2.3 Tke Camr‘etfntss .Proper'ty

I~ ‘Hnis .secfion we show '“-m,-l o

bovndea subsel S of IR hay

L
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We say ‘U\a‘l S 18 bounded above

1§ theve s o number v



Such thed S¢< v foerall s & S

Eack &ucl\ Mumber v S called

Gh vpper bound of 3

e X e L L 2

e

v
Similarly , we say S is bounded
helow if Lhere 13 o0 numher w
Such thet we s foraqpsel

—+-—'+HH’”-HI"’"

w



Each such number w ;s colled

i IOwer ‘)ound ot 5.

Example, S > ;xeﬂ{; X < 2}

1S hounded abave but not

bounoded below-
Definition. The number U i
/¥ svprem v N l”rS(olso written

as Sup J or least upper bo»u)
of §



of

(vv) v is an urper bound a‘fS and

(2°) v is any UPPRer beund of 5

then v >y
TER

Vimilorly | w is ¢n infimum of $

o



(vv) W is a lower bound of S

Gand

(2’5 i ¢ iIs any lower bound of 3.

ithen 1 ¢ w
M

“Thes U = $UP QS . tnd

w = inf J .



One can Show there con b"!Y
be one Supremum of § ans

one infimum of J.

Suppose theve 2 numbers y, and U

that are both
Suprema of 5 - The fact thet

U,z Supd and U, is anupper
hovnd 23 § implies thet

Uy > Uq

. The same Yeasoning

iup“u that Vy 2 u, .



11 follows 1had v, = v, .
e —————————————

G'iven that v s anr uvpper
bﬁU'\d 0{ 5‘ weg Lan er'tSJ
the foct v=50pS in 4

W ayI thal ave all Qquivalenf

(Y If v s an vpper bound of

3, then V2u,.



(2) 1% g2 < v, {hen 2 is not

an vpper bound of 9

{22
Fcr if 7 were on VppeY

bound , then ¢ wovld
satisfy 2< vy, which
cankvadicts (1

(3) I+ 2< v, thea Lhere

must bean 5, €§ fhat

Satisties S5, 7 2.
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FOY if 8 < 7 for all s¢ ’5'

this would imply that 2
i3 Gn upper hound, which
(ontrodicts (2) . Hence
theve i3 $; ¢§ with S 72,

(B) For every &€ 20, theve is

on Sg €3 with S > ¢



39y 10

Just set 2: U-§ and note

that 2<cu . By (3, lhere
1S & m.m.l:;er S (which we wtite
as S¢) Svuch thal 5. > v-E

This proves (&) .

Al Lthal remains is te show

thal (4) implies (1)



/|
Firs{‘ svppose that x s a

number such that

X £ E’ for all £ » 0.
Theer x ¢« 0. 1t suffices teo

cssume that x >0,
If we set & = X 4hen we oblain

X <« X, which is impossi“c.

Thus, x<¢og.
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Now let £320. Then (y) imrlics

that there 1 S¢ ¢ S so thel

55 ? U-€. Let v be any

vpper hound of 5. Then

V>Se 7U-£5 Or

u-v <& for all £ 0.

I} follews frow the above
a(jum ent theat u=- VvV ¢ ¢

- Vv 2u. This proves (1).



(2.1

One tan show {row the

consiruction of R, thet

the fo“om‘uj s true:

Comple{entss Propcr*y of R,

() Xf S5 s any suhset ot IR

Jhat if S is bounded above,

Lhen there is a4 number U

such that v - éurs.



12.2
$im:\arl~,

(0) 4 S any Suhset of
R thal i« boundeyg helow

then theve s & wumber w

sveh thal we 0l §

e —

— v This set

\S (S bounded .
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Examplg, Led S5 [a‘ b)‘

i.c, Q& s ¢< b . {'I

We tirsé show that Sup 3= b.

5incc 5¢b, it follows thal

b = an upper bound of S .

Let v e[a,b). Sel 531?.

'Thié- inph’g.ﬁ v < §. Therefore

v# an vpper bound of 5.



(&
Now let v <ca . Ifwe sef

Sz . Thenve §. Then
V 1S not an vpptr bovnd af 5

Thus, it ve b lhen v iy
NOT aw vpper houng of &

Hence, 4 v i an upper howns,

then V2 b, 114 follows that

va.s = b.



I5

Noaw we Show thail inf § S Q.

Note thatl (1) imrhgs thed

G is a. lower bounpd of S

Now suppose that t g

ary lowey hound of S . Then

$ ¢ S for ol s¢ 8.

In parti;ular, F we Set da,

we gel <4 Hapcp infS=a



(6
Ex [e‘l 'F Le G Fuuchon on

QAn in{.trval I such thet

there is a constant A

Sueh Lhat “:(ssl - A. for all

x eX.

Note thal § is bhovnacd above

hy A ona bounded helow

by -A. Jet.S:f f(x):xel}

Set M=svpd and m: inf §



m*! ) ”’(’ -;. o & o o e = g r. -"- - - A
( .
P ' |
M - v g & o e o -ég— - E—

97 dc{in:{io." M is an Vpper

bound , so fixr M, for xe I

(7



|8

Also m if @ lower bound‘ $o

fixy 2 m, for all xe 1.

Fov any € 20, 'H\cre 1§ O

Poin.{ J?‘ e I, vo thet

frx,) > mag



