Exam 1 Math 341 Name

Spring 2018

1. Prove that 12 + 2% + - + n? = ¢n(n+1)(2n + 1) for all n € N.

Show true for n = 1.

$(1)(2)(3) = #(6) =1, and 1*> = 1. Thus the identity is true for n =1

n(n+1)(2n+1)

Assume 12+ -+ +n? = 5

is true for a given n € N. Hence,
124 +n%+ (n+1)>

— _"(n+1g(2n+1) 4 (n+1)?

= ”T“(n(Zn +1)+6(n+1))

= (20 + n + 6n + 6)

= 25L(2n + Tn + 6)

=21 (2n+3)(n + 2)

(n+1)(n+2)(2n+3)
6

which proves the identity for n + 1

Thus the identity is true for all n € N.



2. (a) A sequence (z,) is Cauchy if

for every € > 0 there is an integer H € N such that if m,n > H then |z, — z,| < €.

(b) Show that if (z,,) is convergent, then (z,) is Cauchy.

Suppose that limx,, = x. Then if € > 0, there is an integer K € N such that if
m > K, then |z, — z| < §. Similarly, |z, — 2| < § if n > K. Hence,

[T — 2| = [T — ) — (2 — )| < |2y — 2| = |2 — 2| < S+ S =€



3. (a) A sequence of closed intervals Iy, I, - - - is nested if

LD>ILD>---DI,D---

(b) State the Nested Interval Property.

The Nested Interval Property states that there is a number n € R such that n € I,
foralln=1,2,---

(c) State the Bolzano-Weierstrass Theorem.

The Bolzano-Weierstrass Theorem states that if (z,,) is a closed bounded sequence,
then there is a subsequence (x,, ) that converges to a number x.



4. Let 1 =6 and z, 41 = %a:n+2 for n € N.

(a) Show that (z,) is bounded and decreasing.
It is clear that if z,, > 0, then x,; > 0. Thus (z,) is bounded below.

Note also that xo = 5. To show that (x,,) is decreasing, note that xo < 1. Suppose
by induction that =, < x,.

Then %xnﬂ < %xn, SO %xnﬂ +2< %mn + 2. Hence, x40 < Tpi1.

(b) Find the limit.

The Monetone Convergence Theorem implies that there is an  so that lim(z,) = «,
which implies that lim(z,41) = . Hence, = 32 + 2 which implies that 2 = 4.



5. State and prove the Uniqueness of Limits.
The Uniqueness Theorem states that a sequence (z,,) can have at most one limit.

Suppose that a sequence has two distinct limits 2’ and 2”. Let € > 0. Then there is
an integer K so that [z, —2'| < § if n > K and an integer K3 so that |z, —2"| < §
if n > KQ.

If n > K = Max {K7, Ky} then
|2 — 2" = (&' — z,) + (2" — xp)| < |2/ — xp| + |27 — 2] < f+i=e

Thus |2" — 2”| < € for all €, which implies that 2’ — 2" = 0.



6. Show that if (z,) is a bounded increasing sequence, then there is a number x such
that lim(z,) = .

Since (x,) is a bounded increasing sequence, we can set x =sup S, where S =
{zp,n =1,2,---}. Let € > 0. Then x — € is not an upper bound. Hence, there is
an integer k so that x; > x — e. Since (x,,) is increasing, it follows that if n > k,
thenz—e < 2 <z, < < x+e. Hence we get that t—e < x,, < x+eforalln > k.

Thus lim,,_o T, = x.



7. State and prove the Product Rule for Sequences.

The Product Rule states that if (z,,) and (y,) are sequences with lim(z,) = x and
lim(y,,) = y then lim(z,y,) = zy.

Note that
[Tnln — 2Y| = |(Zn — 2)Yn + 2(Yn — Y)| = [(@nYn — TYn) + (Y0 — )|
< |z — z[|yn] + |||y — ¥

Let My = sup {|y,|} and My = |z|. Let M =sup{M;, M>}. (The Boundedness
Theorem states that (y,,) is bounded.)

Choose K sufficiently large so that if n > K then |z, — 2| < 537 and |y, —y| < 53;-
Hence |znyn — 2y| < g5 M + 55M < S+ 5 =¢

Therefore, lim x,y, = zy



8. Consider the series > >~ ng—%

Does the series converge or diverge? To receive credit, you must state the theorems
you use to justify your answer.

nln'

ity
Let a,, = 1+<— The original series can be written as y -
n

Using the Product Rule and the Sum Rule, it follows that lim(1 + =) = 1.

Since /7 is continuous at « = 1, we have lim /1 + & =

Similarly the Squeeze Rule and the Sum Rule imply that lim(1 + (_1)n) =1, and
/ 1
then the Quotient Rule implies that lim 1+1(+1)n = lima, =1

Recall that the series can be written as )~ ° | 4.

Since lim aﬁ = 1 and since ) % diverges, it follows from the Limit Comparison Test

n

that ) 9= diverges.

Therefore Y~ | XAt oy L diverges.



