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Def'n. Lel AS R ona f1A=R
o We soy that 'f is uniformly

<on‘linuou an A 3{ ‘for Cvery

€20 , lheve is o Stey >0

Sueh that if__ X, ,Xy 6A

Are any numbers satisfying

IX) X1 € 806, then

er.)-r{x,sl < §.



The po;..'! is thal if

we want to 5uaran'le¢ 1hat
'#‘X,l - ffl(zi '<.8,i‘l Suffices

‘lb Llwost 5 Jufficnn-l:ly

Smoll say Ix,- %2 ) 4 Jtes

Thm. I Iz [a, b} is &
tlosed hovnded iniferval ,
and ‘F is continvouvd oN I,

{Len ‘r ' Uniform'y umfnwnu
on X.



Pf. I-F .p '3 :\:i Uni‘forp'y

Coniinuov.i on I, '“ou- ‘“urc

i§ & number E. 26 5 3uch {hat
'pOt any number J 0, dhere

are nvmbers y = Ur§s ana

Ve VIS) sueh 1hat
| Urgr~- wviar| < §, bt

that “F(:U“’) = ff‘V(H " 2 £



In fact , for every ne N,
‘lkcrc are aumbers U, and Vp
in I such dhad Jup-val < 4,

and thai H-'ru..)—- ftvarl 2 &0

Since I is bounded, the

Bolaang. Weierstross Thm
implics thad the JSequence

(U,.') hat o .Suh&e?unscc



(g"k} that tonverges

to 0 numhber X in ‘R

5inu a4 ‘u,,,k ¢ b ‘ar all

I(-Pron Thw 3.2.6)

kﬂ,l,,..’ il follows  {hat

X lim U”B Glse 16 in [&, b],
k= a

Note dhat

(e = %) = (Vo= U} 3 (1, %)

We know v, -wva) ¢ "':; -0
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In Par‘licvlar’ P (V” -u"k) > 0

K
In addition , we know that

lim (U, -x} =0. We conclude thot
,'m‘ V"IG = X. Thus’ 11 s cleor

that bsth U,,k and V"k

aPPrvac"\ X. Sin;g 'P 1 COntinuovs

at %, hoth T(un } and fiv, )

Lonve rag to ‘F(K’f 1.8,



lim ('F(unk) “f!m) - 0

lim {f(v,,k) -f(,;,) 7
Note that
"p(unh" ‘F(Vnkl l
. ‘ (‘plvnh, - ‘p(:ﬂ) w (-Ptv“k} = -f(,‘)) I

£ l 'P‘Vnk‘ -‘Fm] + ‘-f(vnk)- fm,

Combining this with (2), and
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{qkins the limit as k= o,

we tonclude that

lim “:(u"k) s ‘Ffv,,k} l 2 0.

3 —

chl&a'mj n by Ny n (1),

we ge{ ' [f(u,,k)-f(v..“ll 2 5,'

which Obv:ov.s'y 1S a
tontrodiction, Thus
,(’ 18 Uni‘FOtmly continvovs

on 1 ¢ [6, b].



L;PSLM‘L‘Z Functions
Definition. Let A€ R and
1ol f: A—> [R. If there s

o consiant K> 0O, Suvch that

| $eer- frwr) € Kizeol (3

Por otV v €A, ther



’Fij Said to be s l.ip.scl-ilzz

fwc{:n On A

Ccondnca‘lly, 1he Ls‘p.sdn‘iz

tondition cam he wrillen oo

‘fo)""(“) 2 k

R e R R R

eV




Thus, the slopes of all

1he S¢Gments join:», two

Points on the 5raph of

ye flx; ove bounded by

i Co ng 'lan‘ Ko

ThMI‘ 'f'A""Q 'R W 4 lirgcki‘lz

'flln('libn, then 'fi.l uni{aru(y

Lb"*il\u ous

jo



L
P4 If (%) istruve, {thew

givenr £ 20, we can teke
g * E/K . I xv €A
Satisty | x-u| ¢ §, then

[i- Fiar) ¢ Kiz-wl
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Ex. The ‘runaiioh ﬁfxl‘- v X

15 Candinuous on [0,'1,
bol it is nod Lipschits,
becavse i

’ﬁm-gml ¢ ]K (x-0d= Ky

thew V3 ¢ Kx for all x ¢ (b,l}

Thys | & KVx . But thig

tannot happer it ¥ ic small in o,
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intervi! ama et $: 1 R.

Tl\:n S s cal(cd [ .S*e(l funafion
if

wt has cm‘y @ finite number

b{ vo lves . Moreavor, on each

infcrval‘ the Jf&p ‘fwui:av-

tikes on only one valy, in the

infcrsor oi each i»fcrvr.l'-



‘:rh,,,. Le{ I: [a, b] be a clasesd

bnundcd u'n.*erval, and |ed

'F-' I - m be (.Oh‘“nuou-f ap I

¥ ¢>0 , then theye exisls

4
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o step fumction S, ¢ 1—=[R

Such thai "f’x"‘ 3‘5“’1 - §

for oll x ¢ T.

P5. The function { is

Uniformly conlinuovs, JSo
9iven £ 70, theve is a
Pumhber §(g) such that

v XY €1 and lx-ylg 5 ’
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then |fles- feys) < €

let¢ 1= [a,b] ona led m
be sufficiently large <o

that h = (b-al/y < dco
Now we divide [0,h) into

mn dc‘-‘jbi;} inierva‘c of

,en’“. h.

G-, ¢ X, .. CXp., €Nz h.

Where Xi-Xi ==z b-6
—.
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Now define

'SE (X3 = 'ffa-i kh) , for all

XEL, , kayeim,
S0 Ji is constand on each

iultrral (‘TM vealue of 5&

an Ik i& 1he valve of §

al 21he n‘al{ endpoint o¢ Ik)



Henee, if xe I, "
. e

“(s -
b S;m] = | fes- Flaekn)]

<& .

Hen
e [fe
'3 ) ‘"Jf fxs! < ¢

'l'oc oll x € 1
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5.4.2 Nonvnitconn Continusty 2o

Criterion.
Let A IR ana let F:A= R,
Then the Po“awzmj statewmends
Gre €qvivalent:

(i) 'l'. 'S not uni#hrmly (On{invavs

tissy There i3 on £, 20 and {we

Sequences (2.} and (Up) inm A

such thot lim (Xp-Ua) 30 ond

“F(yn) - ‘P(Unil 2 & for all
neN.



el
Ex. Show that ‘Pl’zi = Xz P,

not vniformly continuovs

2 If we sed

EO < | ? {kQF ":is NOT

wnifo rmly tontinvouys,



