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Proovf: Set X, - ‘F(n),

Consider +dhe ‘fo"owo‘nj

piciurc

It is clear that
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G, ¢ J f2) a2
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: n
a, < Jn_f“""t

Hence we hove
e "
Z“k ¢ Jnuu.
k=2 !

which inrh’c‘ 1hat
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'Frcm the Monotonre Convergenu

Theovem, il follows thel

of J?‘{t)dl is finite, then
0

N N
Zan % al"‘J f s dx .
J

o o |
Z Gn & O, ¢ Jfla)ds‘ (1)

Hence, '

nsi

a5
which implizs that %::'0..

convervsges .,



On the other hana,
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From the h\etrmh*i ¢S,

(15 =2 1t the mteqral
is f‘iu:h‘ thea the

Sum g “mi{c.

and
(20 If dhe Sevies is Finite
then the in.'leatc' 'S

else finrde

. S
Ex. Show that Z oF  lonvergrs
net

o P20 ﬂ",l:.; £egs )-;-‘,‘



Hi Limits of Functions.
let A € m A poin‘l ¢cinfR is

'S o ¢luster point of A if for

M
every ¢ 20, thece is at least

one POil‘{ X&A,X#’C, Such

that Ix-cl < §.

One con also Say ¢ is a cluster pt.
of A if every §-neighborhood

Vileds (c-8, ct §) of ¢ contains
ot least one point of A distinet

‘F'oM C.



T'\m. A number € in m 1s o

clusier point of A if and only

3"‘ “nere exists O sequence (0»)

in A Such that lim(a,) = ¢

and G, # ¢ farall ne N.

4 ¢ is & cluster peint ol A,
thenfor any n e N, the (V.)-

'\eishhurhnod V\/n(c) cantains

¢t least one po:a'l Qw ir A disdined
'Ffom &



Then G, € A , GoFC ond

\
lah'c' < = implies lim(a,)= <.
Veri\ty converse on P. 104

ExomplcS.

. 1§ A= (o,u), dhen €20 and C20
are also clvsier poinds 6s well
as’ all points in (0,1).

2. A finile sel A has no cluster

points.



3. A=§;‘;: ncN} has only 'i

the poinl O as a clvster pi.

4. If A= Q, the sed of ralions!
Pbin‘l.!‘ then CV&" Poia{ in IR

is o clusfer paind of A.

T"\t main ideq abouyt clvster poin‘b

is thal ong ded

ines limets of

‘Funcfions ot such Points



Yefinition of the Limit

Dedinition. Let A<cR and

led ¢ be a cluster point of A.
For G ‘FUnt'limn 'PA —— IR 5

@ numbey L is s0id 1o bea
'imi% 0{ { at ¢ ;*, 3ivea any

€ >0, theve exists o §>0

Such that of XGA and

O0<Ix-¢cl < §, then H’m LI¢£.
M #.—_-,
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We say { converges do L ot c,

ond we write L= lim fonr.
Y

The 1f A= R and i ¢ is
o cluster Poin{' o{ A, then f

can only kave one limi«} at C.



P{. 5Uppo.u that

limf‘-‘-’l-\ and ’im‘F"'Lz.
X C X=¥ C

m———
2

A\SJUMinﬁ L. + Lz‘ Se{s: ‘L.' Lz,

and chouse 5, and 5, » 0

30 that 4 0¢|x-¢<l €4, and
f 0¢<lx-¢cl <4, then
l‘Fl!’-LE'-.l < f and

l‘ff#)' La| ¢ €, respectively.



Jetiinﬁ d: m.‘n’ 8,‘ 8.‘}, and
it 0<Ix-c\ ¢ then
IL."Lz’ = ,(Ll-‘pb‘))‘ fL;‘be)}

¢ L~ fou)+|Ly-foo ]



This confradicfion 3mp“c4

{ka{ L|: Lz.

Show that f hixd = Xt, thes

lim x* = c2. Note 1hai
X— <

'xz- ct’;-_- ”“"“""‘l .

We estimoate Ix* ¢l

| x4 ¢| = |(x-¢)+ 2¢c]

£ L421el | if Je-c) el
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Now , for o qiven 50 set

S(g) - Mn{l .

£

I+ 21cl

Heme, if 0 < lx-cl ¢ §(€) Lhes

- ¢ 1) -
I xac |{x-<| < (21c141) e

= €.

2
HEhcel 'im Xz' = (.

x= ¢



SkIp I

Ex. Show that lim X' 3x . =2
X*2 X3 ra

Led . X% 3x
\P(x) - 3 . TAGp
X+ 3

"?m + ..;.:...l o 5"“"']5)(- +20(%43
5(x+3)

= | sx™ - 13x +6I'

I 1%+ 3/

= ) §x -3}

e %-2]}

Slx+3)
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Note that if Jx-20 ¢ ), thes

| £ x £ 3. Hence , if jx-2]41

|Sx-3) & sx-—3 £ 12

and slx'.g.';‘ 2 5.y = 20, which

implies thal L{L“ < E]X-?'
§)x+31 20

For a given £ vo, sel

b(e)= m&'n{), g__e_}

3



3

The ‘f&“owinj makes it possible

‘Lo convert 'Fvndion fimits
indo corre.fponahnj “035430“4

ahout Sequence limits.



Sequential Criterionm Iy
Thm Let f: AR and lel

c he a cluster poan{ i A

Tl\ﬁh '“ne {0“0!&"3 are

quivalent :

(i) lim 'P:l.

Sl *

(ii) For every sequence (X}

il\A +'\O“ (anverae‘ '}0 C Ju(b

that X, #c¢ forall né N, the
Sequence (.F‘Xn’) conversyes to L.
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Proo‘f. (i) = (ii) . Assume thai
'F 'ms limii L at ¢, and Svppose

(xn ) is a sequence in A with
lim (X“):: ¢ and Xn * C 'far all m,
We must prave that the Sequence

('Ffl‘n)} converges to L.

Let £ >0 be given . Thea

by de‘fini‘h(m ;o“ "Uhc*t’on

[im:h
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there exisic § 0 such thed

3‘ X € A Sotisfies O ¢ Ix-c] € ‘s;

then '-F{x)-l. ‘ < £.

Since (Xa) COnVEr§es do c’
‘Fbr o givcu 6 20, theve exisis

G numher k(’(") such that

ny K(8), thes |x.-c] ¢ 8.

But for each Such X, , we

hove [fixa-L | ¢ €
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Now we prove (i) = (i),

We arsuc by conirad;dson.
If (i) is not trve., then

"I}\grc esci.i‘l';f an fo'ﬂﬁj‘\har'u.J

Vfo(L) Such that £, all § 20,

'“'o:.rc Will he at least cne

Number Xy in An\/sru wWith

> ¢
§ *L JUL’\ 4‘|ci 'P(xs) ¢ VE (L}
[}



1%

Hencc, for évery n € N,
‘l:lle ('/")- nEishborhooJ of ¢

Contains G number Xy Such that

o‘l".‘."l(%' and X,,éA)
and Such that
H(x..)- Ll 2 &, for «ll n eN

Werve Sl\owa ‘“wd 1 he .Se?ucarc

(an on A\{t} Ccmvelgcs to ¢
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hot (‘r'(xal) does net

convergc e L. Thus,

we've Shown [ii) is NOT teue

This tontradicdion imrha

that (i }inpli es (i)

Diveraeucc Crc'{er-'on. The
{undibn f doec net heve a limi¢ gt ¢

it and only it there is ¢ Sequence

(Xa’ in A widh Xn F ¢ ¥0'
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all n e N svch that the

“ﬁ”ﬂ\u Ix..J converqes +s ¢,

but the sequemce [fixa)

does NOT chvgr’g :

Ex. lim S ('/,,) does not exist.
X0




24
!

St Xo nm+

.
Sm(;;) = Sin( nm+ 2}
M

I$ n is even , then
Sin (pr+3) =1,

I4 n is 0dd , Hhea
Jia(nﬂ*-::')" - 1.

Xn-’ 0, and X,. *0, lmrl
S ('/,"”S does wned converge.
= Sin f'/x) has no |im-l- at X =0
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Sgn (x?

{ b 0
@ ”-
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DE{. .Sofra.u A ¢ [R

and that ¢ is a cluster
point of A we soy § is
hounded on & neifhhorhood
of ¢ if there is ¢

§ - ht‘ﬂjhbood V‘slci of

C and & tonstant M?>»o0

Such that [frul ¢ M

for all x¢ An Vi (el with
X  # ¢ .



Thm. If AS B ano 2T

F:A=2R bhas o limit
6t ¢ ¢ [R 3 '“\en{“

l‘)o vndesd On SOom¢ neighbor-

hosd of c¢.
Pfoof. I‘r L= lim ‘f, then

x-*E
for € =1, there i< «§?9

Juech that ¥ 0 < |X'¢-“5.

then ”"HU-' L \ ol B
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HCth,

[ Fixs | < [(Fexs-L) ¥ L1
¢ |frao-L) + (L]

< 14+l = M.
1t follows thal if x€ Anv‘m

bhen (fxs | & M

Thus . -‘-‘ i bOUnch an

VL(LJ .



