5.6 XInverse Functions
If F i$ non“:inuoui on &

tlosed bounded interval
I- lc‘o,‘}, we showed thot

{:Lere nre 2 Pomfs X* and X*

such thai Frx*) ‘. flms‘fo‘*),



We will say that o function
£ is steictly increasing on
an interval 1 if whenever
X'« x” then ‘P(x‘l < flx“l.
Let's assume that f is
Strictly increasing and

continvous 6n Ix* ) X*J,

50”3032 that k satisfies

Pixy « k « Fx)



Thgn 1he I»itrmediafc Valve

Thwm ( TVT) says thal
'L‘left i c.m:mbtr X.e{x,,.,)(*)

Such that fo‘,) = k.

In fo!:'l, this Xo mu st be
Unigue, for if X5 is another

numhear wilh #(x,>= k = f(x.‘;),

Lhen F would mot be strictly

increasing . Hence X, is vnrique.



We can define the inverce

,')Y 53""“”3 3."’)_‘__)“

whenever Fixi=y

Thus 'H‘e funetioe 9 (y) 8
we li- defined Far all ¥
bhot sotisdy

‘F(X,l ¢ Y £ f(x*]



Note thot if x € [x,, x*]
then fex) ¢ [#fx,,i; P("”}
= J.  1f we set y= fro,

bhen v € Ronge of f.

ThUi g(y).‘:x s S

T= (3
N
Al
Ry © x”
v



We want to show thot

the inverse {unciion 4
is continvous 87 J .

Let c€ J. For any swmall

numher £, sei Y 2 'Prc-u-{{«il

and Set Y. fe-€).

This imp!ies

iyl ? C+E and Gly.)= C- ¢



1f c-§ ¢x < Ct€E, then

y- ( -p(x) & Y+.




It follows that if

Y € Vﬂl»‘m}’ Lhen
S(VJ GVE(C) .

It follows "‘.’\Ot 9 ' § (on{inum):

al {‘(t’. Since € i3 arbitrory,

4 follows that

F(b)] = [a,b] is

31' [P(u,

tontinuvovs ot €.



.4
Thus we've Praveel that if

" ¢S COn{invauJ on Gn

infeeval 1, and i F

is Strictly increasing on I

‘H\en 4 here i8S G continvous

fonction g on J: l-Pfﬂ-’, '“b’]
such thai

3”:“1\ = R, allxe[a,ﬂ,



6.] The devivative .

Def'n. Let I €IR be an

interval et £:I1 R,

ond led c€I. Wesey thai

L i3 the derivative of f ate
if Qiven any E70, there is
§re1> 0 sothal if x €I ond

sodisfies



0< lx-cl < §cg), then

_,_..—————-’—.
X- <&

-P(x:-'pfc)—t ’ < §

We write §(c) = L

Thuvs the den’vafivc of ¢

at ¢ is given by

<Pfx1-'Ffu

/
X C X=¢
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]

A vseful theorem :

The I§ £:I2 R hasa

devivative at ¢ € 1 then 'f

is continvous at ¢

Pf. For all &Cl, X FC we have

Ff)(l- ffc! = (F"‘"._.f‘“)
~ e x-c).

PR
.Sian 'im {‘.f.:.’._i”} and
- ¢

lsw (n-¢) exist, B the



. . A t
Pproduct rvle implies thae

im (flx)-f(d)

% ¢ |
#f“-fld} liv:(x-c
i ,-.t?( %~ C %
X

. liw fexy = fee).

X=»C

s §
his Shows that f
T hi

(4
ot
continuové
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(2.

These limit lows ore

Very im porl:a nt °

Thw Suppose Fhaté beth

'P and 3 Gveé di”erentia“P
ot ceXI. Then:

(o) (bF);c)'-'-‘- bt

(b (Feglers fro 4 9.

(e) Product Rule.

(£q)tey = Frargter+ ferglre)



(3
(d) Quotient Rule If gtclo,

) ( ?(u)i .

We'll prove the Produect
G d Quotient Rules :

(¢) (Prol. Rala) Let p = £q .

ptaa- peed _ frargfan - frargea)
cemm—— = /’—-‘
=l
X= <



L

e p(x,ﬁfx,_{,‘,sf” N fmgr,u-l‘mjm

I

) LW 4
i {lx!-'“ ) () = §fcd
g ¢ qres ¥ fear- A 3
P L 4 xo‘ )

Since ﬁlx) 8 S dsffortnfiablo

at €, 4% olse continvoud at €.

-R(e)
w——‘ s 'F'(clglu-rf{us'!u

‘in
XL

The Quotient Rule s :
(Sef Qs 3 f_ﬂf’ )
3(!)



%
Since g is differentiable, id%

also continvous at ¢ Heacc
Gex)#6 in o neighborhosd of ¢

(since Gee) # o)

Q‘KI-QfU -fhulﬂr;u -'f(cllﬁuy
X-C ) _____,.___/__

x-¢

. fugqta - frer g u
M’-

g rxs gfe) (x-¢)



b

. Foogre - Fresgred +frergre - frcs gty

3‘!’ eftl (x-¢)

1

)= §(c)

! £ixd- Feor _ $a (x)= 9"
qmgru xX=C

UJsm, Lhe continuidy of 9, we ged

()= Q&4
9’(c)® im 97X~ 9°
\ x‘t

flergrer - feesg'ces
k] . :
N R S 2
(3[())



)

If we use the notatioan

d { b e s
ALY ) z |, YO-YrR
X=$ ¢ Xe¢

; ay

As A=, Ax=z X-¢ =0

lim by - slepe of the

B
'&&nseni line

at (e, vyiesr)



