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Ex. Let S be o subset of R

that i1 bounded below.
Lg‘l T-: {-x: X€S}

- ,.Ji 4 TL_,,___."'
T "5

Thew inf$ = 509{-3‘3265}

Pf: Lel ws= inf §. Then

by Critervion H on p.ag)
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G number W s an iwf.‘nwn ofvs
a4 (i} wis & 'owgr hound "
oud of (i) 'fov every £ 720

€re 8 G ys € S such thal

Ye ¢ wa &

5ince W is o {fower hound

of S, it Setisfies w e X,
for all x €S,



ry

Multiplying by (=17, we get
-w 2 =X, for all e §.
Jince every element of T

1$ §iven by ~x, fov x¢ 3,
we conclude thatl -w

1S an upper bound 0" T.

Let € » 0, then

Y¢ ?-w-£t.  Again
(Note thed -y, ¢ T}
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Criterion 4 on p- 3¢
implies thoat -w - gup T

= .Sup{-x: xej}

We ¢conclude dhat ~w=
ip‘f,s T W :-(-—w) :"-’HIPT
c - supf-x;: xeS}

“Thi:s 53VQ3 the dG"fCJOQVOH*Y.
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2.5 Iatervals

We need to prove o theorew
ohoul nested inicrvals"

before we stvay 3. 4.

We say « Sequence ot closed

intervals
e

bounded are nestaed :f
Eﬁ 2 j‘”ﬂ 2 ... @E% wﬁ’me}a -
IF Ih - [aﬂ) "n], L"‘Qh

(bn) is decreasing, qng

(a.,.l 0 increa.ﬁn,‘ 0s @,



@, G a3 b? 2 b,

We prove the

Neéted 1”*"?6' Prgpe'-'y:

Giver @ sequence of
hested closed intervaly

ss wabove theve is a point

M in I, 'FarallneN

M
MM
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Proot . Since I,. c 1, 5

we 30'!

anﬁbn ﬁb]a 4073‘,"&“.

chcc the sSequence (an,

1 inCreasing and bounded
By the Monotone Cohvug".‘e
Thm., theye is an m

sotisfying m =z lim (0,),
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Clear(y an;g m‘ , ailneN,(g)
We wani to show that
M € bn for all n.
wWe do this by .Show:na thot

for any par{lcu'or n,

by, 2 G , k=v2,...

There are 2 Cases.
(5 I§ n&EKk, thea Since

In 2 ‘Ik.; we hove



(ii) IfF k ¢ n, dhen Since

Ik 2 In , we have

&

We conclude that Qk & bn°
for all k‘

so thot ’Dn s
an vpper bovnd )tor

{ay; keNJ
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It ‘fbnéw.s that

b, 2 M , for all ne N,

which implies that

On é M ) b'\, ‘F‘?f &” ne N,

which inturn anlies t1heat

”l‘E ln “bra“he N



We ¢an vse nested

intervals to show thad
the set B of veal numhers
1d NOT countohle .

Suppose that there is a
Sequence Iz{ Ry, Ko .. }
Ssch that for any X in Lo, 1,

‘U\tre IS an n'wkeger R Sueh

that X, = x.

19
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Choose a closed Subinterval

T clo,] sveh that x ¢ T,

closed
Now choose a Ysvhinterval

I,z - I, Such that X,_ 4 Iz_

In this way we obtain

a Sequence of’vainfervalJ
closed

Sueh that
I 21,2.. 21,



svch that for all nzt, 2,..

Xo €I, [ -r 1]

The Nested Interval T hesvram

imp(ies that there is o

poin{ M € Ip . for all

nz1,2,..
Since Xn ¢ y {0" all n,

it follows that



fgr all nmn=24,12
Xo ¥ M .

1t follows that I [o.']
< ‘l

i$ nol covuntoble

TR
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Decima' Expan.:a‘ou,

G?vqa any Mnn!:tr X Glo‘l},
We can wride g decimel

€y Pﬁn.ﬁon Q<

"'"" + -'2-2-'. § o *!?: (1}
10 10? 1o"
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For example, if x:.46329...

then ¥ GI, and

Then we subdivide [ - .?:-]"'I-
le = 10

inte :

ter
b indevrvals of ltnjl-k ot



‘ 3‘!
The 7-1b Such interval of

'Chsi[.. '-:;-, K]

44 6 4 .1
10 jo* 10 10
which we can write 03

Lqe,.q7j.
If (¢ holds for all m,

then X has o decimal expansion

qivern by x:=,b, b, b; —
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¥ %21, avaif B ¢ N

is Such 1thoel B éx ¢ B,

t'\(n X = B. L. bz Ls... b.. .o

Where the dqecimeal

Fepresentatio, of x-B €01}
15 a3 shove.

In Ehis way, we conm

define ol non nezoiive

reaf numbers.
T ———————————



