5-3 En»’hnuauo Fv»c"fionl

on Intervels

Defn A funclion ‘f-’ A-R is
Soid to be hovnded on A ¢

there is 0 constant M? ‘0 Such that

10l ¢ M, for aNN xe A

Ex 'lelf: ';' is not bovnded

or (0,1] j_\.—



The Boundeaness T hwm.
- Thm. Lf‘l I: [“,b’ and led

f: I'—’ 'R ‘)8 tontinvouvs on I

Thean ‘Fi.s bovndes aov I-

Pf. (by Contradiction )

50“)»53 ‘iJ not »hov»ded'

Ther fov every integer
nEN, theve is a point Xn in I

Sveh that IF{x,.sl > n,

dince 1 ¢ bound ¢y



the sequence X: (5a) iy

bovnded . Hence Lhe Bolzane-
Weiersbeass Theorewm implies

t'lgyg s G SvhJCQthte

X'._. (xn“) of X that (onverages

Le o nvmber x. Since T s

be'vu, ' I, i d fco“ow.s that

rel.



In facd, Theovew 3.2. 6

States thal if Jim (vad = v
and 6 4Yy<dbh, 1hen

a¢limfy )€ b.

3.t



T‘%U«S, ‘P is wnlinvovs at x "
(f"‘n‘,‘l} f-“hvergg;

}o f,”,, We {hga Concluehe

. khat the ‘Bnvergent

S¢quence ”lx,,n)) mus ¢
bt boundcd. BU’* this i &
conlrad:(,hp,, Singe

“'.{J‘v\n" ? i A, sllaeh

T‘..‘J pr.veg t‘ae BOUth‘”!JJ TIIPOreq.



Defn Lot AS R and lot

f:A R . Weisy thof hes

on absolvie moax;mun on A
if Lheve is ¢ point X EA so
thot

fexrt 2 fl,u' for ol X eA.
Similerly , ¥ has an absolvie
minimen on A if there is o poind
X" €A Sueh thad

£ix) ¢ -f'rzu, for al) x ¢ A,



Maximum= Minimuw Theorem.
Let I:[2,b) and let
f: T R be continvovy onT.
Then f has an abselvie

Meximum and an ahsofyie

Miniwvmw an ]




Prosf: (onsider the

sed f(3i: }fm-. xe A }

Led $'- Sup ftzs awna led
s" = inf $(I) . We witl
Show that dhere exisd

Poinls %' onad xX” Such that

$'z fexns and 3"z f (g §

We do this 'for X! ) (The cas@

for %" js similar),



g
Since §' = svp fix2,

(The 3ovndednus The 5" is famﬁG }
We  want . o Shew “\0( ‘

there exists at least one

'ffx'l s $ A - &

I{ not, 1

lheve exisls no neuwmber X
Jalitfysn’ 'F(;U:: 3/ .

Con.ﬂdev the funch‘on



3(:!: i | | 9

PR

$'- frer .

We Glreody know Foxr e 8

for o)l x ana and 1hal {here

WS no number X wilh fexi=z 3°

“tue 5' > 'f'tzu, . fov all % ¢7.

Herce 1he tunction

!
Glg): o YO For all X¢ 1

- foxr



By the Quotient Rule, | 19

the 'fuuham 9 )18 comntinvovs

el each point x € I, By the

ﬁbovc resulé there ic @ posif;’vc

Num ]u' M Yy thel g 15 bounded, ;'e'J

) _

$'- fim

- “,";.T‘_ S’-‘r’)&)

G

o fixs & $'= M.

L
whichk Shows that $'=M i

&n wvpper hevn d, which Shows



10.}
that svp Fr3) £ §'- ;‘;‘- .

whish Contrgolicts Lthe

Stotement that Svp 'Fljl"' ('Y

1t follows that there must he

a“ ltdéf Ong valuve xl ‘V‘h *"“l
'le'} = 8.
We <oac\udc ‘“\a,{ 3 f ' S con‘linv”‘

on [‘.51, then f ’ms «t least one

absolute Mmayximem .



1}
Ovr thivge thevrewm is fBolzano's

I wieried iate Volve Thm.

# LI=[a b] e

f: IR be continvous
on I. 1§ ftar <0 < {fm
(w h&ﬁ? o a{lbs)
then 2here exisls G number

C € (0,5} Se that ffur 0.
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Ptoof . We assume that

"‘0, ¢ o 4 “(b’. lC‘l

Ilg [‘,,b‘] s where
0,2 0, ond b= b We lel

Py= n.f.:..é' . I 'Ffp.)'-’o,
2

we dake €= P: and we ave

done. 1% fepy) #0, #henm

en"lluer‘ -f"..)7a oV f(p.ito.



In the 'rir.s't case, set G, = Q, 13

and set by,= Pr- In the second

case (when frpy) 20), set Q=P
and set b, = by, Iw both cases,

we have 'Fra,_) ¢ 0 and 'F(bz)? 0.

we coh{inue this b‘isec.‘[iaa

process. Assume that intervels
1| :12 Do 1“ have bee“ OBtO;’\Cd
by Succesive bisection and that

ftay <« 0 ¢ ).



Yy
We sed Py * Ji‘“k“ ble’ ‘

14 Pk =0 , wWt¢ toke ¢= pp

ond we ave done, If

fipe) Y0, we set @y, T Gy

‘\ﬂ‘ bk"" - Pk =

1f fre.) <o, we sed Gy, = p
and blﬂ' = bk .

In either case , we led

Ikﬂ = lakﬂ . hh-u]



¥
T‘\Qh Ih*‘ & Ik Gn o

fta,)eo ove f (b, s *0

I4 the process terminales by

locating & point P, sveh that

f‘[’n’ =0, 1hen we arve done.

1f the Process does not ‘l@rn:.yh.

'ls’leﬁ we 'QGVC G '\e“fd -‘f'y'.\go

of f-'osed bovnd ey inlevvals

I, -+ [Q,.J b,) Svch {hat
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fanrc O = fha)
The intervals ave obleined

l"l repeaiea hisection,

so that the lengll.- ol

I,. equals bh,- G, = "'"‘::' .
2™

Llet ¢ be any peint ’iehnging o

1o Iy for all o Tt satisfies



we hove

0 € C-Gn é bn‘aa o 2.::-’,
zn-l

t t 4

and

b3 bn"s”n"a": e
+

n-)
1 2"
The quecze T'\eorcm implau

that lim (Ga)z ¢ = lim (b

Jihu {34 Cbl‘!-’nvov; ad ¢

we hgve

|?



1 1
,nn ('f{a,,n):: ‘f(c)r li‘u (‘f(b,.l),

The facd that feam <o
for all n e N implies that
fres lim (fran) 20,
Alss, the fact fth,) >0
wwpliee that

feers lim (‘f”u)] 26 .

We conclvde thet fra:= o.

ThiJ Pravfj th! In‘termedia‘tt T‘UQOI’?"}

when p(nl < 30“’1'
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Bolzane'ts Inlermediate

Velve Thm:

Suppese thal T is ar intevval
ang let £ I SR
he tondinvoys on I . I

a, b €1 cwa it kelk

Satisties fray e k « fla, e,

4’""‘ exisls a Poind € widh

G ¢ ¢ b JUG‘!"B‘{ -p(‘,g k.



