.'(b.c}

associative
(H\Ul*iplica{’ion)
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(M3} There 15 an e'emew"‘- iR

sv thel a-1 = 2.0 =@
(vml zlemewf)
2xists

R

#

(My). For each a0
there exists aw ?lemenf
‘/a. sveh thaot

@ - (ii) = | ond

(!/0}'0?"
2xi&%ehag
of retiprotad



(9} a-(bsch =(a-b) +(a-c)

ond

(bt c) as (b-a) ¥ (¢ al

(J:;t v butive prope rhr)

In o word, R is o fiald

By upplying Some of the

obove properties, one

can show that the



(1) 2erc element O dhe
(2) unid elemant 2, and
L ore

(3) Lhe recipricel T

all vnique.
For example , Suppose a#0

G'\a aob: 1 , Th‘ﬁ
s 1b =} a b
My} (M‘i(( o )
: (g) (e »,) ” L
(M2) (M3j _
This proves (3)

b
(™



Also  if ae R dhen G:0: 0

In ‘lca.c{'

G+ Q.07 Q- + a0 = Q-(1+0)
by (M3) by ()

= Q4 =

Adding f-al to hoth sides, we get

o @ = 0.
Also ., 0z (-1}{-140) = (m)(-1) +C1),

Adding 1 to both sides, we get

(-t)[-l) = |



We define Subtraction by
~b < Gy ¢-b)

and also we write

Q, R arve both fields.



Thm. Theve does not exisd
¢ rational number N Such

thot nt:= 2 ﬁ:lv

I

5::':'0&2 ‘)y controdiction

that n: P/q . Then
4

nt = {P/?} = 29 pt: Zqz,

We tan assume that

P ond q "\GVQ Re COmmon



'Facfor, Thenat mpst one
e ——

of P end 9 s even
W

S:nce P“' -} 2q“ we Sée
that p2 15 even, This implieg

thot p is also even ( hecavse

M/

i1 p: 2nu is odd, then
pl.,_ Hh‘* un +! ig alse odd.)

Hence we can write p=2m,

g
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so that

v
o
(1)
L
5
=t
1]
N
.~
e

This shows thot bolh

p and G are even, which



s & contradiction,
———— S S

I‘l {:onows that

m mv.f‘l include numbers
-Lh“"‘ ore L irrational

(i.co’ not rational )

For this purpose we need to

4{“‘7 Ovder Pnpcr{i es .

i.e.. < ord ) .
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Ovder Propecties of IR

Therve is & nonempty Subset

P of I\\ colled the set of

pa.ﬁl?vr real numbers Such ‘H'mi
T ————

(iyJfa,b €, then atb elpP
___/ T ————

y ) i
iyIf a b &P, then ab ¢ P

P anas

(iii) If a &P, Lhen exactly one
of the fouowing hotds :

aefP a=0, (-a) € [P

.

Teichotomy Pyy periy
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I -a € P, we Soy Q s neﬁa'live’

SRS Y

and we wrile a<0 or 024,

il s

If G eP, we write O;Z_g

or O <0G
S
1t o & Pufo}. wewrite a0
————

ot el

If -a € Wu{"}, then we
G € WVl

write Q&0

TS

I‘P (i) Ciii) "m'd, l;hen we S6Y

[R_ is Gn Ov‘"dev'edzpiﬂd.

MM



1§
APP“’;'Q {"e Tf;C"@&@WY ‘Praperky

‘tb ﬁ*b‘ w e 9‘{

It o-b e P, e 6>b.
. A_________—-——-—"—'_—'—_——-

1f -(a-b) € R ihen (h-alelP

= h)a
M-—
f a-bz0, then a:b

——

_J_

Vo

Here are the Roules for

Inec,ual.'{r;“ .
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Thm. Lel a, b’ ¢c ¢ R.
2.1.7

ta) If a>h and bD>C, then

e ]

L/ S 3 4

o

(hy Ifarh, 6 thenasrc? h4c¢
——————

SRR

b
tcy If a>b ond cr0, Ehew

RIEEEED

ca > ¢b

M

If o h and €20, then
ac €< Gb
_—————"'_'

?rm_af of (as: a-b 20, b-¢D0
Lhen (a-b)t (=) P

ov G-C 20 2 a¢€
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(hs I§f a-h Y0, theer

(aye)-(bre) = 0-b 0

- Geec ) bat

P

frer 1§ ax» b  anad €Y0, then

ca~-ch = cla-h) Y 0.

- ¢ca o tbh

R RIS

W"

1f cc0 , Llhen -cy0 . MHerce

c(b-a) 2 =¢f{a-b} 20

-~ ch-¢e 0 = ¢cb » Ca,
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The Order Pro perties

in 2.1.5 and 2.1.6 lead to
2,010 angd 2.l.ll, which ave

US&"!I' ‘or .SO’VNNS inequal:hes:

\. SVppo.se that ab > 0. 1f

070 ,1her byo.

2 T b 20 and 0 <0, Lther h<o

1 1f ab< 0 and 670, thep bh¢?¥

y 14 ob <0 ond a0, then b0
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Finally, we need to preve

several facts:

Thw 2.0. &

ta if a € R and aFo then
at 5o | o

(hy if NneEN, thea n>o

Since 121> (w3 |20

() IfneN, then NI0.

Apply (b) ana i) from Order
Pruper*iu, Use Math Ind



(d) If ar0, thena °0

(e) If o0¢a<h, then

a' » b,

?‘ of (). 5UPP050 that

This contradiction shows

a' » o

20
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ph. of (€). If o0 < ac<h,

then o' - b o= (ob)"(b'o) 20
Since (&b)" 20 and h-a 7€

we §ed 2l Y b,
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Ex  C:
- Fing ol reol numbers ¥

Such ‘lk@‘l 3X+Q < 12

Justify each step.

1 €126 IXC GFeD x*t 8
4 3

By b of 2.0.7
7 By tes of 2.1.7

Ex. Selve xt-yyx-5 <o
1
Xt-yx-5 = (x-5)x+1) <0

éé 1f -5 20 ythen X+140

By properfy /

(3) above Neo solution
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X-5 <06, fther x41 >0 .

(a) i_f»-”‘d;*e R one a# 0.
" Lhen . Q270

(b} };7‘,0 . Since | = ll

this 'fo“ow/&f*“’”f}om (af



wWe will define [R o
Lhe set of infinite

decimal €x Pqn.ﬁon::

p 3 -+B. bb,... ,

where B 16 6 non-nega‘l’ive

integer ond b‘i is the

t.oe-f'fiueu": o‘f lo-j ond

o¢ b ¢ 9

)



For examPle,

m = 314159265
e = 2.T7T182%5182845...

\[' = .Y142135623...
Va = I

that avre periesdic,



Express x: ys. 234y3434...

ﬁﬂultipby by (0,

|0x ~ qus 34 3"' ' B

oy by 100

5u5&ra¢4
. g9t
- c—



